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AseE CIVIL ENGINEERING EXAM REVIEW VIDEOTAPE PROGRAM

INTRODUCTION

Pursuing an engineering license is one of the most challenging efforts you will undertake
in your professional life. Passing the Principles and Practice of Engineering Examination
(P. E, Exam) and earning your license will be one of the most important accomplishments
in your professional development - it will help you throughout your career.

The ASCE P.E. Exam Review videotape program can help you achieve this goal. The
program covers all the topics you are expected to know for the P.E. exam. It includes
problems similar to those that have appeared P.E, exams. The presentations are simple
and straight-forward with emphasis on understanding the concepts. Review of the
reference manual will assist you in understanding the mechanics of the problem-solving
techniques covered in the videotapes. Most of the pages in the manual are also shown
on the videotapes.

This program was videotaped in cooperation with the ASCE Boston Society of Civil
Engineers exclusively for ASCE Continuing Education and the material covered is
generally applicable nationwide.

LICENSE PROCEDURE

After passing the "Fundamentals of Engineering (F.E.) exam which covers all of the
technical, mathematical and engineering subjects covered in an undergraduate degree
program, the next step, after adequate experience, to become licensed is to pass the
eight-hour "Principles and Practice of Civil Engineering" (P.E.) Exam. The P.E, Exam
contains practical civil engineering problems encountered in the civil engineering field.

The time factor is significant for both the F. E. and the P. E. exams. Most states require
four years or more of experience (after graduation and the F.E, exam) before you can
take the P.E, exam. Both exams are typically given in mid-April and late October. Exam
application deadlines may be several months in advance of the exam. Each state
charges different fees, requires different qualifications, and uses different forms. Contact
your state board of registration to request an examination application, exam date details
and confirm which reference books will be allowed into the exam.

All states use the National Council of Examiners for Engineering and Surveying (NCEES)
P. E. examination. If you pass the P. E, Exam in one state, your certificate will be honored
by other states using the same NCEES examination (Uniform Examination). Each state
may chose its own minimum passing score or add special questions, and, therefore,
reciprocity is not automatically ensured.
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A license from one state will not permit you to practice engineering in another state. You
must have a professional engineering license from each state in which you are
practicing.

PREPARATION

Study the list of examination subjects and concentrate on the subjects in which you have
extensive professional experience. There will be a good probability of finding enough
problems in your area of expertise that can be solved.

The exam is very fast paced. You must be able to recall procedures, formulas, and
important data quickly. You will not have time in the exam to derive solution methods.
You may want to prepare a one-page summary of all important formulas and information
in each subject area. You can use these summaries during the exam instead of
searching for the correct page in a book. Remember, preparation must be done in
advance.

EXAM OVERVIEW

The P.E. Exam consists of two four-hour sessions separated by a one-hour lunch. Both
sessions usually contain 12 questions each. Session one of the exam, given in the
morning, is usually in essay format and includes 12 essay questions, of which any four
must be answered. Session two of the exam, given in the afternoon, is usually in
multiple choice format. Once again, 12 multiple choice questions are presented, of
which any four must be answered. Each multiple choice question may consist of 10
parts. Multiple choice questions are either right or wrong. Essay questions can receive
partial credit.

Thoroughly explain how you arrived at the answer to each question chosen. If only part
of your answer is correct, you may still be eligible to receive partial credit for the answer
given. It is important to show all your work for each solution/answer so that you can be
given the maximum amount of credit. All solutions are recorded in an official solution
booklet.

Some states have a "combined" exam which contains problems for civil, mechanical,
electrical and chemical engineers. Other states, such as California will only allow you
to work on problems from the civil part of the booklet and Massachusetts has a
"discipline" exam. You must choose only the questions that apply to your particular
discipline within civil engineering.

The following 16 subjects areas include all the important activities in which engineers
engage, and since the examination structure is not rigid, it is not possible to give the
exact number of problems that will appear in each subject area. There is no guarantee
that any single subject will appear.
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1. Design and analysis of traffic systems
2. Operations of traffic systems
3. Design and analysis of transportation facilities
4. Construction of transportation facilities
5. Design and analysis of buildings and special structures
6. Design and analysis of bridges and special structures
7. Design and analysis of foundation and retaining structures
8. Design and analysis of drainage and flood control
9. Design and analysis of natural water systems
10. Design and analysis of water supply systems
11. Design and analysis of waste water systems
12. Waste water treatment system operations
13. Design and analysis of solid/hazardous waste systems
14. Design and analysis of geotechnical soil projects
15. Construction of geotechnical soil projects
16. Construction material testing

Most states allow solution aids into the exam, including nomographs, and silent
calculators without printers. Such aids should be used only to check your work. Very
few points will be earned if a pre-programmed calculator is used to solve a surveying
problem without showing interim steps.

Most states allow you to bring "bound" reference material into the exam. Some states
ban only collections of solved problems and a few prohibit all review books. Loose
papers and writing pads are usually not allowed. However, a three-ring binder with
loose reference papers may be allowed. Books, calculators or any other items cannot
be shared with other examinees. Keep in mind there is insufficient time to use books
with which you are not thoroughly familiar.

The following are techniques to use during the exam:

Classify the problems and then do them in order of increasing difficulty: easy
problems, hard problems, problems for which you can get partial credit, and
problems you cannot do.
Do not rewrite the problem statement or unnecessarily redraw figures.
Print all text and draw a box around each answer.
Use one page per problem and write on one side of the page only.
Check for mathematical errors.

Full credit is achieved by correctly working eight problems. NCEES has recommended
the passing standard be established as a minimum raw score of 48 and a new "Criterion­
Referenced Method" which requires specific elements you must include in your solution
to receive credit for your solution. Getting ten points requires solving the problem
correctly to completion and making no mathematical errors in the solution. For
mathematical errors, a point or two would be lost. Each state is free to specify passing
requirements.
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The results of your examination will be received by mail about 12-14 weeks after the
exam. Your score may not be revealed. You may retake the exam without having to
reapply each time. Some people do not pass on the first try. You are allowed to review,
with most state board, your exam results, to identify areas that you need to work on.
Contact your state board to make these arrangements. Should you feel an appeal is
necessary, after reviewing your exam results with the state board, it is up to you to
provide a valid argument as to why you feel your exam was not scored properly.
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Usted below are the phone numbers for each state's board of engineering
registration.

NATIONAL COUNCIL OF EXAMINERS FOR ENGINEERING AND SURVEYING
P.O. BOX 1686

CLEMSON, SC 29633-1686
(803) 654-6824

(406) 444-4285
(402) 471-2021
(702) 688-1231
(603) 271-2219
(201) 504-6460
(505) 827-7316
(518) 474-3846
(919) 781-9499
(701) 258-0786
(614) 466-3650
(405) 521-2874
(503) 378-4180
(717) 783-7049
(809) 722-2121
(401) 277-2565
(803) 734-9166
(605) 394-2510
(615) 741-3221
(512) 440-7723
(801) 530-6628
(802) 828-2837
(804) 367-8514
(809) 774-3130
(206) 753-2548
(304) 348-3554
(608) 266-1397
(307) 777-6155

Montana
Nebraska
Nevada
New Hampshire
New Jersey
New Mexico
New York
North Carolina
North Dakota
Ohio
Oklahoma
Oregon
Pennsylvania
Puerto Rico
Rhode Island
South Carolina
South Dakota
Tennessee
Texas
Utah
Vermont
Virginia
Virgin Islands
Washington
West Virginia
Wisconsin
Wyoming

(205) 242-5568
(907) 465-2540
(602) 255-4053
(501) 324-9085
(916) 920-7466
(303) 894-7788
(203) 566-3386
(302) 577-6500
(202) 727-7454
(904) 488-9912
(404) 656-3926
(671) 646-3111
(808) 586-3000
(208) 334-3860
(217) 782-8556
(317) 232-2980
(515) 281-5602
(913) 296-3053
(502) 564-2680
(504) 568-8450
(207) 289-3236
(410) 333-6322
(617) 727-9956
(517) 335-1669
(612) 296-2388
(601) 359-6160
(314) 751-0047

Alabama
Alaska
Arizona
Arkansas
California
Colorado
Connecticut
Delaware
Dist. of Columbia
Florida
Georgia
Guam
Hawaii
Idaho
Illinois
Indiana
Iowa
Kansas
Kentucky
Louisiana
Maine
Maryland
Massachusetts
Michigan
Minnesota
Mississippi
Missouri
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PROFESSIONAL ENGINEERING REVIEW

HYDRAULIC REVIEW SECTION

APPROACH

This section reviews the basic of hydraulics and hydrology for the Professional
Engineer Examination. The audience is intended to be civil engineers that have had
hydraulics and hydrology courses. The topics covered include: fluid properties,
hydrostatics, equations of continuity, momentum, and energy of pipe and open
channel flow. Various headloss equations, inclUding Darcy-Weisbach, Hazen­
Williams, and Mannings are presented, discussed, and compared. In addition,
applications of: pumps and turbines in reservoir systems, Rational fonnula, water
distribution analysis by Hardy-Cross method, and hydraulic jump are presented. The
material provided includes: review notes, class notes, and example problems. The
focus of the notes and class room work is on concepts and problem solving.

CONTENTS

The hydraulics review section contains three parts:

1. Review Notes

2. Videotape with Class Notes

3. Example Problems

The material should be reviewed in the above order for greatest benefit. A brief
explanation of each part follows.

Review Notes

The review notes will refresh the reviewer's knowledge of the tenns, methods,
fonnulas, and applications used in hydraulics and hydrology. The units and
symbols used in the material are introduced and defined in the review notes. Also
an emphasis is made on introducing and understanding the fundamentals. To assist
the reviewer some of the common reference information is included.
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Videotape and Class Notes

The hydraulics· review videotape consists of four - 50 minute classroom sessions. The
sessions compliment the review notes and should be viewed sequentially. The class
notes are included which form the basis of the classroom presentation. The approach
for the classroom sessions is to introduce a concept and do several example problems
applying the concept.

Example Problems

To compliment the review notes and the classroom notes are a set of example
problems. The problems are similar to problems that have been on past examines.
Full solutions are provided for each problem.

--- I
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PROFESSIONAL ENGINEERING REVIEW

HYDRAULIC REVIEW SECTION

REVIEW NOTES
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1. Hydrostatics (Pressure-Density-Height Relationships)

(1-1)

'Y =pg

Pl' P2 = Pressure @ 1 or 2 (units = force per area, psi)

z,., ~ =Elevation @ 1 or 2 (units =distance, ft)

'Y = Unit weight (units =force per volume, lb/ff)

'YWATEll = 62.4 Ib/ft3 or 1000 kg/m3

P = Density (units =mass per volume, slug/ft3)

PWATEll =1.94 slugs/ft3

g =Acceleration due to gravity =32.2 ft/seC =9.8 m/sec

HYDRAULICS

REVIEW NOTES

also:

where:

In Figure 1-1, at a depth h beneath the water surface in the tank, the gauge pressure

is just "fh. The absolute pressure is gauge pressure plus atmospheric pressure.

The hydrostatic pressure difference, P1 - P2f between two elevations z,. and Z2f is

proportional to the unit weight of fluid and to the elevation difference:

The review notes contain the basic concepts and fonnulas with example problems

worked and discussed for the Principal and Practice of Engineering Professional

Engineering Review. These notes are supplemented with class notes and example

problems.
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At sea level, atmospheric pressure is about 14.7 psi, or 2116.8 psf; in terms of head of

water, 34 ft or 10.4 m; in terms of head of mercury, 30 in. or about 760 mm.

Again in Figure 1-1, the pressure at (2) is PI + "fhv or -y(h1 + ~). Since (2) and (3) are

at the same elevation, P2 =P3• P3 also equals PATM + ysh3m where s is the specific

gravity of mercury, 13.6.

Knowing s, h
2

and h
3

, one may deduce hll the depth of water in the tank.

Conversely, knowing hv h2 and h3 one may deduce s.

Forces on Submerged Planes

The hydrostatic force on a plane area is equal to the hydrostatic pressure that exists

at the centroid of the area, multiplied by the area; and the force acts in a direction

normal to the plane. The force acts at the center of pressure. In Figure 1-1, the force

on the bottom of the tank is (PATM + yh)Ai , and acts downward. The force on the left

wall of the tank is (PATM + yh/2)Aii and acts horizontally to the left.

2. Continuity (Inflow =Outflow)

Unless there is a storage accumulation or drawdown in a conduit, the mass flow rate

through a conduit is constant from point to point along the conduit.

In Figure 2-1, the mass flow rate at Station 1 is P1AtVll the product of density, cross­

sectional area, and velocity. At Station 2 it is P2A2V2·

3
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Figure 2-
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For many hydraulics problems where fluid compressibility is negligible, PI and P2

may be considered"equal, and

Example: Hydraulic jump in a flow of water in a channel of width, bv b2• (See

Figure 3-1). The density, P, may be considered constant, so

Now Al = blYI and A2 = bJ2' where b =width of channel and Y =depth of channel

3. Momentum

Force =mass x acceleration, Newton's Second Law of Motion

Force, momentum, distance, velocity, and acceleration, are vector quantities, in that

one must specify their direction as well as their magnitude. Temperature, pressure,

and energy are scalar quantities, with magnitude only. Pressure (a scalar) times area

(a vector whose "direction" is perpendicular to the plane of the area) =a force (a

vector).

Force equals mass times acceleration. Acceleration includes a time rate of change in

velocity in unsteady flow at one station, and a change in velocity in a steady flow as

fluid moves from Station (1) to Station (2).

5
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Figure 3-1
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Figure 3-2 presents examples of applying these equations.

remember:

p =density => mass per volume

Q = flowrate => volume per time

F=PxA

PS1b~
2

=

IF" = pQ (Vxl - V xt)

IFy =pQ (Vy2 - Vyt)

IFz =pQ (Vz2 - Vzt)

7,

P' = pgbJY1Y - ":
o

71

P'1 = b J.P1 (y) dy,
o

The force acts to the right, inward on the body; at (2), the force is F2 = pgbf/2. The

force acts to the left, inward on the body.

At (1), the force on the fluid body is the hydrostatic pressure integrated over the flow

depth:

There are no bends, so we only need to consider forces acting upstream and

downstream (on the x-axis).

As a third example, consider a hydraulic jump in a rectangular channel of constant

width, with zero slope, and negligible friction (see Figure 3-1).

The basic momentum equations for steady flow in three space dimensions x, y, and z

are:

I
I
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The rate of change of momentum is

If one is given Q, which equals V1bylt and V2by2 ; and if one is given b and, say, YlI

one can now solve for VlI V2 and Y2'

4. Energy

The energy equation, or Bernoulli equation, is a means of keeping track of the energy

budget in a flow system: potential energy, kinetic energy, energy lost in gradual or

sudden dissipation, energy provided by a pump, energy extracted by a turbine.

In one-dimensional hydraulics analysis, energy is measured in terms of pressure

head, units of length (feet, meters). "Head" multiplied by unit weight, pg, is

"pressure", which is "energy per unit volume." Recall that the potential energy of a

body of mass m situated at a height h above a reference datum is mgh, and that its

kinetic energy is 112 mv, and that its total energy is the sum of the two: m (gh +

1I2,r). Divide by the volume of the body to get p(gh + 1I2,r), where p =mlvolume.

Divide by pg to express total energy in terms of head: h + v/(2g). This is often called

the specific energy.

The Bernoulli equation may be written as:

(4.-:1.)

9



__1 __

11-10

The left-hand side, At + Yt + vt7,/2g, is the total energy head at a station (1), upstream.

The first term, Av is the elevation of the floor of the channel or the invert of the pipe.

The second tenn, Yv is the piezometric elevation. Together, Zt + Yv indicate the

potential energy at 0). The velocity head, (v/)/2g, denotes the kinetic energy.

The piezometric elevation, y, in an open channel can usually be taken as depth. In a

closed conduit flowing full, it is the "artesian pressure head", the height to which

fluid would rise in a piezometer tube, a test bore piercing the crown of the pipe.

(Figure 4-1)

The right-hand side of Equation 4-1 includes the total head at a second station, ~ +

Y1 + (V1
1)/2g, and all terms responsible for change in total head between stations (1)

and (2): friction and form loss, ~; turbine head, h.; and pumping head, hp.

In Figure 4-2, consider a Pitot tube, used for measuring current speed. A Pitot tube

actually contains two tubes, one bent so that its end aperture faces directly into the

oncoming flow (A), the other's opening facing across the flow (B). Write the

Bernoulli equation, neglecting any friction losses:

The elevations ZA and ZB are the same. The velocity of flow past B, is the velocity of

the flow being measured. However, (A) is designed to be at a stagnation point,

where the velocity directly ahead of the tube is brought to a stop, so that VA =O.

Thus:

Tube A measures total head and is called a total head tube. Tube B is another

example of a piezometer tube. By measuring the difference in water levels in the two

tubes, YA - YB, we can deduce the flow velocity, VB'

10
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(5-2)

(5-1)

-

b=K r
2g

As fluid moves through a channel or conduit, it dissipates kinetic energy, and loses

pressure, or "head".

in which K depends on conduit geometry, but not on V. Another example is the

Manning friction formula:

in which R is the hydraulic radius (compare Equation 5-2 with Equations 5-5 and 5­

6).

Kinetic energy is proportional to VZ and QZ (remember, K.E. = 112 m~ from

elementary mechanics). Head loss is also proportional to VZ and Q2 via a "loss factor"

or a "friction factor." These are dependent on the Reynolds number," For

sufficiently large flows, as found in medium to large conduits, the loss factors are

independent of R and hence of velocity:

5. Pressure Losses, due to Fonn and to Friction

See the definition for "total head" in Section 4. Total head represents the sum of the

potential and kinetic mechanical energy in the flow. Head is lost when kinetic

energy is dissipated, due to wall friction, and due to inefficient flow patterns at

bends.

I
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For very small Reynolds number, such as for flow through sand or day aquifer or

through capillary tubes, the friction factor, f, is inversely proportional to K, hence V,

so that

h is proportional to £V2, and f is proportional to l/v, then

h is proportional to (IN)V2, so that

h is proportional to V.

Examples of equations for this condition are the Darcy law for groundwater flow and

the Kozeny and Fair Hatch equations for flow through porous filter media.

Friction Loss Formulas

The Hazen-Williams formula describes the headloss relationship for intermediate

values of K, Reynolds number:

( ~
1"5

b= (10.6)L Q.c1)3. 3
(5-3)

in which head loss h, diameter D, and length L are in feet, and Q is in mgd. The

friction factor C is about 130 for smooth pipe, 100 for average pipe, and about 80 for

rough-walled pipe.

This formula, with the exponent of 1.85 less than 2 and more than 1, is intended for

small-diameter pipe systems. It is not theoretically elegant, but has been and

continues to be used widely, rendering adequate results when used as intended.

14
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The Darcv-Weisbach formula is the most elegant and general of the friction formulas,

in that it covers the full range of R, and may be used with any liquid or gas:

(5-4)b. = £L(~)
D\2g-

For intermediate values of'" f is a function of both R and £!D. The functional

relationship in this zone has been expressed in terms of empirical formulas, such as

those by Colebrook and White; for review purposes it is adequate to simply derive

the relationship from the curves on Figure 5-1.

In this formula the friction slope,S =hIL, is simply related to the velocity head and

the pipe diameter by the coefficient f. This coefficient f is a function of Reynolds

number, R =VD/u, and the relative roughness of the pipe or channel wall, £!D, as

shown on the friction factor, or Moody, diagram in Figure 5-1.

For large Jl, the figure shows horizontal lines of constant f, indicating that f is

independent of ... and depends only on eJD...This represents completely turbulent

flow very often encountered in practical large-pipe or open-channel flow problems.

The roughness dimension, £, is the typical height of roughness elements or "bumps"

on the pipe wall. Ranges of values of £ characteristic of several pipewall materials

are given in the inset table of Figure 5-1.

The figure shows that for small ... f = 64/Jl, so that s = hIL = 64uVl2gl)2 , i.e., s and h

are proportional to V, as in Darcy's Law for groundwater flow.
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Form Loss

(5-6)

(5-5)

"Form loss" occurs whenever there is a separation of flow at a boundary, creating a

zone of eddying and turbulent dissipation of energy. Such flow separation occurs at

nearly any sudden change in channel wall direction, as at sharp bends or sudden

contractions or expansions. The form headloss proportionality constant K in

Equation 5-1 is a function of local pipe geometry and Reynolds number; at

sufficiently high Reynolds numbers, the case for many practical applications, K is a

function of geometry only. Values of K for use in Equation 5-1 are listed in Table

5-2.

The friction factor, n, increases with increasing wall roughness. Suggested values are

given in Table 5-1.

in which:

Q, m3 / sec, is the discharge

A, m2 is the cross-sectional area

R, m, is the hydraulic radius

S, dimensionless, is the friction slope

In the foot-lb-second system, in which Q is in cis, A is in ff, and R is in feet:

The Manning formula, applica~!e tP ,lfU"ge JJ.9ws in which friction is independent of
. '-: " -. -.- -

R. is convenient and widely used for many civil engineering flow applications. In 51

units:
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Table 5-1

VALUES OF n FOR USE I~ MANNING OR KUTTER FORMULA *

0.009 and 0.010

0.011 and 0.012

0.013

0.014

0.015

0.016

0.017
0.018 to 0.025

0.016 to 0.017

0.020

0.022

0.025

O~O3O

0.035

0.040 to 0.050

0.050 to 0.150

Very s~ooth and true surfaces, without projections.
Clean new glass, pyralin, or brass, with straight
alignment.
Smoothest clean wood, metal, or concrete surfaces,
without projections, and with straight align~ent.

Smooth wood, metal, or concrete surfaces without
projections, free from algae or insect growth,
and with reasonably straight alignment.
Good wood, metal, or concrete surfaces with very
small projections, with some curvature, with slight
insect or algae growth, or with slight gravel
deposition. Shot concrete surfaced with troweled mortar.
Wood with algae and moss growth, concrete with smooth
sides but roughly troweled or shot bottom, metal
with shallow projections. Same with smoother surface
but excessive curvature.
r1etal flur.1es with large projections into the section.
Wood or concrete with heavy algae or moss growth.
Shot concrete, not troweled, but fairly uniform.
Metal flumes with large projections into the section
and excessive curvature, growths, or accumulated debris.
Smoothest natural earth channels, free from growths,
with straight alignment.
Smooth natural earth, free from growths, little curvature.
Very large canals in good condition.
Average, well constructed, moderate-sized earth canal
in good condition.
Very small earth canals or ditches in good condition, or
larger canals with some growth on banks or scattered
cobbles in bed.
Canals with considerable aquatic grO\·rth. Rock cuts, based_
on average actual section. Natural streams with good
alignment, fairly constant section. Large floodway
channels, well maintained.
Canals half choked with moss growth. Cleared but not
continuously maintained floodways.
f·1ountain streams in clean loose cobbles. Rivers with
variable section and so~e vegetation growing in banks.
Cana1s VJi th very heavy aquati c growths.
Natural streams of varying roughness and alignment. The
highest values for extremely bad alignment, deep pools,
and vegetation, or for floodways with heavy stand of
timber and underbrush.

*Frorn Rouse, Engineerina Hydraulics, Wiley, 1950.
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TABLE 5-2

VALUES OF HEADLOSS COEFFICIENT FOR SOME

Fl I IINGS, BENDS, AND SECTION CHANGES

ITEM K

Square elbow, single-mitre bend 1.0

Sudden enlargement 0.19

(use upstream velocity for V): di~ = 3/4

di~ = 1/2 0.56

d/~ = 1/4 0.92

ordinary outlet: di~=O 1.00

Sudden contraction 0.25

(use downstream velocity for V): dtl~ =3/4

~/~ =1/2 0.43

~/~ =1/4 0.49

ordinary inlet: dl/~ =0 0.50

Rounded, or bell-mouth, inlet: 0.001

Borda inlet: 0.75

Gate valve, fully open: 0.25

19
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6. Critical Depth in Open Channel Flow

In rectangular open channels, the flow is called critical when the Froude number, F,

is one:

v
F= - = 1

IiY
(6-1)

where v is the average flow velocity, g is the gravitational acceleration, and y is the

water depth.

Subcritical flow, where F is less than I, is the relatively quiescent flow upstream of

weirs, or found in long channels with mild slope, and downstream of full hydraulic

jumps. Supercritical flow, in which F is greater than I, is the "shooting flow" often

seen downstream of weirs and sluice gates, often characterized by oblique (or

"diamond-pattern") fixed waves.

In rectangular channels, critical depth and critical velocity for a given flow, Q, are

easily computed from Equation (6-1):

Q =vby ; v = Jgyc for F = 1 (6-2)

then: 3

~ =vcYc =ycJgyc =g~y: (6-3)

(6-4)

However, for a channel that does not have a constant depth like a rectangular

channel, the definition of critical flow conditions is a little more complex.

20
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Now, dAldy is simply the width of the channel at the water surface; call it "b":

(6-10)

(6-9)

(6-8)

(6-7)

(6-6)

Q'-b = 1
goA'

=0 when (g~')(:). 1

dE =1 + (Q'-) (2) tL4
dy 2g A' dy

E = y + ...:..;(Q:::..:./_A~)2
2g

v2
E = y +-

2g

For critical conditions:

Equation (6-10) is then the general equation for critical flow conditions in a channel

of any cross-section. To check its agreement with Equations (6-1) and (6-3) for

rectangular channels, set y =Alb and Q/A =v.

dEldy =0:

Recall from Section 4 that the specific energy, E, is the sum of potential and kinetic

energy:

Express velocity, v, as flow per unit of cross-sectional area: v =Q/A:

Since A is a function of depth, y, the plot of E against y appears as in Example 3.

For all conditions but critical, there can be two values for y for each value of E;

subcritical and supercritical. The critical conditi,?n is found when E(y) is a minimum,

i.e., when

I
I
I
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7. Free-Surface Weirs

Weirs regulate the rate at which flow passes over them, and provide a convenient

means of flow measurement. For many cases of interest, the flow passes through a

critical flow condition. Therefore, weir formulas are all related to Equation 6-10 in

one way or another.

Rectangular weirs:

WMre

Triangular weirs (900 only), in f-p-s units:

Q =2.S J[2.5

8. Some Basic Elements of Hydrology

The Rational Formula. To quote Williams1
:

"In basic concept the rational method presumes that the maximum rate

of runoff from a small drainage basin occurs when the entire basin is

contributing, and that this rate of runoff equals a percentage 'e' of the

average rate of rainfall. In equation form,

Q=OA (8-1)

1 Williams, G.R., "Chapter IV: Hydrology", in Engineering Hydraulics, H.
Rouse, ed., Wiley, 1950.

22
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where 'Q' is the rate of runoff in acre-inch per hour = 1.0OS cubic feet

per second, which may be taken as one for all practical purposes, 'e' is

the ratio of peak runoff to average rainfall, I is the average rainfall

intensity in inches per hour, and 'A' is the drainage area in acres.

Implicit in the determination of I and in the stipulation "when the entire

basin is contributing: is the detennination of what is usually called the

time of concentration, designated by Tc- As visualized by earlier

investigators, Tc is the time of travel of a water particle from the most

remote point to the outlet of the drainage basin."

Equation (8-1) is widely used in hydrologic analysis of small areas, simply as it

stands and also as a core algorithm of some hydrologic computer programs that lag

and route the Q's from many sub-areas through a large area, and account for such

things as depression storage and initial infiltration. The review herein will be

restricted to the straightforward use of Equation (8-1).

The value of'C' is a function of land use and soil type. Paved parking lots have a

high value; level, grassed lawns have a low value. See Table 8-1 for a range of

conditions.

The value of design average rainfall intensity, '1', is a function of local climate, the

time of concentration, Tc defined in the above quotation, and the frequency of the

design event. Figure 8-1 shows one form in which intensity-frequency-duration

curves may be plotted. (Usually, in design applications of the rational formula, the

rainfall duration of interest is the time of concentration of the drainage area under

study.)

23
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TABLE 8-1

VALUES OF C FOR USE IN THE RATIONAL FORMULA

Land Use or Condition I C

Lawns, flat, sandy .05 - .10

Lawns, steep, heavy soil .25 - .35

Business: Downtown .70 - .95

Neighborhood .50 - .70

Residential Single family house .30 - .50

Apartment house .50 - .70

Industrial light .50 - .80

Heavy .60 - .90

Reservoir Storage. A common water resources problem is: Given a seasonally
,

varying water supply, and a relatively constant demand that exceeds the supply in

the dry season, what active reservoir storage volume is needed to ensure that

demand is met?

First of all, annual demand must not exceed annual supply. Secondly, reservoir

storage will have a net draft every day (or week, or month) of the dry season,

starting from when supply roughly equals demand continuing throughout the

months when demand exceeds supply, until supply (river inflow, perhaps) once

again equals demand. The required storage volume is the net draft (volume out less

volume in) in each time period <day, week, or month), summed over all time periods

in the dry season.

26
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9. Pumps and Turbines

Pumps and turbines can share much of the same discussion. Consider pumps first.

In a pump, mechanical energy is provided to turn an impeller at speed N.

Depending on the pump size and design, rotation at speed N will overcome an

imposed head differential, H, across the pump, and supply a flow at rate Q. For a

given N, the relationship between H and Q may be plotted as shown by the Nt or N2

curve on Figure 9-1.

A pump may perform tolerably over a range of H, Q, and N, but is found to have its

greatest efficiency at a single point on the diagram. This point, commonly denoted

by a "hard corner" symbol, defines the rated conditions of head, speed, and flow.

An increase of adverse head, H, forces a decrease in output, Q, for a given N. The

head at which Q is reduced to zero, or "shut off", is called the "shutoff head" for that

N.

Power is the product of pressure and flow rate, HQ. The horsepower delivered by a

pump is

(9-1)HP delivered =
wHQ

550

where w is the unit weight of fluid in lb/ft3, wH is the pressure in lb/ff, and Q is

the flow rate in cis. The power delivered is less than the power applied, by the

efficiency factor:

Power delivered =(e) x (Power applied)

where e is the fractional efficiency, so that

(9-2)

Mechanical horsepower applied =
wHQ

SSOe
(9-3)

27
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For turbines, the horse power delivered is the hydraulic power applied, wHQ,

reduced by the efficiency factor:

Mechanical horsepower delivered =
wHQe

SSO
(9-4)

In metric units, consider one cubic meter per sec being raised one meter. The unit

weight of water is 1000 kg-wt/m3•

Power = 1000 kg wt x 1 m x 1 m
3

m3 sec

=9800 MWtons x 1 m x 1 m
3

m3 sec

=9800 joules =9800 watts =9.8 kw
sec

9.8 kw =62.4 lb x 3.28 m x 3S.3 eft = 13.12 horsepowt!r
ft3 (SSo!!.lb)

sec

Thus 1 hp =0.746 kilowatts.

Referring again to Figure 9-1, consider the ratio, Nil' of two rotor speeds Nt and N2:

N1N=­
R N.z

29
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HYDRAULICS REVIEW

PROFESSIONAL ENGINEER REFRESHER COURSE

I
CI)

o

c. HYDROLOGY

1. Rational Formula

D. OPEN CHANNEL

1. Specific Energy

2. Manning's Equation

1

OUTLINE

B. CLOSED CONDUITS

1. Continuity

2. Head

3. Bernoulli

4. Friction Equations

• Darcy Weisbach

• Hazen-Williams

• Manning's

5. Minor Losses

6. Momentum

A. GENERAL

1. Hydrostatics

2. Pressure Measurements



APPROACH TO REVIEW COURSE

Class complements Notes

Focus on doing review problems

Problems are either different ways to solve same problem or slightly

different approach than in notes.

Course is intended to refresh your knowledge of hydraulics, covers a

great deal of material.

2

L
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Definition: Hydrostatics deals with pressures and forces in a liquid

(water) when there is no movement

P = Weight * Height = W * h

I
W
I\)

slugs - lbs sec2

ft 4

(F = M A)

[lb/ft2 or Force/Area]

1.0 HYDROSTATICS

W - Density * Gravity

P (h20) - 1.94 slugs

ft 3

P - P * g * h

'Y = p * 9

b) Pressure

Concepts: a) Weight



c) Atmospheric Pressure

Patm - P * thickness of atmosphere * g

Patm - 14.7 lb/in2
- 2116.8 lb/ft2 at sea level

d) At Sea Level

PA - atmospheric pressure = 14.7 lb/in2

Po - gage pressure = 0 lb/in2

This is simply a datum difference

Absolute Pressure - Pressure on a gage + Atmospheric pressure

-



____ - 1_ .. _
PROBLEM la

A rectangular panel, 4 ft wide x 8 ft long is held in a tank at a depth

of 9 feet and parallel with the surface.

a) What is the absolute pressure at the centroid of the panel?

b) What is the absolute force on the panel?

i) determine gage pressure

-I
W
~

p g = 62.4 Ib/ft3

= (1.94 slugs/ft3
) * (32.2 ft/sec2

)

h - 9 ft.

lO'

Pg - (62.4) (9) - 561.6 lb/ft2



ii) determine absolute pressure

Pabe - Patm + P9

iii) Force

2116.8 Ib/ft2 + 561.6 Ib/ft2

- 2678.4 Ib/ft2

--I
(,J

U1

Force = pressure * area - lb

F - 2678.4 lb/ft2 * (8 ft * 4 ft) - 85,709lb

,r:
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-I
(.,,)
0)

l,
lw.93

_l

- 840 Ib/ft2
2

1056 + 624

2

7

2[ (h1h2 J~h R = - h l +h2 -
3 hI +h2

= ~[10 +16.93 -( (10) (16.93) )] = 13. 76ft
3 10+16.93

PROBLEM 1b

What is the force on a one foot length (into the page) of an inclined

plane at 30°? Where is the resultant located on the inclined section?

P 2 - Pressure at bottom = p 9 h 2 - (62.4) (16.93) - 1056 lb/ft2

PI - Pressure at top = p g hI - (62.4) (10) = 624 lb/ft 2

F - (P~G) (A) - (840 lb/ft2 )*(8 ft)*(l ft) - 6720 lb



2 . 0 PRESSURE MEASUREMENT

~ The term "head" is a common way of expressing pressure.

"Head" is the height of a fluid column under a given pressure.

If: P - P g h

h -
P

p g
("pressure" head)

I
f-
I

What is atmospheric pressure in te.rms of "head" of water?

-I
W
..,J

h -

p

p g

2116.8 lb/ft2

62.4 Ib/ft 3
33.9 ~



What is atmospheric pressure J.o terms of "head" of mercury? The

specific gravity of mercury is 13.6.

---------~-~~ a __

P 2116.8 Ib/ft2

h - - - 2.49 ft og - 30" Hg
P g (26.38) (32.2) -I

W
0)

Therefore, atmospheric pressure - 34 ft H2O - 30" Hg

9

Pog - (PIbO) (13.6) - 26.38 slugs/ft3S .G. -



PROBLEM 2a Pressure Measurement

The tank is 20 feet deep. An open a1r U-shaped manometer is tapped at

the bottom of the tank, as shown below. What is the measuring (cross­

hatched) fluid in the manometer?

P 3 - pg * h - 1.54 pg

-
Ib/ft3 -P 2 - pg * h - 62.4 * 21 ft

- 1310.4 Ib/ft2 -I
tv

P2 - P 3 1.54 pg = 1310.4 Ib/ft2 20' <.0

pg - 850.9 Ib/ft3

850.9 850.9
slugs/ftlP - - - 26.4

g 32.2

P? 26.4
S.G. 13.6- - -

PH 1.94

Therefore, measuring fluid is Hg

F'
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o

- 5.6 ft/s

- 3.18 ft/s

- 12.7 ft/s

10

1.77

If no A Storage, then Q~ - Q~t

11

Q 10 10
Q1 - AV, V l - -- - -

Al 7[(2)2/4 3.14

Q 10 10
Q2 - AV, V2 - -- - .,...

~ 7t(1)2/4 .785

l~,(!) Q; 10?!5~~-®--_./ >- @ I~.
~ / __...I:t~---_, !__

Qin = Qout + A Storage

B. CLOSED CONDUITS

1.0 CONTINUITY

(3)

(2)

If you assume an incompressible fluid,

PROBLEM 1a

10 cfs flows through a pipe of changing dimension, as shown. What is

the velocity at each section?

(1)

---~-----------_._-



2.0 OTHER TYPES OF HEAD

Pressure head - ~ = P

P g

V2 HGL - P
Velocity head - 11" -

2 g EGL - P + V

Specific Energy -
p

p g
+

2 g

i
L

Elevation Head - h z = elevation above a datum

Velocity head is a kinetic energy term

Pressure head and elevation head are potential energy terms

--I
~
~
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1 1

v2
h v = 2g = . 49ft

v = J.49(2) (32.2) = 5.6ft/s

Q ~ vA ~ (5.6)( 1t(l/)2)~ (5.6) (1.77) ~ 10c£s

PROBLEM 2a

Determine the discharge 1n the pipe

Tube A measures Specific Energy - pressure head and velocity head
Tube B measures pressure head -I

elevation in is ~The Tube A known as the Energy G.L. N
The elevation in Tube B is known as the Hydraulic G.L.

Therefore, HA - HB - ~ + hv - ~ - hv

-~--~---~----------



3.0 BERNOULLI EQUATION

Keeps track of the energy budget of a system

E1 = E2 + [loss of energy from 1 to 2]

i
L

~ - head added by a pump ~ - head subtracted by a turbine

H.P.=
pg ~ Q

550 e
H.P. -

14

pg ~ Q e

550

--I
~
W
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~

~

F.:l= ,so

P

~[, 000 tl LDN6r
8" ¢

L_-

2 - surface of 2nd reservoir

PI P 2= = 0 = atmospheric pressure
pg pg

~ __ v: = 0 = water has no velocity
2g 2g

h = 0f

Zl = Z2 - h p

h p = Z2 - Zl = 150 - 50 = 100 ft = h p

H.P. = (62.4) (100) (2.5) = 35.4
550(0.8)

PI tit P v:Zl + + = Z2 + _2 + + h - h
pg 2g pg 2g f P

Zl = Z2 - h
p

1 - surface of 1st reservoir

A pump delivers 2.5 cfs of 70° F H20 from the reservoir at El 50 to the

reservoir at El 150. There is 1000 ft of 8" steel suction pipe from the

first reservoir to the pump. There is 2000 ft. of 6" steel discharge

pipe from the pump to the second reservoir. Neglect friction and form

losses. What is the horsepower of the pump? Pump efficiency is 0.80.

PROBLEM 3a

--------~------~~--



4.0 FRICTION

• Probably most important cause of loss of energy

• Many ways to compute it, from elegant to empirical

• We will cover three ways:

Darcy

Hazen Williams

Manning's

DARCY

R - Reynolds It
v D

R - v - velocity
\)

D - inside diameter (or depth)

\) - kinematic viscosity (1 x 10-5 ft 2 /sec)

For small R «2000), laminar flow:

friction inversely related to R

-I
~

U1

!

L

f - 64/R where f = friction factor

For very large R (> 1 x 106
), turbulent flow:

friction is independent of R

friction dependent on roughness (c/O) only

16



----------------~--
For intermediate values of R:

friction is function of R and roughness (£/0)

Moody Diagram demostrates this:

Line on left for laminar flow

Area between laminar & dotted line is intermediate

To the right of dotted line, complete turbulance, f is independent

of R



t-----l---jl -

,.
n

2(101, 3 .. 5 62(101) 3 .. 5 6 8 106

R

2(10') 3 .. 5 6 8 10 li

0.06

007

0.015

0.025

0.01 H++J--+-I--+++·HH~-H-"'-I- -­

0.009 H++t--+-+-++++++-++-1 H---j~~-4-I-I-HII-.

0008

f

Fig. 9.6
Relation of friction factor, Reynolds number, and roughness for commercial pipes (see footnote 9).
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-I
~

CD

6x105

4.5x105

= 2.5Et
3
/s = 12.72 Et/s

1t(.5)2
4

= Q = 2.5Et
3
/s = 7.16 Et/s

A 1t (.67) 2
4

- Q- -
A

vD
U

18

= 7 .16 ( . 67) =
1.059x10-5

= 12. 72 (.5) =
1. 059x10 5

Rail =

vD
~,,= ­ u

PROBLEM 4a

Calculate the R in the 2 pipes in previous prob1em.

Darcy Weisbach Equation

for all ranges of R



Physical Properties
of Water

English Units

MOD-
ULUS b KINE-

OF MATIC VAPOR
TEM- SPECIFIC DEN- ElAS- VISCOS- VISCOS- SURFAcE' PRES-
PERA· WEIGHT,' SITY,' TICITY,c ITY,' ITY,' TENSION,d SURE.e
TURE, 1'. p, £/103

, Ii )( 10'". II )( 10". o. PlIO
of Ib/ft3 slug/ff» psi Ib·sec/ft2 ft2/sec Ib/tt psia

-32 62.42 1.940 287 3.746 1.931 0.00518 0.09 I
40 62.43 1.940 296 3.229 1.664 0.00614 0.12 ~

50 62.41 1.940 305 2.735 1.410 0.00509 0.18 CD

60 62.37 1.938 313 2.359 1.217 0.00504 0.26
70 62.30 1.936 319 2.050 1.059 0.00498 0.36
80 62.22 1.934 324 1.799 0.930 0.00492 0.51
90 62.11 1.931 328 1.595 0.826 0.00486 0.70

100 62.00 1.927 331 1.424 0.739 0.00480 0.95
110 61.86 1.923 332 1.284 0.667 0.00473 1.27
120 61.71 1.918 332 1.168 0.609 0.00467 1.69
130 61.55 1.913 331 1.069 0.558 0.00460 2.22
140 61.38 1.908 330 0.981 0.514 0.00454 2.89
150 61.20 1.902 328 0.905 0.476 0.00447 3.72
160 61.00 1.896 326 0.838 0.442 0.00441 4.74
170 60.80 1.890 322 0.780 0.413 0.00434 5.99
180 60.58 1.883 318 0.726 0.385 0.00427 7.51
190 60.36 1.876 313 0.678 0.362 0.00420 9.34
200 60.12 1.868 308 0.637 0.341 0.00413 11.52
212 59.83 1.860 300 0.593 0.319 0.00404 14.70



-------------------

-I
0'1
o

= (.017) (2000) (2.5) = 170ft
0.5

E = 0.0002 = 0.0004
D 0.5

R = 6x105

f = 0.017

v = 12. 72 ft/sec

v2 = 12. 72
2 = 2.5 ft

2g 64.4

L = 2000 ft

6" pipe:

= (.0165) (1000) (.793) = 19.5ft
0.67

E = 0.0002 = 0.0003
D 0.67

R = 4. Sx105

f = 0.0165

v = 7.16 ft/sec

v2 = 7.16
2

= 0.793ft
2g 64.4

L = 1000 ft

E of steel pipe = 0.0002 feet (design)

Assuming the pipes are steel, what is the head loss due to friction, h t ,

if friction is not neglected in Problem 3a? What would the horsepower

of the pump really have to be if h t were included in the calculations?

Use Darcy's equation to compute ht.

PROBLEM 4b

8"pipe:



~Eec i f!E_Roughness and Ha zen-W i II i~~~_~~:ln~!:an!:~

fo~~~riou~_~jee M~~~E!~I s

c (ft) c .....
~.of pipe or surface Range Desj~ Ran e Clean Des!g

STEEL
welded and seamless .0001-.000) .0002 150-80 l lW 100
interior riveted, no

projecting rivets 139 100
projecting girth rivets 130 100

I

projecting girth and
horizontal rivets 115 100

I

vitrified, spiral-riveted,
flow with lap 110 100

vitrified, sprial-riveted,
flow against lap 100 90

corrugated 60 60 I
(Jl

MINERAL ..A

concrete .001-.01 .004 152-85 120 100
cement-asbestos 160-140 150 140
vitrified clays 110
brick sewer 100

IRON
---cast, plain .0004-.002 .0008 150-80 t )0 100

cast, tar (asphalt)
coated .0002-.0006 .0004 145-50 1)0 100

cast, cement lined .000008 .000008 150 140
cast, bituminous lined .00008 .00008 160-1)0 148 140
cast, centrifugally spun.OOOOl .00001
galvanized, plain .0002-.0008 .0005
wrought, plain .0001-.000) .0002 150-80 1)0 100

MISCELLANEOUS
fiber 150 140
copper and brass .000005 .000005 150-120 140 1)0
wood stave .0006-.00) .002 145-110 120 110
transite .000008 .000008
lead, tin, glass .000005 150-120 140 1)0
plastic .000005 150-120 140 1)0



-------------------

20

I
(J1

N

289.5 ft

- 103
(62.4) (289.5) (2.5)

550 (0.8)

~ = (150 - 50) + 189.5

[compare with 35.4 HP before when we didn't consider friction]

H.P. -

(Problem 4b, cont.)

Total friction head loss - 19.5 + 170 - 189.5 ft

Bernoulli's equation:

Determine horsepower:

Note: The only difference between this problem and one shown in the

notes, is that for that problem E was given as 0.001 ft. This is 5

times as "rough" as the value determined in this problem (0.0002). Note

the difference in answers: 103 HP vs. 130 HP.



Hazen-Williams Equation

~ Common 1n water distribution problems

~ For intermediate values of R

Q - 0.432 C1
D2 . 63 SO.54

v 1n ft/sec
L
I

V - 0.55 C DO. 63 SO.54 L in ft --,
(J\

h r (,)

S - D in ft
L

C - H - W (coefficient)
3.012 V 1 . 8S L

h r -
Cl. 8S D1.165 Q in cfs



-------------------
PROBLEM 4c

For Problem 4b,we computed total friction head loss to be 189.5 ft,

using Darcy's equation. What would our answer be if we use Hazen­
Williams?

c - Hazen Williams coefficient - 100 for steel pipe

3.012 V1.85 L
h -

cl. 85 D1.165

3.012 (7 .16) 1.S5 (1000) I
01h s - - 36.6 ft
~(100) loSS (0.67)1.165

3.012 (12 . 72) 1. 85 (2000)
h 6 - - 297.8 ft

(100) 1.85 (0.5) 1.165



Manning's Equation

~ Common in open channel flow problems

~ for fully turbulent flow

1.49 2 1

v= R"'3 S"2
n

h = v2 n 2 L
f •

2.22 R"'3

R
A (xtL D= =
P" ltD 4"

n = Manning's n

--I
U1
U1

23



-------------------
PROBLEM 4d

What is the friction head loss if we use Manning's equation?

n = Manning's "n" value = 0.012 for steel pipes

he =
(7.16)2(0.012)2(1000)

= 36.2 ft•
(2.22)(2~3)"3

(12.72)2(0.012)2(1000) -h = = 335 ft I, • 01
(2.22)( 1~2)"J Ol

h = 372 ftr



VALUES OF n FOR USE IH HArm ING OR KUTTER FORHULA *

1

_I

0.009 and 0.010

0.011 and 0.012

0.013

0.014

0.015

0.016

0.017
0.018 to 0.025

0.016 to 0.017

0.020

0.022

0.025

0.030

0.035

0.0,10 to a. csa

Very smooth and true surfaces, without projections.
Clean new glass, pyra1in, or brass, with straight
alignment.
Smoothest clean wood, metal, or concrete surfaces,
without projections, and \'/ith straight a1ignf.lent.
S~ooth wood, metal, or concrete surfaces without
projections, free from algae or insect growth,
and with reasonably straight alignment.
Good wood, metal, or concrete surfaces with very
s~all projections, with sor:~ curvature, with slight
insect or algae growth, or with slight gravel
deposition. Shot concrete surfaced with troweled mortar.
Wood \'1ith algae and moss grouth, concrete with smooth
sides but roughly troweled or shot bottom, metal
with shallow projections. Same with s~oother surface
but excessive curvature.
rtetal flur.1es \'1ith large projections into the section.
\load or concrete \'Ii th heavy algae or r.lOSS gro\'1th.
Shot concrete, not troweled, but fairly uniform.
f.letal flur.les \'1ith large projections into the section
and excessive curvature, growths, or accumulated debris.
Sliloothest natu."a1 earth cilanne ls, free frolil QfO\'/ths,
with straight al ignr.lent. -
Sr.looth natural earth, free from ~rowths, little curvature.
Very large canals in good concition.
Average, well constructed, liIoderate-sized earth canal
in good condition.
Very small earth canals or ditches in good condition, or
larger canals with so~e growth on banks or scattered
cobbles in bed.
Canals with considerable aquatic growth. Rock cuts, based
on average actual section. ~atural strear.lS with good
alignr.lent, fairly constant section. large f100dway
channels, well maintained.
Canals half choked \'1ith moss growth. Cleared but not
continuously liIaintained floodways.
i:ountain streal;lS in clean loose cobbles. River's Iii til
variaole section and sone vel]ctiltion gl'mJing in banks.

,11e; 'I VF .'IPil~ ill 1<1 I ,lfO"

-
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-I
01
OJ

~E.l.'50

P -EL, '0
2.000 -H- loNCt
3 11 ¢

5000 +t l..ONGt
2" if>

EL.O-~~

Q = (~ D
2

) V = 0.153 cfs

P = 0 = P [34 -10 _ ((0.02) (2000') Y v' )~
a g l 0.25 A(2) (32.2) U

V = 3.11 Et/sec

p. =p. t • - P g(10) - p g(£DL:g)
Paba = 14. 7 lb/ inch2 = p g (34 Et) at sea level

PROBLEM 4e

For the pumping system shown, what is the maximum possible flow rate?

Use f = 0.020. The pump will not function if absolute pressure, P
a

, is
less than zero.

Note: Actually, cavitation effects would begin to degrade pump

performance at a lesser Q, before p. is reduced to zero.



5.0 MINOR LOSSES

Losses of kinetic energy because of:

(FORM LOSSES)

• expansions in the flow line (6" pipe to 12" pipe)

• contractions in the flow line (12" pipe to 6" pipe)

• bends, gates and valves

• any disruptions in the flow field

Remembering that these are kinetic energy losses, and remembering that

v 2/2g is a kinetic energy term, determine form loss by multiplying v 2/2g

by a coefficient.

26
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I
0)

o

100'

I

100

~

114--- '00' ------,H 4

1 - ordinary inlet, K = 0.5

2 - sudden contraction, d 2 /dt - 6/12 = 0.5, K=0.43

3 - sudden enlargement, d 1 /d2 - 6/18, K - 0.85

4 - square elbow, K - 1.0

5 - gate valve, K - 0.25

6 - ordinary outlet, K - 1.0

Q=3--+-

PROBLEM Sa

Determine the friction and form losses in the following p1pe network.

Use Darcy's friction formula, assume f = 0.02.

use D/S velocity:

use D/S velocity:

use U/S velocity:

use U/S velocity:



VALUES OF IiEADLOSS COEFFICIEUT FOR SOlIE
FITTIrlGS, BElms, AriD SECTIOiI CJIAUGES

Item

Square elbow, single-~itre bend

Sudden enlarge (use upstrea~ velocity
for V):

ordinary outlet:

Sudden contraction (use downstream
velocity for V):

ordinary inlet:

Rounded, or bell-~outh, inlet:

BordJ inlet:

Gate valve, fully open:

K

1.0

dl/d2 = 314 0.19

dl /d2 = 112 0.56

dl /d2 114 0.92

dl /d2 = 0 1.00 -,
d2/ dl 3/4 0.25

m
= ool

d2/dl = 112 0.43

d2/d1 = 1/4 0.49

dZ/d1 = 0 0.50

0.001

0.7:>

0.25



-------------------
(problem 5a~ cant.)

I
0)
I\)

28

h = ( (0.02) (100»)( 3.82
2

) = 0.45 ft
f 2 (2)(32.2)

h f =0.06ft

h f = 0.06 ft

h f = 0.06 ft

h => V = Q = 3 = 3. 82
fl-2 ~

A l~)
h f 2-3 => V = 15.38 h f = 14.69 ft

h f 5-6 => V = 1. 7

h f 4-5 => V = 1. 7

h f 3-4 => V = 1. 7

:. h f = 15.02 ft

Friction Losses: h l



Form Losses: h.a

h =K(V»
• 2g

h., = 0.5(::) V l - 2 = 3.82, hili! = 0.11 ft

h.2 = O.43(~) V 2 - 3 = 15.38, hJD2 = 1. 58 ft

L

h.3 = O.B5(~) V 2 - 3 = 15.38, h 1D3 = 3. 12 ft --I
h.t = 1.0(~)

0)
(,)

V 3 - 4 = 1. 7, h.4 = 0.04 ft

h.s =0.25(~) V 4 _5 = 1. 7, h.., = 0.01 ft

h•• = 1.0(~) V S - 6 = 1. 7, h.6 = 0.04 ft

~ = 4.9 ft

h = h f + h.a = 15.02 + 4.90 - 19.92 ft



-
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A, = 0.196

v, = 4.54 ft/s

(0.02) (100) (v:)
(2) (. 5) (32. 2 )

=

Q12 = 5 - 0.89 = 4.11 cfs

Parallel Pipes

t12 = 1.35 v:

J[ D2

~2 = -- = O. 785
4

(0.02) (150) (V:2)

(2)(1)(32.2)

Q, = 0.89 cfs

O. 785 (1.15 v,) + 0.196 v, = 5

PROBLEM 5b

When two pipes flow parallel to one another, the flow will split so that

the friction loss is the same in both pipes. The flow in the 18" pipe

1S 5 cfs. What is the flow in the 12" and 6" pipes? The 6" pipe is 100

ft long and the 12" pipe is 150ft long. Assume f=.02 in Darcy formula.

-------------------



6. 0 MOMENTUM - VECTOR

(F = M A)

p::. 20 pS_'---1"------­
2c+s >

--I
m
U1

0= [(20) (144)] [1t(0.5)2/4] + 1.94(2) I 2 I
1t(0.5)2/4

- (2880 Ibs/ft2) (0.2) + 1.94(2) (10) - Fl[

- 576 + 38.8 - Fl[

F = 614.8 Ibsl[

31

- F l[

p = slugs/ft 3

PQ = mass/rate



-------------------

Q - C I A

C. HYDROLOGY

1 . RATIONAL FORMULA

-I
0)
(J)

Tc in minutes

L is length in feet

S is slope in feet/foot

1

L
T=

V

C - runoff coefficient = runoff/rainfall; dimensionless < 1

I - rainfall intensity for a given design event and a given

time of concentration, made from a site specific I-D-F

curve; units = inches/hr

A = area in acres

0.0078 L o.77

T -
c SO.385

~ Simple method to determine a design Q

~ For use on small areas

~ Many ways to determine Tc • One method is Kirpich's equation,

where:



PROBLEM Cla

Determine design Q for these 4 conditions. Drainage area is

436 ft by 1000 ft. Top of parking lot is 10 ft higher than

outlet. Longest flow length along the diagonal.

1) Drainage area is park, 10 yr design

2) Drainage area is park, 100 yr design

3) Drainage area is parking lot, 10 yr design

4) Drainage area is parking lot, 100 yr design

--
t =o

0.0078 (1091) 0.77

(
10 )0.385

1091

to = 10.4 min - 10 min

C

Park 0.15

Parking lot 0.9

2

I in/hr

10 yr 4.9

100 yr 6.1



-------------------
Rational Method Runoff Coefflcier!ts

categorized by Surface

Forested
Asphalt
Brick
Concrete
Shingle roof
Lawns, well drained (sandy soil)

Up to 2% slope
2% to 7% slope
Over 7% slope

Lawns, poor draina~e (clay soil)
Up to 2% slope
2% to 7% slope
Over 7tJ, slope

Driveways, walkways

Categorized by Use
Farmland
Pasture
Unimproved
Parks
Cemetaries
Railroad yard
Playgrounds (except asphalt or concrete)
Business districts

neighborhood
city (downtown)

Residential
single family
multi-plexes, detached
multi-plexes. attached
suburban
apartments. condominiums

Industrial
light
heavy

.05 - .2
·7 - .95
·7 - .85
.8 - .95
·75 - .95

.05 - .1

.10- .15
· 15 - .2

.1) - . 17
· 18 - .22
.25 - . J5
.75 - .85

.05 - .J

.05 - .3

.1 -.J
· 1 -.25
.1 -.25
.2 - .40
.2 - .35

.5 -.7

.7 - .95

· J - .5
.4 - .6
.6 - .75
.25 - .4
.5 - ·7

.5 - .8

.6 -.9

-J
0)
CO
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3

Q4 - C I A = (0.9) (6.1) (10) - 55 cfs

Q1 - C I A = (0 . 15) (4. 9) (10) - 7 c f s

--I
..,J
o

10 yr 100 yr

Park 7 9

Parking lot 44 55

Q2 - C I A = (0.15) (6.1) (10) = 9 cfs

Q3 - C I A = (0.9) (4.9) (10) - 44 cfs

-------------------



D. OPEN CHANNEL FLOW

1. SPECIFIC ENERGY

Critical Depth, Subcritical Depth, Supercritical Depth

~ Specific Energy = Pressure Head + Velocity Head = E

~ In open channels, Pressure Head - Water Surface
:. Specific Energy = Water Surface Elev. + Velocity Head

~ If conditions are "quite", velocities low, then depth must be
high ~ subcritical flow

~ If flow is "shooting" down over a dam, and velocities are
high ~ supercritical flow

~ For rectangular channels, Froude # defines type of flow

v
F - - 1, critical depth

(gy) 1/2

F < 1 , subcritical

F > 1 , supercritical

4

-I
--oJ
~



-------------------
PROBLEM Dla.

In a 1 ft wide channel approaching a sill, the floor elevation

is zero. The sill elevation is +5. The 1 ft wide channel

downstream of the sill also has floor elevation zero.

Flow passing over the sill has a critical depth of 1 ft.

a) What is the flow rate?

b) What is the water depth at (1) ?

c) What is the water depth in supercritical flow at (3) ?

d) What is the water depth at (4) , downstream of a

stationary hydraulic jump?

Neglect friction losses other than energy loss in the jump.

C,,5 CF ~L)::-=-E-t--- ---.+__

2

(CRITtCAL)

5

-I
~
I\)



a:

Q = bVy ; b = 1 ft ; at (2), critical conditions exist

--
I

Vc = « 32 .2) (1) ) 1/2; V
c

= 5. 6 7 ~

V
CF= =1

(g yC) 1/2

Yc = Y2 = 1 ft ;

Q = (1) (32.2*1)1/2 (1) = 5.67 cfs ;

6

i I

Q=AV; A = yb



--
I
~

~

F < 1

Va = J(32 .2) (1) = 5. 67

V 2
E =y +_

2g

(5 . 67 / (1) Y
1

) 2
= 6.5

64.4

Subcritical

b=1

y = 1 ;

7

Yl - 6.49

Q = 5.67 ;

==>

(Q / (b Y1 ) ) 2 = 6. 5
2g

E = 1 + (5. 67) 2 = 1.5 ;
2 2g

V1=Q/bY;

SO EGL2 = E2 + Z = 1.5 + 5 = 6.5 ft ;

@ (2),

b: The specific energy (E)

Trial & Error

-------------------



Supercritical F>l

TIE Y3 = 0.284

To determine Ye , apply the momentum equation

d. Yt = ? EGL3 * EGLe Energy loss across a hydraulic jump

However, momentum is conserved & Continuity

--I
~

U1

I
I

L

Pull apart:

pgb(~:)+ p~W. = pgb(1)+ PQV3

Q3 = 5.67 = Qt Y3 = 0.284

8



-------------------

Energy lost in jump = 6.5 - 2.59 - 3.91 ft

9

--I
~

mQ = 5.67

Y4 = 2.51 ft=>

A. - (2. 51) (1) = 2. 51

(;:) = 0.079v = Q = 2.259
A

v 2

E = Y + - = 2.51 + 0.079 = 2.59
2g

Y4 = 2.51

y 2 Q2 y2 Q2
gb_4 + = gb_J + --

2 bY4 2 bY)

16 . 1 Y: + 32 . 2 = 1. 30 + 113. 2 = 114. 5
Y4

Substitute V = Q/by

How much energy is lost in jump?

Trial & error



PROBLEM D2a. Manning's Equation

If 10 cfs are flowing down a rectangular channel with a slope

of 1/1000, what is the depth of flow for a top width of 5 feet?

The channel is a "natural" stream with good alignment.

Manning's Equation:

2 1
Q = 1.49 AR""3 S-"

n

A
R =

P
bY

b + 2Y
5Y- -=------5 + 2Y

n = .03 (reference)

Q - 10

S - 0.001 --

2 1

10 - 1.49 (5Y)[ 5Y ]"3 (0.001)-"
0.03 5 + 2 Y

6.29

==>

2

_ (5 Y)[ 5Y ]"3
5 + 2Y

Y - 1.35

10

Trial and Error

I Y I [5Y ... I
1 4
2 10.7

1.5 7.2
1.3 5.4
1.4 6.5
1.35 6.18



-------------------
VALUES OF n FOR USE WI-lAtIN ING OR KUTTER FORrlULA *

0.009 and O.OlD

0.011 and 0.012

0.013

0.014

0.015

0.016

0.017
0.013 to 0.025

0.016 to 0.017

0.020

0.022

0.025

0.030

0.035

Very slilooth and true surfaces. without projections.
Clean ne\oJ glass. pyra1in. or brass. with straight
ali gnment.

Smoothest clean wood, metal, or concrete surfaces,
Ni thout projecti ons. and with s tra i ght ali gnnent.
S~ooth wood, metal, or concrete surfaces without
projections, free from algae or insect gro~th,
and with reasonably straight alignment.

Good Nood, metal, or concrete surfaces with very
small projections, with sor:~ curvature, with slight
insect or algae growth, or with slight gravel
deposition. Shot concrete surfaced \·tith trm:eled r.lortar.
Wood \'Jith algae and moss grmJth, concrete wi th smooth
sides but roughly troweled or shot bottom, liIetal
\"l1th shallm·J projections. Same uith sr.loother surface
but excessive curvature.

fletal fluliles \'1ith large projections into the section.
Hood or concrete \'/ith heavy algae or 1iI0SS 9rOl"th.
Shot concrete, not trm-le1ed, Lut fairly uniform.
r-Ieta1 fl uliles \'lith 1arge projections into the sec t ion
and excessive curvature, growths, or accumulated debris.

Smoothest natural earth channels, free from Qrm'Jths,
with straight alignr.Jent. -

S~ooth natural earth, free from !!rowths, little curvature.
Very large canals in good concition.

Average, well constructed. Iiloderate-sized earth canal
in good condition.

Very small earth canals or ditches in good condition, or
larger canals with sOlile growth on banks or scattered
cobbles in bed.

Canals with considerable aquatic growth. Rock cuts, based
on average actual section. Hatural strealils with good
alignment, fairly constant section. large floodway
channels, well maintained.

Canals half choked Nith 1iI0SS growth. Cleared but not
continuously maintained floodways.

I
...,j

CO



PROBLEM D2b. Culvert Problem

-
Qp = 24 efa

L = 50
I

-EL 100 ::. I

Freeboard of 0.5 ft
I

L

I-- I
H.S. EL. U/S - 110 0.5

I
- ..J

- 109.5
cD

-

h
L

- 109.5 - 100 = 9.5 ft

n = 0.013

K1 = 0.75 Kz - 1.00

11



I
00
o

--

(1.00) 24
1tD2 /4+ -------l.,.---"k-

2g

12

2 1
Q= 1.49 AR "3S""2

n

v 2 n 2 L
..

2.22R"3

V = Q ­
A

h =F

D- 4"

24
1tD2 /4

2g

[
V2

n
2 L] V2

+ +K-
.. E 2g

2.22 (R)""3

==>

1tD2 /4
1tD

s -

A
R -

P

9.5 - (0.75)

_"J __ ~~_" __ " __ ,, _



9.5 -

Trial & Error:

choose 18"

13

I I

I D Iright side I
1 25.8
2 1.64

1.5 - 18" 5.2
1.25 - 15" 10.7

--I
CO
~
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PROFESSIONAL ENGINEERING REVIEW

HYDRAULIC REVIEW SECTION

EXAMPLE PROBLEMS
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use the Hanni ng fortnu 1a for 5I

Q=1 AR 2/3 Sl/2
n

11-87

For smooth concrete, use n =0.013

S = 8xlO-S

Q = 17 m3/sec

A= 2/
R = A/P = = .Y/2 1./:,

AR2/3 =~667' ).?(~l~',
But AR2/3 = Qn/5112 =~n)(o.ol~l.f2.

~ ~Ds' Lo•oc008
y = (&+.; ./1.26J = m, the depth

The wi dth is 2y, or C. I",

'l.t.L'1.
~1..\.\ ':. \.'If.. ~

Compute the 3ectangular "best hydraulic section" to convey a
flow of 17 m /sec. The wall material is smooth concrete,
and the slope is a.08m per 1000 ~.

A "best hydraulic section" nas the least I-Jetted perimeter
for a given cross-sectional area. For a rectangular channel,
the BH5 is one in which the flow depth, y, is half of the
wi dth.

I
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4J ~Cl Compute the storage requirements2for a reservoir to meet a
constant draft of 300 MG/year/mi , given the following
critical or design period:

Month: F M A M J J A SON 0 J

Monthly
Inflow: 30 60 90 10 5 10 5 30 40 20 15 85

(r1G/Year)

Solve this graphically. This is a problem involving volume
("What is the required storage of the reservoir?"), and rate
of change of volume with respect to time ("300 MGfyear per
mi 211 and the monthly inflow volumes). .
Construct a graph whose vertical axis is in units of volume
(million gallons, MG, per squre mile of watershed area)
and whose horizontal axis is in units of time (months). The
slope of a c~rve on this graph will have units of discharge
(MG/month/mi ).

Plot the given monthly inflow in a cumulative distribution,
as shown in Figure 16-1. The dashed line A - A connecting
the two end points (beginning of February to end of January)
has a slope representing the average inflow:

400 MG/mi 2/year, or 33.33 MG/miZ/mo. The safe yield cannot
exceed this average inflow rate, no matter what the reservoir
size.

The desired safe yie~d is 300 MG/mi 2/year. Draw a line having
a slope of 300 MG/mi /year, and interesecting the inflow curve
at the "kneel! (end of April, Point A). This represents a
condition of a full reservoir, to which there will continue
to be inflow according to monthly infl~ rates, and from
which there will be draft at 300 MG/mi /year. At any given
time, the vertical distance betwe!n the two curves in the
reservoir, which reaches 70 MG/mi at the end of August.
This is a maximum, and this is the required storage volume.

Non-graphical check: At the end of April, the reservoir drawdown is 2
zero. The yearly draft is 300 MG/mi 2,.§Q the monthly draft is 25 MG/mi .
During May, June, July, and August, theAaraft is 4x25~mi% leSS{IO+~+IO'H)'104
for a net draft of 70 MG/mi2. f\
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lJ @o City Water Department billing records indicate the following
service history:

Year Population Served

1915 12,500
1940 54,000
1965 125,000

If in 1982 there is treated-water storage of 400 acre-ft,' and
water consumption averages 115 gallons/capita/day, how long would
storage last if the water treatment plant breaks down?

a. Estimate the 1982 population served by'
extrapolation of the billing data (Figure
17): 200,000 is the estimate using a
French curve.

b. This served population x 115 gallons capita/day
is Z3 mi 11 ion ga11 ons/day.

c. 400 acre-ft x (43,560 ft2 ) x (7.48 gall) = 130 million gallons
acre ft3

d. 130 mi 11 ion gallons x (1 da~ ) 5 L1d
13 ml 11 ; on gallons = ... ays .

lJ ®o T.he cross-section of a channel, together with its adjacent
floodplain, is shown in Figure 18. The average longitudinal
slope of the channel and its valley is S = 0.00031. During
a flood in which the water level rises to E1. 910 ft, what
is the total discharge and average velocity?

Apply Manning's formula separately to each region of flow:
overbank (cornfield), main channel, and overbank (brush).
The formula in foot - pound - second system units is:

Q = 1.49 AR 2/3 Sl/2
n

No side-slope information is given, but in cases where the
flow width is much greater than the depth, there is little
error introduced by neglecting the channel sides. Furthennore,
the hydraulic radius, R, is approximately equal to the flow
depth for wide, shallow channels.
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Thus, for the cornfield:

n = 0.06, depth = 910-905 = f ft, A = 500x5 = 2500 ft,2

R = 5 ft;
1.49 x 2500 x 52/ 3 x (.00031)°·5Q =0.06

Q = 3196 ft3 .sec (cornfield).

For the main channel:

n =0.015, depth =910-900 = 10 ft, A = 200x10 = 2000 ft2,

R = 10 ft;

Q= ~6f§ x 2000 x 102/ 3 x 0.00031°·5

Q = 16236 ft3/sec (main channel ).

For the brush-covered area:

n =0.12, depth =910-909 =1 ft, A =500x1 =500 ft2,

R = 1 ft;

Q= 6:f~ x 500 x 12/ 3 x (.00031)0.5

Q =109 ft3/sec (brush).

3The sum of these three discharges is the total discharge: 19-41 ft .sec.
The sum of the three areas is 5000 ft2; the average velocity is the total
discharge divided by the total area, or 3.9 ft/sec.

(NOTE: even in cases where one explicitly considers the rigid banks of
the flow, the vertical interface between two sections of the flow, e.g.,
between the flow covering the cornfield and the flow in the main channel,
should not be considered a frictional surface. The cornfield flow may
exert a-sfowing drag on the main channel flow; but the main channel
flow exerts an equal and opposite impulsive drag, or boost, to the
cornfield flow, for zero net effect.)
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HYDRAULICS GLOSSARY

Uniform flow has the same speed and direction at all points
within the flow boundaries. Uniform flow need not be steady
flow.

Steadv flow has speed and direction that may vary from point
to point, but which nowhere changes speed or direction with
respect to time.

Rapidly varied flaw is open-channel flow that changes speed
and/or direction suddenly, due to channel geometry such as
a bend or a sill, or due to a hydraulic jump.

Gradually varied flow is open-ehannel flow that changes depth
and speed in adjusrment to wall friction force on the fluid.
Examples are backwater.and drawdown.

Piezometric head, representing the amount of potential energy
in a flow, is the free surface elevation in open-channel flow.
In a full closed conduit, the piezometric head is the elevation
to which fluid would rise in a test bore piercing the conduit wall.

Hvdraulic Grade Line (HGL) is the locus of piezometric head all
along a flow conduit.

Velocity Head, v2/2g, is a measure of kinetic energy in the flow.

Total Head is the sum of piezometric head and velocity head.

Specific Energy is the elevation of total head above the channel
floor at any point.

The Energy Grade Line (EGL) is the locus of total head all along
a flow conduit.

Froude Number, F - vrgy. In critical flow, F-l. In supercritical
~, F is greater than 1. In subcritical flow, F is less than 1.
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Critical Deoth: For a given channel size and shape and a given
flow rate, the depth at which flow is critical. See Section 6.

Normal deoth in open-channel flow is achieved in a long straight
channel of uniform wall roughness and channel geometry. In normal­
depth flow, energy dissipation by side-wall fricition is equal to
the decrease in potential energy as fluid proceeds down a channel.
Put another way, friction slope, S, calculated from the Hanning
formula from Q, n, R, and A, just equals the longitudinal channel
slope.

Hvdraulic Radius: the ratio of flow cross-section area to wetted
perimeter: R = AlP. For a very wide, shallow rectangular channel,
R is approximateLy equal to the channel depth. For a circular
pipe flowing full, R = 1/4 times the diameter.

Best Hvdraulic Section: For a given flow area, the channel
section that has the least wetted perimeter. hence the greatest
conveyance. For a rectangular channel, the BHS is half of a
square (width equal to twice the depth).

I,
'I
I
I,
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Introduction:

The sUbject matter that is presented as a review of structural
analysis and design has been selected and prepared with the
Professional Engineers Exam as the criterion. A comprehensive
review of the extremely broad field of both areas is neither
reasonable nor feasible. It is felt that as a review, the
material will serve to prompt one's memory and direct the
review process along the general paths covered in both
classrooms and office practice.

The structural section of the PE refresher course consists of
two sections. The first section reviews various "hand"
methods of analysis that may be useful in determining the
design parameters of a problem. The second section reviews
the design of a structure's members using materials that are
commonly encountered: concrete, steel, wood, and masonry.

The first section includes analysis methods for simple
structures. It considers the Cable theorem, and the
determination of deflections by both the Moment Area Method
and the Law of Virtual Work. Analysis of Indeterminate
structures by the Flexibility Method and by a Moment
Distribution Method are reviewed. Frame sidesway by the
moment distribution method is also considered. Finally the
rigidity of masonry walls with openings is analyzed for
determining the distribution of lateral forces to the
individual piers.

The second section reviews structural design for imposed
forces and moments. Structural steel members are reviewed to
resist axial, flexural, and combined forces per, AISC, Manual
of Steel Construction, 9th ed. Reinforced concrete design by
the ACI 318 Building Code is reviewed for beams, shear, and
column design. The specification for Wood construction,
NFPA,is used to review wood members for axial, flexural, and
shear forces. Masonry members are designed by ACI 531
Building Code Requirements for Concrete Masonry Structures to
resist axial and shear forces. composite construction of wood
beams with steel side plates, and concrete slabs on steel
sections are included. Finally, seismic code requirements are
reviewed.

The format is primarily a problem solving presentation and
attempts to address areas which have appeared in past exams.
It is hoped that the material will accomplish its goal of
stimUlating the memory banks and supplying a measure of
confidence to the applicant's approach to the coming exam.
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PREFACE

The sUbject matter that is presented as a review of struc­
tural analysis and design has been selected and prepared
with the professional engineer examination as a criterion.
A comprehensive review of the extremely broad field of poth
areas is neither reasonable nor feasible. It is felt that
as a review, the material will serve to prompt one I s memory
and direct the review process along the general paths cov­
ered in both classrooms and office practice.

No attempt has been made to discuss derivation of formulas,
or development of analytical or design processes, since
these must be presumed as prerequisites for the examination.

The format is a problem solving presentation and attempts
to address the areas which have appeared in past exams.
It is hoped that the material will accomplish its goal of
stimulating the memory banks and supplying a measure of con­
fidence to the applicant's approach to the coming exam.

The writer expresses thanks for their help to the following:
Professors Kenneth Leet and Leroy Cahoon of the Department of
Civil Engineering. Northeastern University. for permission
to use material from their publications. to Doctor Ronald
Sharpin for his kind encouragement. and for giving me the
opportunity to present this material; and to my wife, Theresa.
who patiently supported the project and expertly typed much
of the material.

James Regan
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INFLUENCE LINES
An influence line is a curve, the ordinates of which give the
values of some particular function (shear. moment, reaction.
bar force, etc.) in a fixed element (member section, support,
bar in a truss, etc.) due to a unit load acting at the point
corresponding to the particular ordinate being considered.

Influence lines for statically determinate structures are
straight lines. To draw such diagrams it is only necessary to
compute the ordinates at a few control points and connect their

terminals with straight lines.

For statically indeterminate structures the influence lines are
curved and their construction involves an analysis which may
require considerable time. The Meuller-Breslau principle pro­
vides a simple method to draw approximate shapes of these in­
fluence lines. This principle may be stated as follows:

The ordinates of the influence line for any
stress element of any structure are propor­
tional to th.ose of the deflection curve which
is obtained by removing the restraint corre­
sponding to the stress resultant and intro­
ducing in its place a corresponding deflection.

The reaction restraint at A is removed and an upward deflection
(corresponds to an upward reaction) is introduced. The area
enclosed between the original and the final positions of the
beam is the influence diagram for the reaction at A.
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USE OF INFLUENCE LINES
1. Influence lines show where to place a load on a structure

to maximize the value of the function for which the influ­
ence line is drawn.

2. The value of the function due to a concentrated load equals
the product of the magnitude of the load and the ordinate
of the influence line at the point of application of the
load.

J. For maximum uniform loads place the load over those portions
of the curve for which the ordinates have the same sign.

4. The value of a function due to a uniformly distributed load
equals the product of the intensity of the load and the net
area under that portion of the influence line which is under
consideration.

= w/.aydX
o

which is the same as saying, w(the uniform load per foot)
mUltiplied by the area under the influence curve corre­
sponding to the portion of the structure being considered,
in this case, distance a.

AB is the influence line
for a given function (shear.
reaction, moment, etc.) on
a beam which has a uniform
load of w pounds per foot.

The portion of load in distance dx is treated as a concen­
trated load and is equal to wdx.
By Rule 4, the value of function P due to this differential
load is dF =wdx y •

•'. F=~adF = ( wdx Y
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By proportion. when the unit load is at A. the reaction at B
is 4/3; and when the unit load is at F. the reaction at B
is -1/6.

111-3

Place a unit load at B. the reaction at B is 1; place a unit
load at E. the reaction at B is O. We now have two points on
the influence line. draw a straight line through these points
and extend this line to intersect perpendiculars from A and F.
This sloping line is' the influence line for the reaction at B.

4~a 1.0 "1

/to.~~hh ~=-+-~-,

EXAMPLE
1. Draw the influence lines for the following functions:

Reaction at B. Reaction at E. Shear at D. Moment at B.
Moment at C.

2. Use the influence line to determine the reaction at point B
due to a uniform dead load of 200 lb per ft.

3. What is the maximum positive and maximum negative moment
produced at point C by a concentrated load of 50 kips?
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Place a unit load at E, the reaction at E is 1, place a unit
load at B, the reaction at E is O. Again, we have two points
on a straight line, and connecting these points in the same
way as for the influence line for the reaction at B we can
easily draw the influence line for the reaction at E.

..,
+~

A ,..... ~~......::~ ...... f:..--.__....F

-13

From the diagram, when the unit load is at A, the reaction
at E is -1/3; and when the unit load is at F, the reaction
at E is +7/6.

I.L. Shear at D.

LAO":Jl_~~....~ ~ ~_I~ F A unit load at any point between
1° .....s

~ ~~ A & B will induce a shear at D
S7~1-::~I!t ~It>~__.....,\I~E_F equal to the negative of the

L.J reaction at E.
s

\,9:_9__-T13;..-. -+I.._O -.;'!ii:-0
~" ~Re.

~Hl!A2

A---c~====:!:IO===I!=P_=

Placing a unit load at any point
between E & F will cause a shear
at D equal to the reaction at B.

For a unit load at any point be­
tween D and E the shear at D is
equal to the reaction at B.

E. F'
4

1"Q.
Eo F---+----....,1-

If the unit load is placed at
any point between B and D the
shear at D is equal to the neg­
ative of the reaction at E.



111-5

Influence line
for reaction at B

Negative influence ~-----­
line for reaction at E

The final influence line for the shear at D is the left-hand
portion of the lower influence line and the right-hand por­
tion of the upper influence line. thusly

So, to draw the influence line for the shear at D, draw the
influence line for the reaction at B and add to it the neg­
ative influence line for the reaction at E. Then draw at D
a perpendicular line which intersects both of the influence
lines.
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1.L. for the Moment at B
Place the unit load at A and take moments about point B;
1 x 10 counter-clockwise is negative, and MB = -10.
For a unit load at B the moment at B = O. At any other point
to the right of B the application of the unit load does not
induce any moment at B. Then the influence line for the moment
at B is

c, Eo
I

I.L. for the Moment at'C
If the unit load is at A the reaction at B, from the influence
line for the reaction at B, is equal to 4/3 and taking moments
about C we have
~ -1 x 20 + 4/3 x 10 = -20/3

When the unit load is at C the reaction at B is 2/3 and taking
moments about C
~ 2/3 x 10 = +20/3

Placing the unit load at F the reaction at E = 7/6 and summing
moments about C
~ -1 x 25 + 7/6 x 20 = -5/3

When the unit load is at B or E there is no moment induced at C.
The final influence line is drawn by connecting the control
points with straight lines.

A

20--!>

+- --::t'-----+---+------~~__i1=... z.
5

-I - -- -



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

111-7

The reaction at B due to a uniform load of 200 lbs/ft
by Rule 4 is

200 x Area enclosed by the influence line.
= 200 [~( 4/3 x 40 - 1/6 x 5)]
= 15750/3 = 5250#

The maximum reaction at B occurs when the positive portion
of the influence line is loaded.

200 x 1/2 x 4/3 x 40 =16000/3 =5333#

The maximum positive moment at C produced by a concentrated
load of 50k is obtained by placing the 50k at the point of
maximum positive value for the influence line for moment
at C. this is at point C itself and the ordinate value is
+ 20/3. Therefore. the maximum positive moment is

20/3 x SO =333.3ft - k

The maximum negative moment at C is produced by placing the
50

k
load at the point of maximum negative value of the influence

line for moment at C. This location is at point A. and the max­
imum negative moment is

50 x (-20/3) = -333.Jft - k
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Influence lines for bar forces in a truss are drawn for
a unit load moving along the truss, the load is usually
placed on the bottom chord. Since the truss is deter­
minate, the influence lines are straight lines between
the panel points.
The evaluation is done by either the method of sections
or the method of joints. In using the method of sections
it is best to use the free body diagram which does not
contain the unit load.

EXAMPLE
Given a truss having parallel top and bottom chords.
Draw the influence lines for the forces in bars a thru g.

214
:3

1 . 5 6

d = 180'
R6

Draw the influence lines for the reactions RO and R6·
LL. for the reaction Ro

1

[ I T T I i

0 1 2 :3 4 5 6
I.L. for the reaction R6

1

I JTI T
0 1 2 :3 4 5 6

40'
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1
6

and in
the per-

pression.
When the unit load is at point 6 the
force in bar a is = O.
A unit load at point 1 will induce a

force in bar a =
Sa = -5/4 x 5/6 = -25/24

:. The influence line for the force in bar a is

1

!~----I'----+I---I'----4
o 1 2 J 4 5

-5/4 RO
-Ro J/

0 1 2 J 4 5 6

~ I I
I

I.L. for the force in bar b.

NOTE In general. in the free body diagram above.
those to follow, only the forces related to
tinent discussion are shown.

When the unit load is at O. Sb = 0; when ~he unit load is
at point 1. Sb = 1; and when the unit load is at points
2 thru 6 the force in bar b is = o.
The influence line for the force in bar b is then

I.L. for the force in bar a.
Using the method of joints and isolating
joint 0 as a free body. by inspection:
when the unit load is at point 0 the bar
force in a is equal to zero. If the unit
load is at any point from 1 to 6 then

Sa = -5/4 RO
and is minus because the bar is in com-

I
I
I
I
I
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1

1

I.L. for the force in bar c.
Cutting section at 1-1 and using the

right-hand free body, if the unit load
moves from point 0 to point 1, the
force in bar c is

Sc = -5/4 R6 compression.
R~ If the load is at point 1 then

Sc = -5/4 x 1/6 = - 5/24

Ro

Using the left-hand free body, as the
load moves from point 2 to point 6, the
force in bar c is 5/4 RO tension.
When the unit load is at point 2

Sc = 5/4 x 2/) = 10/12 = 5/6
:. The influence line for the force in bar c is

I :;j;>
-5/24 2

I
3

1
4 5

I.L. for the force
'2

in bar d.
Cutting section at 2-2 and using the
right-hand free body, as the unit load
moves from 0 to 2 the bar force in d is
+ R6 tension. With the unit load at 2
the force in bar d is +1/).

Ro

Using the left-hand free body, the bar
force in d is equal to -RO compression.
If the unit load is at ),

\2 -Ro = -1/2
The influence line for the bar force in d is

1/3 ) 4 5 6
...a.-,-=4j~:::::::;~>"~,:~==:!:':::::~'~-1~o 1 2 ,-

-1/2



:. The influence line for the force in bar e is

111-1"

Using the left-hand free body, as the
load moves from point J to point 6, the
force in bar e is 5/4 RO tension.
When the unit load is at point J

Se =5/4 x 1/2 =+5/8

force in bar e.
Cutting section )-3 and using the
right-hand free body, if the unit load
moves from point 0 to point 2, the
force in bar e is

Se = -5/4 R6
RG If the unit load is at point 2. then

Se = -5/4 x 1/3 = -5/12

,
\

5/8
0 1 ~ '4 I II I I

:7 J 4 5 6
-5/12

( 5/12 )( '30 ) • , (5/8)( 30)= 12-l\ I 18 =(5/12 + 5/8) (5/12 + 5/8)

Ie L. for the
i. Rer 3
4~,\t

l----......
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I.L. for the force in

c;f-- ;------~

3

3

Z· !
'5r.

Roo 13

bar f.

Cutting section 3-3 and using the
right-hand free body, take moments
about point 2' and consider the unit
load as moving from point 2 to point 6.

r+1 -120 R6 + 40 Sf = 0

Sf = 3 R6 tension
When the unit load is at point 2,

R6 = 1/3 and Sf = J x 1/3 = 1

Using the left-hand free body, take
moments about 2' again, but now con­
sider the unit load to be moving
from point 0 to point 2.

~ 60 RO - 40 Sf = 0

Sf = 3/2 RO tension
When the unit load is at point 2,

RO = 2/3 and Sf = 3/2 x 2/3 = 1

If the unit load is at points 0 or 6

S = 0f

. The influence line for the force in bar f is..
1

~ I 4 ~ ~J

I.L. for the force in bar g.

When the unit load is placed anywhere along the bottom chord
of the truss there is no stress induced in bar g; therefore,
the influence line for the force in bar g is

o 1 2

o
1
J 4 5 6
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EXAMPLE Use of truss influence lines.
a. Determine the force in bar e due to dead weight

of the truss of 0.6k per foot.
b. What is the maximum tension in this bar if a uni­

form live load of lk per foot and a concentrated
load of 8k moves along the bottom chord of the
truss?

c. What is ~he maximum compression induced in bar e
by these live loads?

d. Find the total tensile and compressive forces in
bar e.

Solution;
a. Since the dead load applies throughout the length of the

truss. by rule 4. the force in bar e due to the dead
load is

Se = 1/2(-S/12)(72)(0.6) + 1/2(S/8)(108)(0.6)
Se = -9.00 + 20.2S = 11.2S tension

b. For the live load tension in bar e. use the positive
portion of the influence line.

Se = 1/2(S/8)(108)(1) + (S/8)(8)
Se = )).75 + S.OO = )8.75

c. For the live load compression in bar e. use the neg­
ative portion of the influence line.

Se = 1/2 x (-5/12)(72)(1) -(5/12)(8)
Se = -15.00 -).)) = -18.))

d. The maximum tension in bar e is
)8.75 + 11.25 = +SOk

The maximum compression in bar e is
-18.)) + 11.25 = -7.08k

It is apparent from these calculations. that a reversal
of stress occurs in bar e as the live load moves across
the truss. This is important in the design of the member
and its connections because stress reversals affect metal
f~·~ .. ~ould become a critical consideration.
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0 1 12 ,J 4 ,5, I

VA tV
B

6 @ 8' = 48'

Influence Lines for Indeterminate Beam
Find the I.L. for the reactions at A,R& C. 1.079

16' 32' 6 :rOO:~15

Vc I.L. for VB

~
l.OO

~-_____~--+!--+-! --+-j:;;:::::=~-+l
.220 .2S0 .lS7

I.L. for VA

.oJi
-I.L. forVC

113.81ft2k
EI EI

Conjugate Beam loaded
with M/EI diagram.

Solution:
Remove V and place a unit load at B (point 2), compute the
deflecti~ns at points 1 through S.
Using the conjugate beam method, cut sections at points
1 through S and compute the moment on the conjugate beam
at the respective points.

b1=(142.27)(S)-!(S)(S.33)(2.67)=1081
°2=(142.27)(16)-!(16)(10.67)(S.33)=1820
b 3=(113. 81)(24)-;(24)(S.00)(S.00)=1963
°4=(113.81)(16)-;(16)(5.33)(S.33)=1593
°5=(113. 81 )(8)-;(8)(2.67)(2.67)=882

V = ~B
B 0bb

Since bbb (the deflection at B due to a unit load at B)
is the same as 62 , dividing each of the point deflections
above by 62 will give the value of the ordinate of the
influence line at the corresponding point.
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111-13b

The ordinate at point 1 is:

ig~~ = 0.594
at point 2:

1820 = 1.00
1820

at point 3:

iE~6 = 1.079 etc.

To find the influence line for the reaction at e, use
the in~luence line for the reaction at B to obtain values
for VB at the various points along the beam. Applying a
specific value of VB at B and a unit load at the related
point (determined from the IL for VB)' the reaction at e
is determined by statics. Then using the influence lines
for the reactions at B and C, the reaction at A is readily
found.

e.g. For point 1, place a unit load at point 1,
the reaction at B, from the influence line
for VB' is 0.594. Apply this at B and take
moments about point 0 and solve for Ve.
For the reaction at A, simply sum the forces
in vertical direction.

Repeat this process for each of the points
along the beam.

Load point 1 and sum moments about O.
t+t 1 x 8 - 0.594 x 16 + 48VC = 0

Vc = 0.031

Summing forces in the vertical direction:

+t -1.00 + 0.0594 - 0.031 + VA = 0

VA = 0.437
Load point 2.

4) 1.00 x 16 - 1.00 x 16 + 48Ve = 0
Vc= 0 etc.
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loaded cable.

!~__w__.;.;L__~_

Applying the cable theorem to the uniformly
at mid-span

CABLES

General Cable Theorem: At any point on a cable acted upon
by vertical loads, the product of the horizontal component
of cable tension and the vertical distance from that point
to the cable chord equals the bending moment which would
occur at that section if the loads carried by the cable
were acting on an end-supported beam of the same span.
The cable theorem holds whether the cable chord is hori-

zontal or inClinedvA} L/2

H__ tVB
-----.H

EXAMPLE
For the given structure:·
a. Find h at mid-span.
b. Determine the maximum cable tension.

100'
A tlo-----------.
~

3# ft 2400#

10'

70'

c
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2550#

~ L=100'} VB = (100 x ,:3)/2 = 150#
--o~-HB .

I 1

a.

Solutions

Me = 0 f+\
(-HB x 80)+(20 x 2400)=0

48000/80 =HB =600#
:. h = wL2/8H

= (J x 1002)/(8 x'600)
= JOOOO/(8 x ~OO)

= 50/8 = 6.25' Ans.

b. Tmax • =~ V~ + H~ = ~(150)2 + (600)2

• VJ82500 = 618.5# Ans.

Also. using the expression for Tmax developed in strength
of materials texts.

T = H[1+16n21 1/2. max. j
where n = hIt = 6.25/100 = .0625
T = 600 [1+'16 ( .0625)2J 1/2 = 618.5#max.

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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DEFLECTIONS
MOMENT AREA METHOD: (Based on the following two theorems)

1. The change in slope of the tangents to the elastic
curve between two points. A and B on the elastic
curve. is equal to the area under the M/Er curve
between these two points.

2. The deflection of a point B on the elastic curve
from the tangent to this curve at point A is equal
to the static moment about an axis through point B
of the area under the M/EI curve between the points
A and B.

Theorem
A
:: ~

M/EIV__

A~ 1TJI!JB
Q =~B Mdx/EI

Theorem 2. B

A_~:

~~t· x 3B
~ =J;,B MXdx/EI

The areas and the moments of the areas of the bending moment
diagrams may be found by integration. but in most cases
the moment diagram may be broken up into a series of rela­
tivly simple geometric shapes. Knowing the areas and cen­
troids of these shapes. the moments of the areas equal
the centroidal distances from the axis of moments mUltiplied
by the respective areas.



. 2
x144J.n )

6'

2
=(1440ft k

120/EI

12'

6'

12'

~A/p'»

QB is the change in slope of the tangent
at B with respect to the tangent at C
and is equal to the area of the M/EI dia­
gram between B and C.

QB =(120'kx12 ' >/EI

111-17

C
77'rr-

6' 20k

B ;A

I=240 in4

E=30xlO)ksi

B

EXAMPLE
Find the vertical and horizontal deflection of point. A
due to bending strains. (Use the moment-area method)

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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1:::.AV = (GB x 6') + ~A/B

D. AV = triO x 144 x 6'x ~~" -+- l~iO x 1728 = 2.4" Ans •

.6. BH =6.AH = ~B/C
120ft k

~ B/C = EI x 12'
= 2.97" Ans.



h

a

x

x

a
a(n+l )
( 2n+l )

b(n+l)
1--"'"-1 2 (n+ 2 )

b

a
l a

.,....__-+-_~...L-L_5

Jb/8

1° curve
A = bh/2

b

yt ZO curve

A = ab/J
~ = kx2

b

2° curvey

A = 2ab/J

y = kx.
2

y = kxn
A = nab/(n+l

h

III-lea.

n

GEOMETRIC DATA FOR VAR,.OTT~ "

b

b

m

c. g. ,

h
2-

b/2

b

A = bh

°o curve

LnO curve
y=kx

I

A = ab/(n+l)'

A =bh/2

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I



______1
-- --

-~-- -------~~- ~-

111-19

DEFLECTIONS (cont.)
LAW OF VIRTUAL WORK:

If a structure is in equilibrium under a set of forces
and if the structure is given a virtual displacement
consistent with the constraints of the structure, then
the external virtual work done is equal to the internal
virtual work done.

W{ ) = We' )external ~nternal

The general equation is:
1 x~ ~ FQFpL {L ds
1 x OC + WR =£.. AE + .J 0 MQMp EI

1 x~is used for deflections.
1 xrt. is used for rotations.

,

WR is the work done by the supports, this is due to
Q forces only.

The first term on the right side of the equation
is the work done by bar forces; that is, by axial
forces.
The second term on the right is the work done by
fl exural fore es •

Note: We have neglected the work done
by shear and torsion.

FQ = Forces in frame due to a unit load Q.

MQ = Moment in beam due to a unit load Q.
Fp = Forces in frame due to actual real loads.
Mp = Moment in beam due to actual real loads.



y y y

e e e 1
k

20 kt 1~
'-'k~k . k

120 6 12

P Forces Qv Forces QH Forces

Member x increases
Mp MQ MQAB A to B

0(x<6 20x x V o H

Be y increases
e to B
0< y <12 -120 -6 -12+y

~A ,--
lie

B
----~-~-

2.4" Ans.

B

1440 + 8640= 30000 x 240 x 1728 =

6'

AAv

111-20

QAAV = .,{ ~Q~ H
EI(lk)~AV = ;; 6 (x)(20x)dx + ;; 12(~6)(_120)dY

EI~AV = 20x
3 16 + 720y 112

3 00
EIAAV = 1440 + 8640

12'

EXAMPLE
Find the vertical and horizontal deflection of point A
due to bending strains. (Use the virtual work method)

x 20k

-r-..,... --I A

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Example (C ant. )

AiL ds
Q~AH =J 0 MQMp EI

o
EI(lk)~AH~~+~12 (-12+Y)(-120)dy

EI ~AH = 1440y _ 60y2 112

,0

EI ~AH = 17280 - 8640 = 8640



iii=6

~VIRTUAL LOAD
H

,_' I
141 G,

a ions -....,....----I-~~
6' ,
eorrespondin I

ACTUAL LOAD

A variation of the virtual work approach to this type of problem
is a semi-graphical integration method. It works well for moment
diagrams composed of easily defined geometrical shapes. Such is
the case for this particular problem.

6' '20k
l' 1k

_- ...----J

lk

SEMI-GRAPHICAL METHOD OF INTEGRATION

It can be seen that the graphical solution for this
frame is much faster that the analytical one.

111-21&

ARLM = Areas of real load moment diagrams.

Iii' = Ordinates taken on virtual load moment diagrams
at location corresponding to centers o£ gravity
of' real load moment diagrams.

ARLM x iii
1 x J\:
~ = EI /m for tri.!.r1gular moment diagram

, C"m for rectangular mom. diag.
~V = 360 x 4 + 1440 x 0 x 1728 = 2.42"

1x 30 x 10J x 240
r iii for top leg mom. diag.

I\. _ 360 x 0 + 1440 x &-m for vert. leg mom. diag.
~H - - x 1728 = 2.07"

1x 30 x 10J x 240

en

Q 12'
<
o
..:l

VIRTUAL LOAD
V

120'k. A=6x120/2 6 Ik
Ik Co, =360 Ik

120 6 ;-'_+-""--.......;;~

~ g ~
~ ~ Correspondin
o II "$g ~;:

o
E-I C\l
Z .-4
~ II
::E: <
o
::E:

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Area of all bars = 5sq in.
E = 30 x 103ksi
support C settles ~".

Bar FB fabricated 0.2"
too long.

20'

B

J @ 15' = 45'

EXAMPLE
Compute the vertical deflection of joint B by virtual work.

E D

DE

B +~

tlk
t k t k

BV

Q Forces p Forces

We = W. FgFpL1.

Q~V WR =1(FQ.A.L)- AE + FQAL

Note: The deltas on the right-hand side of
the equation denote changes in length.
not deflections.

(ft) (in2 ) ft (k) (k) k2ft (in) (in k)(Sq in) (sq in)

L A L FQ Fp
L L FQ~LA FQFp(X)

AB 15 5 J +i +15 +16.875

BC 15 5 3 +t +15 +16.875

AF 25 5 5 -~ +25 -78.125

Fe 25 5 5 -~ -25 +78.125

FB 20 5 4 1 0 0 0.20 0.20

r- +33.750 0.20
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Example (cont.)

(l)~BV + (0.25)(- ~) = +36065 x 12 +0.20

Notea The settlement at C is 0.25 inches
and is positive since it is in the
same direction as the assumed de-·
flection.
The force at C due to the Q force
old °t ° to b loOtloS 2 an 1. loS nega J.veecause
is opposite in direction to the
actual settlement.

.o.BV - 0.125 = 0.0135 + 0.20 = 0.2135"

.'. A BV = 0.2135 + 0.125 = 0.:339" Ans.
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INDETERMINATE ANALYSIS
FLEXIBILITY METHOD (Also called consistent 'deformation method)

outline of analysis

~ Released Structure Jf, \I

1. Establish the degree of

indeterminancy.
o

4 react. - 3 eq. stat.=l
2. Establish a RELEASED struct.

(determinate and stable)

w

,s;;----,-..,-----
tR"'=R (;~

B B -A

fl "b"l"t 48EI - BB
ex~ ~ ~ y --- k :3

co-efficient,(' ~r1. {2L) ]x R
0BB -[ 48EI B

&"----r----~

t

J. Equivalent to original
structure in all respects.

4. Superimpose the displ's
produced by the original
load and that by the re­
dundant RB•

The deflection due to the
redundant RB may also be
expressed by using flexi­
bility coefficients.,

SIGN CONVENTION: Forces and displacements in the direction

of the redundant are positive.

I
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Outline of analysis (cont.)

RB = 1.25 wL Ans.

RB = 1.25 wL Ans.

111-25

Compatibility or geometry requires

AB = 0

AB =ABO + ABB

-5w(2L)4
0=+

384EI

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Analysis.of·an·indeterminate truss by Flexibility Method.
Determine the reactions for the given truss.

Area of all members = 5 sq in. E = )0,000 ksi
12K

E

20'

A

P System

ABO

Y2 t'~
Compute bEE (The verticaldefl. at B

" 0 I!. 0 0

Q System

Q System

Use the reaction at B as the redundant.

A B = 0 =6.BO + 0EB RE

Compute ABO (The deflection of B in the released structure)

Foe. 0
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Bar -L FQ FQFQL Fp FQFpL

AB 15 + ~ + 2.11 - 4.5 - 25·J1

BC 15 +~ + 2.11 - 4.5 - 2.5.31

CD 25 0 0 -15 0

DE 15 0 0 + 9 0

EF 15 0 0 + 9 0

FA 25 - ~ + 9.77 + 7.5 -117.19

FB 20 + 1 +20 0 0

Fe 25 - # + 9.77 - 7.5 +117.19

EC 20 0 0 0 0

I.FQFQL= +43.76 l.FQFpL= - 50.63

AB = 0 =ABO + 0 BBRB

o - _ 50.63 + 43.76 R
- AE AE B.

AE F 0, :. -50.63 + 43.76RB = 0

RB = ~~:~g = 1.16
k

RB acts in the direction of the 1k load, i.e.+
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EXAMPLE
Determine the maximum stress in the beam and in the cable.

(Neglect the weight of the beam and the cable)

Q

0·5

0.5
'20·

¥Po 20'" Q.

0.' 0.5

Area of the cable = 0.5 sq in
E of the cable = 22 x 103 ksi
W8x31 (AISC Manual 8th Ed.)
A = 9.12 sq in; I = 110 in4 ;
S = 27.4 in3; E = 30 x 103 ksi

IJ..

c e>

)(

~

(a)
JI'4)& c
AAO

~
A

t'"
'b)

fIo&

a..." c

Compatability Equation: AA = 0 = AAO +. X{~AA)

:\-,. virtual work; for AAO consider (a).

k t FpL ~r L ds
1 AAO =£FQ AE +';/ 0 MQMp EI

From B to C

From B to A

L = 20'

Fp = 0
FQ = 0.866

L = 23.09'

F = 0P

F = 1Q

0< x <20

Mp = 20x
MQ = -{0.5)x

0< x <23.09
Mp = 0

MQ = 0
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Example (cant.)

k r 20 1728
l.6. AO =O+J O -(0.5x)(20x)dx EI

x3]20 1728= -10 ~ 0 (30 xl000 x 110)

/lAO = -13.96"

For bAA consider (b).

1k cS U =J. FQ
2 h +Ilo~Q2 ~~

F =1P

L = 20' 0 <x" 20

Fp = - 0.866 Mp = -(0.5x)

FQ = - 0.866 MQ = -(0.5x)

L = 23.09' 0<x-'23.09From B to A

From B to C

F = 1 M = 0Q Q
l k 6u = (-0.866)(-0.866)(20)(12) + (1)(1)(23.09)(12)

(9.12)(30 x 103) (0.5)(22 x 103)
+ r 20(0.5x)2dx x (1728)

J 0 (30 x 103)(110)
•25 x~ ] 20 1728= .0007 + .0252 + (3 0 (:30·x 1000 x 110)

6AA = .0001 + .0252 + .3491 =0.375"

.'. AA = ~AO + X ~AA = 0

- 13.96 + 0.315 X = 0

X = ~?j~~ = 3Z.24k Ans.

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Example (cont.)

31.'2S.li\.( C.... .;:::=======~e
'21.'0'" J_~:--_'Z..;;.O~I t

I \, ~!l" ,
2011:

tension:Components of the cable

AV = 37.24 sin 300
=

o
AH = 37.24 cos 30 =

k37.24 x 0.5 = 18.62
k37.24 x 0.866 = 32.25

Then for the whole structure;

.. t F = 18.62 - 20 + Cv = 0
y

Cv = 1.38k t
~ Fx = - 32.25 + CH = 0

CH = 32.25
k
--

r.tt MC = { 20 - 18.62 )(20) = 27.60· k ~

The stress in the beam = ~ = (27.604(12) = ! 12.09 ksi
due to bending 27.

The direct stress in the beam = ~ = -3~:i~ = - 3."54 ksi

:. The Max. stress in the beam is:
P M 15.63 ksi compr. Ans.
A ! S = -3.54! 12.09 =

8.55 ksi tension Ans.
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I . •
I •

.Draw the Shear dnd Momen~ curves for the be~m below.
i ,

~·/rt

I
I
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I
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2 x 50 2
-FEMABi=+FEMBA . 12

= 416.7'k

FEMBC=-3/16(40 x 30)
=-225.0'k

(Diag. 13 p.2-118,
AISC Manual 8th ed.)

C

15'15'

3.33 I

3/4(3.33)=2.50
0"56= 2.5/4.5
-225.0
-1·07.4

+332.4 -332.4

50'

2k/ ft

EI constant
2.0
2.0

2.0/4.5 = 0.44
+416.7
- 84.3

MODIFIED STIFFNESS FACTORS ·FOR VARIOUS END CONDITIONS
1. One end simply supported: . K' = 3/4 (K)
2. One end symmetrical to other end: K' = i/2(K)
3. One end antisymrnetrical to other end: K' =3/2(K)
e.g.
Case 1.

-416.7

c. o. - 42.2
-M -458.9

A

K
T('

K'
Df = K'

FEM
dl

Case 2. FEM =~10 x 16 = -20'k
AB 8

10k
2k/ ft 10k

FEMBA=-FEMAB=+20'k

Diag. 16 p.2-119)A D
8' 8' 16' 8' 8' FEfIlBC

=_2 x 162 =_ 42.6'kEI Constant 12
K 1 1 1 (Diag.15 p.2-119)K' 1 1 x (172 )=1/2 1

Ki K' ° 2/ 1/3
FEM -20.0 +20.0 -42.6
Dist. +15.1 7·5

+35·1 35·1 +35·1 35.1 +12.5

---I --



-o
-E
01

'" '". -co co
V'\ V'\
+ +

-

l~~

+78.2
+39.1
+39.1

-225.0
+ 88.2

~ -136.8r- ;~-
+78.2

2 x 122
-FE~C=+FEMCB= 12 = 24 'k

(Diag. 15 p.2~119)

2'

FEM
Dist.
c.o.

-M

1

111-31b

'"C\l.
o

1
d' K=K'=l----..-

Case 2.

FEM
Dist.

+ ~ D
12'

Case 3.
60

k 60k

30' 10' 20' 10' 30'

A 21 B 21 C 21 D
K 100.:J! 21/30 = 100 x 21/40 = 20'6.7 5.0
K' 6.7 ,3/2x (5.'0 )=7.5

K=K'=
"1 00xI/20=5. 0

Dist. Factors
BA

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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A ~prin9 pl.a<:ed under' .. c:.an\i\ever beam c!' shown limits the d~flechon 1<:1
on~.ha\f ,he \1allJe ob.ained if .he beam could d~f\ed Free~. The beam i~ m4de

of deel tlnd is 12 ;nches wIde by I" deep. Find -\he sprins c:onstant.
Steel. Eo· ~o. 000, 000 pli

\'2,-

Con~~der- ihe ~prins l)uppod aej ihe redundant.
:. ihe primar~ ~~ rudure is ~s t;hcwn '1"1 (b).

The c:omp.a\ibiHtj e~lJation,ba~6d o.n -\he
condi1,on~ ~ho""n in "-) and (d) and '\h4 ,,,aid
c1~flee~'cn ccndl~icn ~~a\ed in ,he prcblem, i~:-

~&o - ~bb 'C ~='~ b.~o

:. e&~bX~=~A60
A&e

R= F~(forc:e in 'Spt'ing)= '2~bb

(eo)

d....=cWted;'on .. Po> due,. a cJnii load edina upward
.t e.

:. ~bb= -t ~:C AlSt Tables p.'2- \'21 ~.'2'1

Th.n, trom ~. 0 cabooJe
I ur L4
~'i'r~ _ ~l.

F= (n 1.3 - ~
JI1'

-rtle forc:e 1n +he SP"":9 =k ~ : 1t~ 6&0

• urL t..., \lTl~
•. 74 ~ R'2 'T'i'i'lr

~: !E1: - 3. !o,o.e,coe,,\ : 1'1.0 I~n
IJ :;o.~.so
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FRAME SIDESWAY (By moment-distribution method)
Structural frames are sUbjected to sidesway because of unsym­
metrical position of loads (Fig. a), unsymmetrical frame geo­
metry (Fig. b), lateral loadings (Fig. c), or possibly a
combination of these (Fig. d).

An analysis of these frames by an accepted method, say moment­
distribution, will result in inconsistencies. When the values
of the horizontal components at the supports are computed, the
sum of these forces and any horizontal forces acting on the
structure will not be equal to zero. This ineqUality, of course,
means that the structure is not in equilibrium.

By using the principle of superposition it is possible to use
an indirect approach to the solution of problems of this type.
The method of moment-distribution lends itself readily to such
a procedure.

I
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FRAME SIDESWAY (cont.)
The general procedure for solution of problems of this type
using the moment-distribution method is as follows:

1. Assume an imaginary support that prevents the structure
from swaying.

2. Distribute the fixed-end moments due to the applied
external loadings.

3. Compute and sum the shears at the bases of the columns.
The unbalanced shear is the imaginary force required to
prevent sidesway. If this force is removed the frame
will undergo sidesway and the ends of the columns will
rotate and induce moments at the joints.

4. Assume values for these moments. These values MUST BE
such that the moments are proportional to the ~ of
the columns. This is especially important if the
columns are of different lengths.

,
Any moment may be assumed but the value should be
consistent with the proportional requirements.
It is generally easier if the magnitUde is assumed
to be of the same order as the moments due to the
external loadings as figured in Step 2.

5.,Analyse these moments and compute the shears at the
bases of the columns, again you will have an unbal­
anced shear. Establish the ratio of

Unbalanced shear in Step 3
Unbalanced shear in Step 5

6. MUltiply the moments in.Step 5 by this ratio and add
the result to the moments of Step 2. These are the
correct moments

7. Figure the column base shears resulting from the final
moments and isolate the frame members as free bodies.
Apply all loadings, moments and shears. All members
should be in equilibrium. This constitutes a final check.

I -



o
-15 -

-' 2.~·

- O.G

- 0.10 ~

- 18.10 0.
u

o
-"-

given frame. (Fig. a)

Fig. b
-9.0-;.

(Moment-Distribution)
(Step 2)

r.> c/~(Step 1),...--------.....,.::;".......~
P.>A Be ce ~co
O.a, 0.4 0.4. C.G

+O.4a

+ 0.1
~ "'ZO. ~8

c5
\i

o -5
~.7.79

l' 2.79

ZOIC

c

-('8.10" q.os) _ ., 72 lr_

o ~ 10 - ".

~;;~~ A7l[AH ,.~;':Mo
_ ~ of' 20.~" .. "2:7Q

J02SIC
ID '.75.

Av -~+ 'Z.'4. O.CN IC_ EN

Fig. c
(Shears. moments.
and reactions)

(Step 3)

111-35

Fig. a

5'

A

EXAMPLE
Determine the end moments MA and MB for the
Use the moment-distribution method.
Sign convention: Fixed-end Moments r+) •

FEM = -FEM _ WL = (0.6)(10)(10) =-S'k
AB BA 12 12

FEM - FEM - PL - 20 x 10 - 2S'kBe - - CB - a- - 8 --
ZOIC

S'

K
o.~"
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EXAMPLE (cont.)
Applying a force at A equal and opposite to the restraining
force of 2.62 kips will cause the frame to deflect as shown.
This will induce negative moments into the columns. Since the
column inertias and lengths are the same the moments will be

the same.
Assume a moment in each column equal to -100 ft-k.

lC C2.(;,2 e>., -.--._------ ---~

"P
~~ Be CB co

I
C.G O.A. 0.4- O.G

1
I 1-\00 -loa
I I t"GO +40 PJec:.,u~e of
I I + '20 - ~m", ~t,.y -

I I - 12 - & calculi tion"a
/ / - 4 are c;a Ine .s~

I I + 1..4- + 1.Q, oppo~i le c;ide.
I I ~ 0.8
1 I ~ - 0.46 - 0.~2
I a -50. +50 + 50 - so.

\i

-100
-t 25

- 75

_....
_I.-

-100 .
~5 F1g. f

- 75 (Moment-Distribution)
(Step 4)

c

so'"

Fig. e
(Step J)

. - w
-1'Z.?+12.~· '25, e.

--.I~_...,-+------4---r

A

Correction ratiol
2.62
25

. -(';)O+7S). 112 5~
&~ - 10 ~.

A.1- 0

75 II(, '" I .I
lO;:-Y-

-(SO+1S) ".:s;. JO IE 1'2.5 4-

75-
ID~ '2&;(\0) -7-;·'~

10
Fig. g

(Shears, moments and reactions)
( Step 5)
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(b)

::XAMBLE (c ont. )

Applying the correction factor to the assumed moments and
shears will give the correct moments and shears for the
restraining force.

25 x 2.62 = 2.62k
. -25

(a) -50 x 2.62 =-5.24'k at the top of each column.25

-75 x 2.62 =-7.86'k at the bottom of each column.25
Adding these to the moments and shears from the external
loading (Step 2) gives:

+20.58 - 5.24 = +15.34'k at the top of column AE.
'k- 7.86 = - 5.07 at the bottom of column AE.
'k- 5.24 = -23.34 at the top of column DC.
'k- 9.05 - 7.86 = -16.91 at the bottom of column DC.

+ 2.62 - 2.62 = 0 thus eliminating the restraining

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I



EXAMPLE (cont.)

- ~--_I -
---~---

-~------ -
-~~~-

111-38

,

~ L o-z1C1 '.'fS"
A ---
~ts.o," +15.~'" -5.07 = '.021(

10
q.2"

Free-body Diagrams (Step 7)
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A tension co-efficient of a member is defined to be the force
in the member divided by the length of the member. In using
this approach the forces in the members are all considered
to be tension and are therefore positive in the calculations.
If the force is compression then the tension co-efficient
will have a negative value.

Consider member AB:

A~_-..L --I.

TENSION CO-EFFICIENTS

For over a half a century British engineers have used a
variation of the method of joints which is easier to apply
and which, for hand calculations, has no equal in solving
space trusses. The procedure is called the method of tension
co-efficients.

XAB
The horizontal and vertical components of the tension force
PAB are, PABcosl and PABsinl respectively. The horizontal
and vertical projections of the length of the member are
xAB and YAB.

Writing the equations for horizontal and vertical equilibrium
at pin A,

y

PABsinClC = P L~: = t ABYAB

From these we can see that the equilibrium equations for !F
H

and~Fv can be written in terms of tension co-efficients
using the projected lengths of the members, which lengths
we know, rather than sines and cosines of the angle C;(.

I
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12'

H A

Ex. 1
8 '

12'

Solve the given truss.
28'

D

24'

(1 )

(2)

(3)
(4)

(5)
(6)

(7)
(8)

r Ax;
!.Ayl
I.. Bx ;

Z,Byl

I. ex I

1: C I
Y

l:.D •x'
2:D I

Y
These equations are now solved for the respective values of
the tension co-efficients of the various members and the
values are recorded in Table II.

Solution:
Just as in the method of joints, each joint is isolated and
equations for r Fx and tFy are written.
Joint A Z. F = 0x

Assuming all unknowns are tension I and
summing forces in the x direction, for
force ABx we write its equivalent,

tABxAB = t AB12
for ACx we write,

tACxAC = t Ac 8

l:---:cH A
.---

1 Ap'>

tRA
and, s inc e Z. Fx = 0 I

12tAB + 8tAC - H = 0

The values for 12tAB and 8tAC are positive since they are di­
rected in the positive x direction. The H is negative because
its assumed direction is in the negative x direction. The re­
mainri.~r of the equations for the x and y directions at each
joint are found in the same way and are recorded in Table I.

TAB LEI
12tAB + 8tAC H = 0

l~tAC - RA = 0
-12tAB - ~tBC + 24tBD = 0

12tBC + R
B

= 0
- 8tAC + 4tBc + 28tCD = 0
-12tAC -12tBc - 12tCD = 0
-28tnc -24tBD = 0

12tDC -12 = 0
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Example 1 (cOnt.)
The length L of each member is found from

L = ( x 2 + y2 )t
The length of each member is then multiplied by the respec­
tive tension co-efficient for that member and the product
is the force in the member. The values of the reactions
RA, RB, and H are found in the process of solving the equa-
tions in Table I.

TAB L E II
Mem- Tens. L p
ber cO-eff.
AB -1.33 12.00 16.00 C
AC 2.00 14.42 28.84 T
BC -3·00 12.65 37.95 C
BD -1.17 24.00 28.00 C
CD 1.00 30.46 30.46 T
RA

24 ,

RB 36 +
·H 0

In solving the equations in Table I the following order was
used:

(8), (7), (5) & (6) simultaneously, (4), (3), (2), and (1).
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PLAN

20'

',-

following tripod problem is solved in the same J.

+y~ Order of solving e~uations in Table I;
Ey:Ez:Ex:Dz:Dx&DyS~multancouslY

"r1- .' .Ax : Ay etc. in any order.
-;'z TAB LEI

A: 8t -H = 0
x AD A

Ay : 12tAD+RA = 0

A
Z

: -QA = 0

BXi -4tBD+16tBE-HB = 0

,~ ....... E By; 12'tBD+RB = 0
-24k

Bz : 10tBD+l0tBE+QB = 0

~x: -4tCD+16tCE-HC = 0

Cyi 12tCD+RC = 0

Cz : -10tCD-l0tCE-QC = 0

DXi -8tDA+20tDE+4tDB+4tnc = 0

Dy : -12tDA-12tnc -12tDB -12tDE = 0

Dzi -10tDB+l0tnc = 0

Ex: -16tEB-16tEC-20tED = 0

Eyi 12tED-24 = 0

EZi -10tEB+l0tEC = 0

D

8'

Tension co-e~__ . _ents continued:
Example 2. The

~_-+-~ ".E

The length

Length
14.42
16.12
18.87
16.12
18.87
23.32

Mem­
ber
AD
BD
BE
CD
CE
DE

of the frame members
L = (x2+y2~z2)t·
TAB Ii E II

Tens.
co-eff.

2.67
-2.33
-1.25
-2·33

-1.25
2.00

is obtained fromi

TABLE III
Force in
member Reactions

38.50T HA 21·33 --
37.56 C RA 32.00 t
23.59 C QA 0
37.56 C HB 10.67 -
23.59 C RB 28.00 t
46.64 T QB 35.83 ~

HC 10.67 -
RC 28.00 t
QC 35.83 t

----
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RIGIDITY OF MASONRY WALLS
Distribution of lateral forces to individual piers

Pier h d hid R % of H to P M
(in. ) (in. ) each pier (lbs) (in-lbs)

A 36 24 1·5 127 21.1 1266 22.788

B 36 36 1.0 250 41.4 2484 44.712

C 72 24 3·0 28 4.6 276 9.936

D 72 48 1·5 127 21.1 1266 45.576

E 72 36 2.0 71 11.8 708 25.488
..

(~=~

H = horizontal load
·Pn= force to each pier

(n = (A through E»
= design shear for each pier

M = design moment for each
n pier. where

p h ..~ .

Mn~ ~ for to~ ~d bottom
of fixed. p~ers.

h = height of pier
d = width of pier

fixed at one end only.

fixed ended piers.

>=

t = wall thickness
(generally constant)

Fig. 1

Rigidity of wall = 1~1= 0'" YAc:
where A F=O.OOl [(hid) +3(h/d)] for

Ac:=O. 001 I4(h/d)3 + 3(h/dJ for
For example given in figure 1:

H=
6000#

I
I
I
I
I:

I
I
I
I
I
I
I
I
I
I
I
I
I
I



_ ..__._-------------

111-44

------ ._._--

DEFLECTION FORMULAS

The maximum deflection for a simply supported beam having a
uniformly distributed load may be found from:

~ =max
180.00 M L2

E I

M=moment in ft-kips
L=span in feet
E=mod. of elast. in ksi
I=moment of inertia in in4
6=deflection in inches

This formula is valid for beams of any material, except concrete,
providing the beams have a constant cross section.

With the proper use of equivalent tabular load co-efficients, this
formula provides a method of rapid calculation of maximum
deflections for certain non-uniformly distributed load patterns.

To simplify the deflection formula, we may write:

A = M L2 / k IL.J. max •

where k = E / 180.00.

Then k for steel and various E's for wood is as follows:

E
29000

1200
1300
1400
1500
1600
1700
1800
1900
2000

K .
161.111

6.667
7.222
7.778
8.333
8.889
9.444

10.000
10.556
11.111

Note: Use one-half the values for k for dead load deflections
for wood beams, since,for creep effect, the Ecreep
values are taken as E/2.

The maximum deflection for the wood design problem on page 50-30
may be found by using the formula above, with a modification to
accommodate the concentrated load. The method is as follows:

The M in the formula above is the TOTAL MOMENT for a uniform load.
The moment in the problem consists, by superposition, of two
parts, the uniform load moment, and the concentrated load moment.
By changing the concentrated load to an equivalent uniform load
and adding its uniform load moment to the moment caused by the
actual uniform load we would then have the total uniform load
moment required for use in the deflection formula.

- -I
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To validate the procedure, the total uniform load moment of our
modified beam loading is, by superposition:

== 0.38"
{2. 43 +{~ 800 (2.70) ) (18) 2

(4.444) (SS9. S9)

UDL =0.200 k/ft
_ k

Wudl-0.200xl8=3.600

k
Cone. ld. = 0.900

k
BUL = 2.0xO.900=1.S

ft-k ft-kM
udl

=3.600xlB/8-8.l0 MEUL lI: 1.8x18 /(8)=4.05

{8.10 +( • 800) (4.05» (18) 2
ALL (max) = ------------ -= 0.46"

(8.889) (889. 89)

b. total == 0.3 8 + O. 46 == O•.84•

A =OL{max)

For the live load:

which is exactly the maximum moment for the ·with snow" condition
on p. 50-30.

k
UDL =0.060 k/ft Cone. ld. = 0.600

k k
W

udl
=0.060xl8=1.OSO BUL = 2.0xO.600=1.2

ft-k ft-k
M

Udl
=1.0 SOxlS/ 8=2.43 MBUL == 1.2xlS /8=2. 70

Now, we must modify the BUL moment for the concentrated load by
multiplying it by a co-efficent for deflection since the real load
is a concentrated load.

MUOL+MEUL =(2.43+8.10)+{(2.70+4.0S)/1.15)

= 10.53 + 5.87 = l6.40
ft

-
k

The deflection co-efficient "g", from the reference above, is,
o. SOO.

The concentrated load may be changed to an BUL (equivalent uniform
load) by multplying it by an BUL co-efficient of 2.0 (See "f"
co-eff. for n=2,on p.2-215 of AISC Manual of Steel Construction,
q t h ed.) 3AS OJ p. '3 -l Zct l.RF' O.

using the total uniform load of W = w x L, and a total EUL for
the concentrated load of 2.0 x p,u~he moments are, for the UOL,
M=W

udl
xL/8, and for the concentrated load, MEUL=WBULxL/S.

For the dead load:

I
I
I
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Ilc

M = Design Moment

S = section Modulus =

All properties and bracing requirements are identical to those
of a compact section except for the compression flange width to
thickness ratio which is:

~<~ < 95.0
[F; 2t f JFy

See Sect. B5.1, p. 5-35 & Table B5-1, p.5-36, ASDM

Fb = .66 Fy , but Fy S 65 ksi

The cross-section can undergo plastification without local plate
buckling or without LTB, (See section B5.1., ASD Manual p.5-35).
Generally, hot-rolled shapes of Fy = 36 ksi steel" are compact
except for W6x15.

See Section Fl.2 & Formula Fl-3, p.5-46 ASD Manual.

a. Compact Section

b. Semi-compact Section

BEAM DESIGN by AISC Specs.

Reference: Manual of Steel Construction, American Institute of Steel
construction, Ninth Edition, ASD. Ch-.,-re.c- F.

1. Basic Equation:

Fb = Allowable bending stress

2. Fb (allowable bending stress)

The allowable value of Fb is a function of bending strength, which
may be limited by plate buckling or lateral-torsional buckling (LTB).

2.1 Values of Fb are discussed below:

I
I
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LTB controls

When the unbraced lenth of the compression flange is large,
equations, Fl-6,7,and 8, in Sect. F1.3., p.-47, ASDM, are used
to determine the allowab~e bending stress, Fb • A simplified
method is presented after",this.·discussion.

d. If the compression flange width to thickness ratio is large,
plate buckling may control Fb • In this case:

Fb = .6Fy O. Equations for computing Qs for slender compression
members are given in Appendix B, page 5-98, ASDM.

Normally, bending members in which Qs must be calculated would be
inefficient for use in structures.

The variation of allowable bending stress as a function of the unbraced
length of the compression flange is shown below for a W16 x 36 of A-36
steel.

Beam charts ASDM pages
2-146 ff.

Fb given by equations
in F1.3., ASDM p.5-47

Beam tables ASDM, p.2-30 ff •

•66 Fy

\ll)

Fb
C.-
\f\
~
'-

"t:.-
1

0 --.... in('r~a4ing­

Unbraced length of
compression Flange

VARIATION OF Fb WITH UNBRACED LENGTH
OF COMPRESSION FLANGE
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=.!z.
30

Fb = 0.6 Fy
Use equation Fl-6, ASDM p.5-47
Use equation Fl-7, ASDM p.5-47

Solving for (t/r~)2 in
the expression g~ven

above for Q, results in:

SIMPLIFIED APPROACH TO AISC BENDING FORMULAS
Frank w. Stockwell Jr., AISC Eng. Journal, 3rd Quarter, 1974.

A new term, Q, is defined to be:

F (_~_)2
Y r

Q = T
510 X 103Ctl

The second term in the parentheses is Q/3, so Fl-6 becomes:

F
b

= (2 - Q) F
3 y

and, sUbstituting this into Fl-7:

170x103 b

SlOx103CtlO
Fy

Formula Fl-7 is:

170x103CtlF b = --~_.:.

(_t_)2
IT

If Q S 0.2
If 0.2 S Q S 1.0
If Q > 1.0
Formula Fl-6 is:

Formula Fl-8, ASDM p. 5-47, is:

This equation should be checked when the compression flange is
solid, approximately rectangular in shape, and its area is not less
than the area of the tension flange.

I
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SIMPLIFIED APPROACH TO AISC BENDING FORMULAS (cont.)
Summary:

The four steps for finding Fb when the length of the
compression flange is greater than Lu are:

Note: Fy is in ksi.1.
F (_~_)2

Y 1:
Q = T

SlOxl03 Cp

2. (a) If Q ~ 0.2

(b) If 0.2 ~ Q ~ 1.0

(c) If Q ~ 1.0

Fb =.6 Fy

Fb = « 2-Q) /3) Fy

Fb = Fy /(3Q)

3. If applicable, Check Formula Fl-S.

12xl03Cb
Fb = Qd

At

4. Fb = the larger of the values from Steps 2 and 3 but not
over 0.6 Fy •

If F = 36 ksi:y

For Step 2 (a) above;

Fb = 0.6 x 36 = 21.6 ksi

For Step 2 (b) above:

Fb = «2 - Q)/3)(36) = 12(2 - Q)

For Step 2 (c) above:

Fb = 36/(3Q) = 12/Q

·~·--I-- -
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Method 2

Method 1

Assume beam weight = 50 plf.

Select a W section to support a
uniformly distributed load of lk per
linear foot.
Steel is A36, full lateral support
for top flange.

:. Fb = 24 ksi.

Total w = 1.00 + 0.05 = 1.05 kIf

M = wL2 /8 = «1.05) (20) (20»/8 = 52.50
1k

From the Beam Tables, Part 2, Beam and Girder Design, of the ASDM,
on page 2-66 the allowable total uniform load for a W14x22 having
a span of 22 feet is 23k, since this is greater than the applied
total load W = 20 x 1.05 = 21k , the section is satisfactory for
bending.

compute S required.

S = M/F
b

= (52.50 x 12)/24 = 26.25 in
3

From table of S values, ASDM p. 2-12, try a W14X22, Sx = 29.0 in
3

•
We could also use the Moment of Resistance values, Mr , which are
given in this table. For a W14x22, which is the lightest weight
section of its group (bold type indication at top of group), the
value of M

r
is 58 1k which is greater than the applied moment of

52.50Ik. Therefore, the W14x22 is satisfactory for bending.

w = lklf

Full lateral support:

fBt I t::.HH:t
solution:

EXAMPLE Design of a laterally supported steel beam.

I
I
I
I
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uniform load. The beam is
laterally braced at supports
B and D, and at mid-span of BD.
Fy = 36 ksi

7.8ft
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EXAr.~PLE

Select a Wsection to carry the
w = 1.7 kIf

1...:....1....,:1...,1-.~r-f,.."T"+B'"Tt.,J-r-O,...Jt~ ~ n I , p:.~ IE

173 k

~
~k ~k10) 10)

With lateral support at C, Lu =~ = 18'
C

b
for a cantilever is 1. 0 ASOM.. 1'- 5-47

Cb for sections BC and CD =
~ M1 2~

Cb = 1.75 + 1.05 M + O.)(r;r) ~ 2.) ASOM p.5-4.7
2 2

Cb = 1.75 + 1.05(i~5) + 0.)(i~5)2 = 2.43 Use 2.)

We will use the beam diagram on page 2- l~S •

Since the graph is ,drawn for Cb =1.0, 17)
divide the actual lu by the actual Cb
and enter the graph with this revised
length and the moment. The nearest
heavy line to the right of the inter­
section of length and moment will give
a trial section.

L - ~ - 7 8'rev. - 2.3 - •
The nearest trial size is a W18 x 50
which has an Sx = 88.9 in). 'P. 1-'2."2

•.. f b = 17§8~912 = 23.4 ksi

The Lu for Cb = 1.0 for this section
is 11 feet. The revised Lu for Cb = 2.3
is 1'1 x 2.) = 25.4') 18', so Fb =2\.6 ksi.

However, '21.(0 ksi< 23.4 ksi, so the section is unsatisfactory.
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and, proceeding as above, the W18 x 55 is found to be OK.

Using the simplified method for the allowable bending stress:

0,38

_ 17~ x 12 .
f b - .. 98·.J··· = 210 12 ks~

.J. = 18 x 12 = 111
r T 1. 95

to the right is a W18 x 55 the properties

EXAMPLE (cont.)

The next heavy line
of which are:
Lu = 12.1 ft
S = 98.J inJ

r T= 1.95 in

..J! = ':l 82A ..I'
f

F {.1t)2
= y r T _ 36 (111)2 =

Q 510 x 10J C
b

- 510,000 x 2.J

Fb = 12 ( 2 - 0.J8 ) = 19.46 ksi

Check Formula J= 1-a p. 5-+7

- 12000 x 2·1 - 4 .
Fb - (18 x 12){J.82) - J3. 5 ks~

f b = 21,12< 21.~ksi = F
b

The W18 x 55 is satisfactory,

This could also have been determined by considering a revised
unsupported length because of Cb,

~ = 12,1 x 2. J = 27. 8 •> 18 •

.'. Fb =2t.6 ksi

I,
I
I
I
I
I
I
j,

I
I,
I
I
I'
I
I
I
I
I
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Determine the lightest weight W10 column. F • anda
P allowable for the column shown. F = 36 ksi.

y
The column has pinned ends, so the effective length
factor. K. is equal to 1.0. Table C-C2.1 ASDM p. 5-1,5
Prom Column Tables ASOM p 3-30, with KL = 1 x 15 = 15' j

a W10x49 has a P allowable of <35k
•

From ASDM p. 1- 31 ) a Wl Ox49 has the following prop­
erties:

r =2.54 in. r /r =1.71. A=14.4 sq in.y x y

K L =1.0 x 15 = 15'x x

The equivalent minor axis effective length for the
major axis is KxLx/(rx/ry )=15/1.71=S.77'< KyLy=15'

Then the minor axis lEn~th controls.

KvLy = 1.0 y. 15 x 12/2.54 = 70.9
r y ( 2 1. 2 .!.C -~ 2 _ (2 7t 29.000): 126 1

c - F
y

) - J6 - .

or, AS OM p. 5 -1'201 C for F' =)6, = 126.1
c y

K L
...:L..1L ~C

r y c

By Formula e:.2-1 A.'SOM 'P' 5-4Z-

[
1 - (Kl/r)2] F'

2C 2 Y
F = c

a ..i. -+ 1Kl/r _ (Kl/r )J
3 ~ 8e3

c
F _[1-(70.9)2/2(126.1)2J36

a - 1.67 -+ .375(70.9/126.1)-(70.9)J/8(126.1)J

F = 16.34 ksi
Then paallowable = F xA=16.)4 x 14.4 = 2JSk>220k

a
Or. from Table C·~G # ACjDM -po ~·)G

for Kl/r = 70.9. by interpolation,
Fa = 16.;4 ksi. and P allow. is again. 2JSk



Then by Section H.l we need only to check Formula Hl-~

Fa depends on Kl/r, see p.5-13S for values of K. in this
case we use condition (e) of Table C-C2.1, i.e. K=2.1.

HI-3~ A~OM p.5-54

Governs

Condition (b) of
Table C - C2.1
gives Ky'

C-3~t ASDM p.3-1G-, gives

= 45.92

Using AISC Specs., determine if
the column has adequate strength
to support the loads as shown.

Sidesway is not prevented in a
direction perpendicular to the
crane rail.

The column top is braced against
sidesway in the direction along
the crane rail.

III-55

2.1 x 8 x 12

4.39

Properties of Wl0x60: Ac;OM 'P' \-?O

A=17.6 sq in, d=10.22 in, Sx=66.7 in:;,

r =4.39 in, r =2.57 in, r T=2.77 in,x y

d/Af =1. 49, b/2tf =7.4

See Section H.I AC;OM p. !:l-54-.
Determine which interaction equation controls.

f f f b--L+ bx + ~ -1 0
F F F =~.
~ hv hv

Beam-column Design

Interpolation in Table
F = 18.71 ksia

f /F = 2.78/18.71 =0.lLl·9<O.15
a a.

~ __ 0.8 x 8 x ~f
-~-='='-- = 29. 9r y 2.57

Wl0x6o
A:;6

Check fa/Fa

f =P/A=49/17.6 = 2.78 ksia

EXAMPLE

8'

Crane Rail1 118
' l~column1

A~

SECTION A-A

I
I
I
I
I
I
,I
I
I
I
J
I
I
I
j

I,
I
,I
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EXAMPLE (cont)

Since we have no bending about the y-axis, the third term
on the left of Formula \-t\·3 :goes to zero.

f - M - 49
k

x 24" - 17 63 ksJ."
b - S - 66.7 - .

From p.)-.30 ASOM',Lc = 10.6' which is greater
than the actual length of 8'; therefore,

Fb = 24 ksi
SUbstituting in Formula Hl-3:

0.149 + 1~463 = 0.149 + 0.735 = 0.884<'1.0 :. OK

- I



Tables,

(by interpolation
from p. 5-l22)

From the Column
p. )-23,

L =15.)')12'c
:. Pb =24ksi

14·5
19.27 =. 75 > .15

p.5-54

HI-2

F' = 27) ksie

f
~­F -

a

Can the \'114x90 carry the load safely?
Assume the column is hinged at both ends.
See p.1-27 for properties of the W14x90.

A=26.5 in2

d=14.02 in
S =14) inJ

x

r x=6.14 in
ry=Jo70 in

rT=)o 99 in

d/A f =1. )6

and HI-2

ksi

'k82.5 .

(Beam-column)

Column
W14x90
A)6

12'

Hl-\

.'. must check HI-1

EXAMPLE

P=)85k

M=82.5'k

III-57

K 1
~ = 1 X

6
12

4
X 12 = 2).4

r x .1

Kyly = 1 x 12 x 12 =
r y ).70

f = E =~ - 14 5a A 26.5 - •

Since column is hinged at both ends, K =K =1.0
x Y

f C f f f
a + m bx ~ 1 0 a bxF f . -... 0.6F

y
+ F

b
~1.0

a (1 - ~)FbX 0

p. 5-5S; em =e:. 6 -o~ = 0.6

f = ll- = 82.5 x 12 = 6 9 ksi
bx Sx 14) •

Check HH 0.751.6 ~9 = 0.75 + 0.18 = 0.9) < 1.0 OK
(1-27 j )24

C\o,_~l. HI-, (14.5/ZJ.&)+(6.9/24)=0.66 + 0.29 = 0.95<1.0 OK

I
I
I
I
I
I
1\
I
I
I
I
I
I
I
I
I
;1

t
I
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= 50,000 psi
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EXAMPLE
Proportion the beam below for moment requirements, the use
condition is exterior exposure, and the loads shown are
service (working) loads.

f' = ),000 psic

WD = 0.4 klf
wL = .16 klf

1. Establish the ultimate loads by multiplying service loads
by the appropriate load factors found in Section 9.2 of
the ACI Code. p. 92.

Pu = 3.6 x 1.4 + 7.0 x 1.7 =16.94k call 17k

w = 0.4 x 1.4 + 0.16 x 1.7 = 0.83 klfu

2. Shear and Moment Curves

Mm =[18.46 + 8.50}/2](12)
ax 'k 'k= 161.76 call 162

J. Establish the minimum depth.
By Table 9.S(a) ACI Code p.~ see note at bottom of

table "Por f y other than 60,~00 etc."

.e . .
h. =17 (0.4 + f /100,000)mJ.n ' ., Y

h. = JJ.J )( 12J{-o 4 +' 50,000) = 16.201

mJ.n 10-' 100,000
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= 3.53 sq in.

limits the size of

(0.018) (50»)
(1. 7) (3)

d = 15.6
d = 17.0

sections 10.3.2; 10.3.3 ACI p.109

Mu = ~'fYbdt - :~Y] =

= (0.90) (0.018) (50 bd2) [1 ­

2920 = bd2

are in KIPS PER SQ. IN.
~ Try

Z = f s ~ dcA i

f s = 0.6fy = 0.6(50) = 30 ksi
de is def~ned in Sect. 10.0, ACI Code, p.l05
A is defined in the same section.

,
NOTE: f c and f y

If b = 12;
If b = 10;

#10 and 1 - #9 rebars, As supplied

if f v > 40,000 psi. This paramater
section 10.6, ACI Code p.112

(162) (12)

P ~ .75 Pb

Where,

Use 2 -

Points t~'eonsider in selecting proportions:
: ." a) deeper beam is more efficient, deflects less.
~. . b) shallower beam provides more headroom
" ••• f

,
0.8581fc [87,000 )

Pb = f y 87,000+fy

__ (.85)(.85)(3)[87 ]Pb = 0.027550 87+50

0. 75P b = 0.75(0.0275) = 0.0204

Try P = 0.018, if this amount of steel is difficult to fit
into the beam, a smaller p can be selected.

Using a capacity reduction factor ~ = 0.90, Sect. 9.3.2, p.94

6. Cheek Z
cracks.

4. ~S1iablish"b'and d, at this point the designer selects a value
for the percentage of steel.

:.
'5. Area of steel required:

· As = pbd = (0.018)(12) (15.6) = 3.38 sq in.

I
I
I
I
t
I
I
it

":1
,I
I
I
I
I
I
/1

I
I'
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.94" A

EXAMPLE (cont.)
6. (cont,)

A is the
effective
area of .
the tension
concrete

-2.94"

d
c

= 2.0" Cover (Ac.~ ,.1.')
.375" Stirrup dial

· 5625" = tx ~
2.94"

=No. bars*
*When the main reinforcement
consists of several bar sizes,
the number of bars shall be
computed as the total steel
area divided by the area of
the largest bar.
( Def. of A, Sect.10.0

ACI Code p. 105

A =(2.94 ~ 2 x 12)/(3.58/1.27)
A = 25.03

z = 30 ~ 2.9~ x 25~03

z =126 <145 = Z for exterior exposure. (10.6.4 p. tf~J
max

•• • The design is OK

h=l'-

7. Sketch of the cross-section of the beam,is:

Ie b=12" hI

d=15.6';

2-#1 0 -+---+;ir*+~~
'. ......:.+;h~--.;~
.~.-

~::. rS'.~

'+'Z.9 ~
18.s~·'

fa"y 19"
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EXAr.1PLE

For each of the beams, using f~=4,OOO psi, f y=60,OOO psi,
determine (a) the theoretical capacity Mn , (b) if loading
is 60% LL and the basic provision for dead load plus live
load controls, what is the service moment capacity?

i~=fy/Es
=60/29,000

11.52"

T

(19.5) =

1-#10• • •
I. 12" J
AS = 3 x 1. 27

= 3.81 sq in

_100

Xb = 60
29,000 +.00:3

ab = .85(11.52) = 9.80"

C =0.85f~ab =0.85(4)(12)(a)=40.8a

T =A f = 1.80 x 60 = 10ak
s y

a = 108/40.8 = 2.65"; ~ = 1.33"

x =.85 = 2.65/.85 = 3.12"

Mn=T(d- ~)= 108(19.5 - 1.:33)/12 = 16:3.5'k

call 164'k

Cb = .85f~bab =(.85)(4)(12)(9.80)=400k

Cb 400
Asb = f

y
=~ = 6.67 sq in

A
smax

= 0.75 Asb = 0.75(6.67) = 5 sq in

5 sq in) 1.80 sq in or 3.81 sq in :.OK

(a)

- ..----...
d=

19.5"

.00:3

3-#7..... .
I.. 12" J
A =3 x .60s

=1.80 sq in
Balanced condition:

I
I
I
I
I
I
I
,I

I
I
I
t
,I
I
I
I
I
I
I
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EXAMPLE (cont.)

(b) C = 40.8a
kT =(3.81)(60) = 228.6

a = 228.6/40.8 = 5.60"j ~ = 2.80"

x = 5.60/.8.5 = 6•.59"

Mn = 228.6(19.5 - 2.8)/12 = 318'k

Safe service load moment I

M =1.4(0.4M",,) ... 1.7(0.6Mw ) = 0.56Mw ... 1.02Mw
n 0.90 0.90

= 1.76Mw

( a) M = 164/1. 76 = 93 'k for beam with 3 - #7w
(b) M = 318/1. 76 =181' k for beam with 3 -#10w

--~ I
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.-_ C = .85f~ba

J06'k

816

28.6' = L

.85 f 'c

{
-o
C\I
II
'0

A f
~ 254 -7 97"

.85f~ba = Asfy which gives. a =~f~b= .85x3.75xl0 - •

Mu=[ASfy~d - ~1fwhere f.· the reduction factor, =0.90.

r,1u=O.90(254)( 20 -1.f2-) = 3661"k = 305,k

Equate C =T to get "a".

' ..:0.. ,',..'",
';':'i:; _
:.;'.,..... ','.. c.g.s.
".~"+-+'~";'., •. : 4"

Equate the internal moment in terms of load and span length

to Mu•
Wu

The weight of the beam is (10x24)/144 (.150) = .25 kIf.

W
u

= 1.4wD + 1.7wL = 1.4(0.8+0.25) +1.7(0.9)

w = J.OO klfu

4-#10 bars
A

s
=1.27 x 4 = 5.08 sq in.

Using strength design, determine the maximum distance a
simply supported beam can span if it has the cross-section
shovm below. Consider bending only. The beam must carry a
uniform dead :cad of 0.8 kIf and a live load of 0.9 kIf.

f =50ksi' f'=).75 ksi. Use ACI 318-89y 'c

!_b=10:1
..~..... ,." -,..
:~.~ •.. ~: ..::
.,~.,", ':"".,. ... .

EXAMPLE

I
I
I
I
I
I
I
I
I
I
I
t
I
I
I
I
'I
I
I
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~XAMPLE

Design a square tied concrete column to support an axial
loading as follows:

DL = )00 kips; LL = 120 kips
f~ = 4,000 psi, f y = 60,000 psi

Section 10.).5.2 ACI Code p.~O

Pu= ~ Pn (max )=0•80 l' [ o. 85f ~ (Ag- Ast) + f yA s t ]

Assume 2% of steel. i.e. Ast=.02Ag

PU=1.4(300) + 1.7(120) = 420 +204 = 624k

624=(O.SO)(0.70 )[0.85(4)(A -0.02A )+60(0.02A lig g g

624=0.56(3.40Ag-0.068Ag+1.20Ag)=0.56(4.532Ag)

624=2.538Ag

Ag=245.9 sq in

Use a 16" x 16" column. A = 256 sq in.

Area of steel. Ast ' required:

624=0.56 (3.40 x 256)-3.40Ast+60Ast

624=487 + 31.7Ast

Ast= 4.32 sq in. Use 8 - #7. Area = 4.80 sq in.

Sections 7.10.5.1 and 7.10.5.2 ACI Code. p.72

Using #3 ties. the spacing is.
48 x 3/8 = 18"
16 x 7/8 =14" (Governs)
Least dimension of the column is 16"

Use #3 ties at 14 inches o.c.

16"x 16"column
8 - #7 vert.

#3 ties at 14"o.c.
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Assume the footing depth = 24", then d = 24 -(3+1) = 20"
Section 15.2.2 ACI Code p.~45

PD=300~ PLL=120k PTOT=300;120=420k

:::XAf·!PLE

Design a square column footing to support a 16 inch square
. k

column having a DL =300K and LL =120 . The column re-bars
are 8 -#7 vertical. The bottom of the footing is 5'-0" be­
low ground. The concrete weight is 150pcf. -=he soil is 110,
f~ = 4,000 psi, f y = 60,000 psi, and the soil capacity is
three tons per sq ft.

b = 4 x 36=144"o

624sr = 7.70 ksf

= 3.0'

ACI Code p.1<D9

( 1. 7 x 120) =

base of the footing due to

The shaded area
is the loaded
area for punch­
ing shear.

The design pressure on the
factored column loads is

f =(1.4 x 300~ +
pu 1

Depth for punching shear;
3ections 11.11.1.2; \\.1'2.'2.1

The bearing pressure due to the footing and the soil is:
f p=2. Ox.150+3x.l1 0=. JOO +.330=.630 ksf

Net f p=6k - .630k = 5.37 ksf

PTOT 420
Areareq'd = Net f = 5.37 = 78.2 sq ft

p

Use footing 9' x 9'. Area = 81 sq ft.

3ection 9.2.1 ACI Code p ..91

I
I
I
I
I
I
f
I
I
I
I
I
I
I
I
I
I
I
I
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EXAMPLE (cent.)

action:
p.1COB

- 32)(7.70) = 554.4k

554,400
----;:::==-- = 17.90"
(.85)(42/( 4000)(144)

Vu =(81
Vu

d = =
ef4~f~ b O

17.90"<20" OK
Depth of footing for beam
Section 11.1'2..1.1 ACI Code

~-+- Section for
maximum moment

(Section 15.4.2a
ACI Code P.24G)

d= 20"=1.66'
JW-~

46"=3'-10"=3.83'
JI-~

b = 108"

2'-2" = 2.17'
Section for __-+-~

beam action
shear

Vu =9.00 x 2.17 x 7.7 = 150.38k

V 150,380
u ~~~:-n=~~:"i"':'""'::n"'\' 12. 95 'Y20" OK

d = eP -;J f ~ b = (0. 85)( 2lX 4000)( 108) = "

.3teel Area:
'kMu = (7.70)(9.0)().83)().8))!2 =508.28

R = Mu - 508.28 x 12000 - 6 8
u ,bd2 - 0.90xl08x20x20 - 15 • 8

~ • ~(1 -~1~) where m· .8~I!~ = ~~5(4)=17.65

~ = 17:65 ( 3: -J 1 - 2 x 1~o~60~ 156.88 )

_ 200 200
~= 0.0027; ~ min - f

y
= 60,000 = 0.0033 ~Use

Ast = As(min) = 0.003) x 108 x 20 = 7.20 sq in

Use 12 - #7 rebars A = 12 x 0.60 =7.20 sq in.s



I
I
I
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EXAf.1PL:: (cant.)

Development length for footing rebarsJ
Section 12.2.2 ACI Code p.182

0d = .04 Ab f y = .04 x .60 x 60,000= 2)"
{f' 4,000c

emin = .0004 dbfy = .0004 xix 60,000 = 21"

46 - ) = 4)" OKtactual =

Load transfer from base of column to footin~:

Sections 10.15.1 ACI Code p.j?~

Allowable load at the base of the column:

p =1' 0.85 f; A1 i where A1 = area of column = 256 sq in.

P = (0.70 )(0.85)(4)(256) = 609k< 624k

Excess to be carried by dowels:

Section 15.8.1.2 ACI Code p. 249
624 - 609 = 15k

As of dowels =~ = 0.25 sq in.

As(min) = .005 x 256 = 1.28 sq in.

Use 4 - #6 rebars, area = 4 x .44 = 1.76 sq in.
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EXAMPLE (cont.)

Development length of dowels:
Section 12.3. 'Z Act code p. 188

D
d

__ 01/!:.02fy c1b __ (.02) (60,000) ( . 75) __
'(.. - - - - -- - 14.2)" --- Governs

f~ V4,000

.fd = 0.0003 fydb = (.0003)(60,000)(.75) = 1).5"

1) 8"
""d =

Use 4 - #6 dowels extending 15" up into the column and down
into the footing so as to set on the rebar mat.

cover

mn

- ~

16" x 16" colu
//""",

0 : ~

I \1"\- .-4
\1"\

: 4-#6 dowels
0

I 12-#7 e.w. fooJ"I- 1 1N -II r_~

cover - Footing 9" -0" squareJ"



in.

and

only,
for M ?

u

A(y )
a-a

256

29J .15
549.15

beam shown, the span is 30 feet
60.000 psi. Considering bending
what uniformly distributed load
4"
slab a 32" a

-+=r ¥4"
d=32" 14" Y

(b)

Area

y =

128

50·5
178.5

54a·15 = J.08"
17 .5
from T to C = J2 - J.08 = 28.92"

Mn = 607k x (28.92) = 146J'k
12

'kMu =+Mn = 0.90 x 146) = 1J17

4 x J2
3.61 x 14

Given the concrete T
f' = 4,000 psi. f =c y
find: (a) Mu = ? (b)

b =12"r- e"---J

111-69

EXAMPLE

8-#10
A =10.12s

-......... ~ 60 =0.0021
(a) s =29.000

k (c)
Computing T = A f = (12.10 x 60)= 607s y

Since the total compression must be equal to T. and

C = 0.85 f~ tconcrete in •
compression)

Ac = 0.~5f~ = .~~i4 = 178.5 sq in; J2 x 4 = 128 sq

:. The neutral axis'lies below the slab.
Using (b) above:

14 x y = 178.5 -128 = 50.5

y = J.61"
Compute y with respect to axis a-a.

The lever arm

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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::XAr,1?LE (Cont, )

Check ~max =+E'b ' T is a function of ~, then check Tmax

Using Fig.(c), for balanced conditions:

.:L- .001
32 - .003 + ,0021

Y = 18. 94 ,. = Yb

32 - y = 13.06"

The depth of the compression stress block, ab = .S5Yb'

~ = .85 x 18.94 = 16.10"

Then the area of the concrete compression block is;

Check

A
C

= 4(32) + (16.10 - 4)(14) = 297.4 sq in.

C = (.85)(4)(297.4) = 1011k

Tmax =i~ = 0.75 x 1011 = Z5S
k

) Tactual =
on M by alternate method: see Fig. (d) •u

i 32" i C1 = (.85)(4)(14)(Z.61) = 362.2k

r9" [ [' l~ C2 = (.85)(4)(2)(9)(4) = 244.8
k

14" , f3. 61 "t-., Mn = [362 •2(32 - 7·262)+244.8(J,2 - ~)]/12
.S5f~ 'k

f\t = 1463

M =..J.M = 0.90 x 1463 = 1317 'kAns •u ..., n

w =8M =8 x 1317 = 11.70 kIf Ans.
u L~ ;Ox;O

'------4.. T

(d)



in.

d=25"

6'-0"
•••

J" slab

Governs

6'-0"
•••

As = 6.66 sq in.

T(2J.5) = A
S

f y (2J.5) = Mn

As (60)(2J.5) = 78J x 12

6'-0"
• •

15" typ,

Cc T 6.66 x 60 6
Ac = .85f~ = .85f~ = (.85)(4) = 117. sq

a = ~ = 1~b·6 = 1.96" a/2 = 0.98"
e

6'-0"

2) b = (2)(8)(3) ... 15 = 6J"
e

J) b = (2)~~) ... 15 = 72·
e

M = 1.4(200) ... 1.7(250) = 280 ... 425 = 705'k
u

Mn
= Mu = 122 = 78J'k

ep .90

Since a<J" the neutral axis is in the flange.

Compute Acs

111-71

Assume a the same depth as the slab and compute moments

about Cc •

JII~ Cc

1:r~5"

3ection 8.10.2 ACI Code p. 85
Effective flange width be:

1) be = {- x 20 x 12 = 60"

'k
Given the,T beam floor system as shown, and MDL = 200 ,
i,1n = 250 k, f'=4,OOO 'Osi. f =60,000 'Osi. L = 20'0",

.... ;., c' y •
Find the area of steel required for a T beam in this system,

EXAMPLE

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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EXAMPLE (Cont.)

Mn = T(d - ~) = (As x 60)(25 - 0.98)/12

78) = 120.10 As

A = 6.52 sq in.s

Use 3 #9 and 3 - #10 in two layers, As = 6.81 sq in.

Check a:
kT = A f = 6.81 x 60 = 408.6

s y
408.6

Ac = .85x4 = 120.18

a = 120.18 = 2.00" a - 1.00" d - 2a = 24"60 2"-
a 'k 'kMn(allow.)= T(d-2 ) =(408.6x24)/12 =817.2 )78) OK

= Mn(actual) _ 78) x 12 = 6.53 sq in'V6.52 sq in OK
As f (d-~ - 60 x 24

y , 2

Mu =PMn=0.90(817.2) = 7J5'k > 705'k OK

From ACI Tables. for f~ =4,000 psi and f y = 60,000 psi,

0.75~b = .0214

As 6.81
~ actual = b

w
a - 15 x 25 = .0182<.0214 OK

Check () . = 200lt = 200/60.000 = .0033 C:::. 0182 OK
\mJ.n Y
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SXAMPLE
A pair of C12x20.7 channels are bolted to a beam 10"x 12"
as shown. Jetermine the safe resisting moment if bending

. 4
~n

x= 5 in

Axis y - y

I=(12X10))/12

= 1000 in4
I=(10X12J )/12

= 1440 in4

y= 6 in

Axis x - x

From P.SOM p .1-40 (9 th Ed.)

C12x20.7 A=6.09 sq in., d=12", bf =2.94 2"

x-axis.
nsi. F =1200 nsi. and E /E =n=20.• w' S \':

about the
?s=18.000

Yl0"X12"
beam

Transform the section to an equivalent wood section by using
the given value of n = 20.
For x-axis bending. since the section is symmetrical with re­
pect to this axis. we may transform the moments of inertia
directly.

If Fs =18,000 psi. Fw=Fs/n=18.000/20=900<Fw(allow. )=1200~Use

Then the moment capacity of the section is:
M =(FwStr ) = 900 Ibs x1100 inJ

x 1 ft x l k
R 12.000 in2 12,000 in Ibs

'kMR=82.50

I tr= nIs+lw = (2)(20)(129)+1440=5160+1440=6600

Str=Itrl(~)=6600/6= 1100 inJ

If Fw = 1200 psi. Fs=nFw=(20) (1200)=24000>Fs (allow. )=18,000 NG

occurs
Given:

x Axis x - x Axis y - y

I 129 in
4

I J.88 in4
= =

0.698Y = 6 in x = in

10x12 A = 120 sq in.

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
'I
I
I
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size of weld required for the bracket shown.
Material is AJ6, and welding electrodes E70.

)2
k

a y x=1.81" Assume effective
.. thickness of weld5 .69 h tt roat, = 1".

7!" e

Because of symmetry, the e.g. is
half-way between the top and bot­
tom welds. For x with respect to
the y-axis: take moments about a-a.
x=(2)(Z.5)(1)(3.75)+(16)(1)(0)

2(7.5)(1)+(16)(1)

_56.25 1 81"- 11 .

I = I + I =1162;2(7.5)(8)2+2(~)+2(7'5)(~ -1.81)+16(1.81)2
p x y 12 2

L-I ----l ,I I I
x Y

I = 1:301.)) +' 179.18 = 1480p

e = 15+3!-1.81 = 16.69"

1

EXAMPLE
Determine the

*8"

* Flange width for
detailing, from
ASDM p.1-2~

-
\0....

32 . t
f 1 (2x7.5)+16 = 1.0) ks~

f
2
= i;x = 32 x 1~4g6 x (7.50-1.81) = 2.05 ksi t

f - Pey = 32 x 16.69 x 8 - 2 89 ks~
3- I 1480 -. ... -

p

f R=j(f1 + f 2)2+ f5 =J(1.03+2.05)2+(2.89)2 = 4.22 ksi

4 22 ~.
D = .928 = 4.55 sixteenths, use 16 fillet weld.

~ a = f R~ = 5.97_ ° 284" ..2.:'Or;..:l e F 21 -. , use16 •
~ t{allow. )

.~te.Ji
Min. plate thickness = .707 x .3125 x 21 =0 ~20~ ~'Pl OK

14.5 .~, 8

The numerator of the above fraction represents the shear
force on the throat of a 5/16" fillet weld, and the denom­
inator is the allowable shear stress for A36 steel ~hich

is in Section F4) A10M p, 5·4~ or', TB~te I· p.5-Jl7.



=

and e =12".

bolt. Therefore the maximum load on the given group of

fasteners, 14.17k , is satisfactory.

40 _ 4k
f 1 =TO -

f = 40 x 12 x 3 = '.JJk
2 270

f = 40 x_12 x.6 =10.66k
J 270

fa ~~1 + f2)2+ f3 =~(4 + 5.JJ)2 + (10.66)2 = 14.17"

Rv(allow.) = 16.,k, Table 1-0, ASDM p.4-5, and is the

allowable load in single shear for a l"diameter A-J25N

111-75

I p = Ix -;. I y

I =No.bolts x a~No.bolts x b2 = 4(J2 + 6
2

) = 180
x

I =No.bolts x c
2 = 10 x J2

Y

40k By inspection, the Oenter of gravity of the
bolt group is as shown.
Since the resultant force in any bolt is
perpendicular to the line which connects
it to the center of gravity of the bolt
group, the bolt having the largest load
is farthest from the e.g. We will check
bolt "d".
At "d", the force diagram is:

fl~fR
f 2 f J

In this diagram, f t =f Where n = total number of bolts.

EXAMPLE
Assume the plate is of sufficient size and strength to carry
the applied loads. Using material having F =36 ksi, and l"dia.y
A-J25N high strength bolts, :ind the maximum load on the bolts.

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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DESIGN OF WOOD BEAM

Design a wood beam for the given loads.

Lumber to be #2 kiln dried Southern Pine.
The beam is a floor beam, so the use condition is "dry".
The live load deflection is limited to L/360, and the dead load
deflection is to be less than L/240.

ea oa = .
9' _0" 9'-0"

wd=0.060 kIf
w1=0.200 kIf

J..1,l11 II 1'1...... iff18'-0"
~

Snow load = 0.900 k
D dId 0 600 k

Check with snow, and without snow.

With snow:
(.060+.200) (18) 2 ( • 900 +.600) (1 8)--------+

=

8

10.53

4 x 1.15 (snow duration
factor)

+ 5.87 = 16.4 ft-k

.600 x 18
-----= 10.53 + 2.70 = 13.23 ft-k+10.53

W.o. snow:

4
For single use, the bending stress Fb , for t2KD So. Pine, is 1.300
ksi.

Sreq.=16.4 x 12/1.300 = 151.38 in3

Try mUltiple sticks:

Since we are using multiple sticks, the allowable bending stress
Fb is increased to 1.500 ksi.

The new required section modulus is then:

5 =151.38(1.3/1.5) = 131.20 in3
req.

3 x 12's 5=52.734 No. req.= 131.20/52.734 = 2.49 Use 3

2 x 12's 5=31.641 No. req.= 131.20/31.648 = 4.15 Use 4

For the 2 x 12's; f b=16.4 x 12/(4 x 31.648)=1.555 ksi.

This represent an overstress of «1.555/1.5)-1.000) (100)= 3.667%
which is acceptable.

---I



The total load deflection is:

~TOT= 0.47 + 0.58 = 1.05" = L/206 > L/240 Not acceptable.

Since the area of the 2 x 12 combination is less than that of
3 x 12'5, we will try the 4 -2x12's.

The maximum shear, at a distance from the support equal to
depth of the member, is:

Vmax =( (.900+.600)/2) +(.060+.200) «(18/2)-(11.25/12»

= •7 50 + 2.096 = 2.846 k

the

the

OK.095 ksi

•600 (1 8x12) 3

48
+

.900 (216) 3

48
+

(3/2) (2.475/67.5) = 0.055 ksi < Fv =

(5) (.060/12) (18x12) 4

384

(5) (.200/12) (216)4

384

(1,600) (4) (177.979)

A 0.58"~LL=

0.58"=L/372 < L/360 OK

v = ( •600/2 ) + 2. 0 96 = 2. 3 96 kmax

6. DL=

The areas of the choices are:

4 2 12's 4 16. 875 67.5 . 2- x = x = ln

3 3 12's 3 28.125 84.38 . 2- x = x = ln
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Vmax = 2.846/1.15 = 2.475 k

W.O. snow:

\"li th snow:

f =v

The dead load deflection is:

For snow duration:

(1,600/2) (4) (177.979)
(1/2)E for ~

creep effect
~DL= 0.47"

The live load deflection is:

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I,
I
I
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Using the 3 - 3 x 12's:

The properties of this combination are:

Area = 3 x 28.125 = 84.375 in2

Moment of inertia = 3 x 296.631 = 889.89 in4

Section modulus = 3 x 52.734 = 158.202 in3

The maximum shear is:

f v = (3/2) (2.475) / 84 .375 = 0.044 ksi « F = .095 ksi OKv

f b = (16.4 x 12)/ 158.202 = 1.244 ksi < Fb= 1.500 ksi OK

~L = 0.47 x 711.96/889.89 = 0.38"

b.z.L = o•5 8 x 711. 96/ 889. 89 = 0.46"

ATOT= 0.84" = L/257 < L/240 OK

USE 3 - 3 X 12's

--I
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where:

DESIGN OF GLULAM BEAM

Ii I .....
I/lXU,

-:=2So75l50'-0"

Depth Aria Moment of Section
(in) (in) Inert~a Mo~u1us

(in ) (in)

37.5 328.1 38,452.1 2050.8

CF = (12/d) 1/9 = (12/37.5) 1/9 = 0.88

f b = MiS = 354.4 x 12 / 2050.8 = 2.103 ksi

Adj. F
b = 2.2 x .88 x 1.15 = 2.226 > 2.103 OK

wd =O.250 kIf
wl =O.900 kIf

t~:~:75 k

2.2 = Fb from allowable stress tables

0.90 = assumed shape factor

1.15 = snow load duration factor

Design a glulam roof beam for the given loads.

Lumber to be 22F Douglas Fir.
The use condition is "dry".
The live load deflection is limited to L/360, and the total load
deflection is to be less than L/240.

By inspection, the total load condition will govern the design.

Mmax = (0.250 +0.900) (50)2/ 8 = 359.4 ft-k

The unsupported length of the beam is = 0, since the compression
face is held by the roof planking.

Assume that the shape factor, C
F

= 0.90,

Fb = 2.2 x 0.90 x 1.15 = 2.277 ksi

Then, the required section modulus is:

Sreq. = 359.4 x 12 / 2.277 = 1,894 in3

Try a glulam beam 8 3/4 x 37.5 (25 - 1 1/2 lams)

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Check shearing stress:

V'= 28.75 - (37.5/12) (1.150) = 25.16 k

f = (3/2) (25.10)/328.1 = 0.115 ksiv

F = 0.165 x 1.15 = 0.190 >0.115v

Deflection calculations:

ATL= 180.0 x l1 x L2/ E x I

b. = 1 eo •0 (35 9. 4) (50) 2/ (1 80 0) (3 8, 452 .1 )TL

OK

0.68 + 1.63 = 2.31" = L/ 260 < L/240 OK

= 2.34" = L/257 < L/240

A LL= 2. 3 4 (. 90 0/1.150 ) = 1. 83" = L/3 2 8 > L/3 6 0

Since this is about 10% over the allowable deflection value, a
conservative approach would be to add an additional lamination,
thus making the beam depth 39.0"

The revised I = 38,452.1 x (39.0/37.5)3

= 43,253.4 in4

ALL, = 1.83 x 38452.1/43253.4 = 1.63" = L/369 OK

The dead load deflection, considering creep, and increasing the
dead load deflection by 50%:

~DL =1.5x2.34x(.250/1.150)x(38452.l/43253.4)

~DL = 0.68"

~ =
TL

The bending and shear stresses are OK by inspection.

Provide a camber equal to 1.5 times the dead load deflection,

Camber = 1.5 x 0.68 = 1.02"

The required bearing length for the beam using Fc = 0.385 ksi, is:

Adj. Fc = 1.15 x 0.385 =

Area req • = 28.75/0.443 = 64.94 in2

Bearing length, lb= 64.94/a/75=7.42 say, 7 1/2"

USE 8 3/4"x39" GL beam (26 - 1 1/2- lams)

22F Douglas Fir, Cjmbe r ~.•

--I
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WOOD COLUMN DESIGN

P(allow.) = 0.928 x 30.25 = 28.1 k > 18 k OK

USE 6 x 6, No.1 DF-L

Design a solid section wood column for the given conditions. The
column supports a roof, and the total live (snow) and dead load is
18 kips.
The bracing is the same for both the x and y axes.
The lumber is No. 1 Douglas fir-larch.

P=lSk

(l/d) = lOx12/3.5 =34.3 < 50
Y

K = 0.671(E/(Fc x LDF»1/2

K = 0.671(1800/(1.25 x 1.15»1/2

K = 23.7 < 34.3

F
C

= 1.25 ksi

E = lS00 ksi

Try a 4 x 6 (3 1/2 x 5 1/2) (Joist Plank category)

Try a 6 x 6 (5'1/2 x 5 1/2) (Post & Timber category)

Area = 30.25 in2 (l/dy) = 10x12/5.5 =21. 8

Fc = 1.00 ksi K = 0.671(1600/(1.00 x 1.15)1/2

E = 1600 ksi K = 25.0 > 21.8

Area = 19.25 in 2
10'

t
Since the column lid is greater than K and less than 50 it is a
long column, and the allowable compressive strength parallel to
the grain is :

F 'e = O. 3E/ (1/d) 2 = O. 3 (1 800 )/ (34.3 ) 2 = O. 45 9 ks i

Then: P(allow.)= F'ex Area = 0.459x19.25 = 8.84 k<18 k N.G.

The column lid is between 11 (the limit of l/d for a short column)
and K, therefore, it is an intermediate column, and the allowable
compressive strength is equal to:

F'e = Fc(LDF) (1-1/3«1/d)/K)4)

F' = (1.00) (1.15) (1-1/3(21.8/25.0)4) = 0.928 ksic

The the allowable axial load on the column is:

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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In composite construction, the concrete slab is attached to the
steel beam by means of steel shear studs which are welded to the
beam flange. The resulting bonding of the concrete and steel
permits the consideration of the system as a series of T-beams.

The AISC Code, Chapter I, ASDM p.5-56, sets the parameters for
designing such members.

The methods of construction which may be considered in the design
process are:

1. Shored construction, in which the steel beam and the formwork
are set and shored before the concrete is placed.

2. Unshored construction, in this case, the steel
formwork are sized to support the dead load of
concrete slab, formwork, and construction loads.

beams and
the beams,

In this presentation only type 2 shall be considered.

Under system two, the steel beam is stressed and deflected to
accommodate the applied loads.

To determine the properties of the composite section, the
concrete is transformed to an equivalent steel section by
reducing its effective width by the ratio of beff/n, where the
portion of the effective width of the concrete slaD on each side
of the beam centerline shall not exceed the smallest of:

a. One eighth of the beam span, center to center of supports,
b. One-half the distance to the centerline of the adjacent beam,
c. The distance from the beam centerline to the edge of the slab.

(ASDM Section 11, p.S-S8)

The web and end connections of the steel beams are designed to
carry the effects of the total load.

The allowable horizontal shear load for the stud connectors is
given in ASDM Table 14.1, p.S-59.

-I
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In the following problem, the shear connectors are designed for
the full composite action and they must carry the total
horizontal shear to be resisted from the point of maximum moment
to the points of zero memento

section Il, ASDM p.5-56 requires that the value of this shear be
the smaller of:

,
O.S5fcAc

Vh = --2--

=~
2

Where,

,
f = the compressive strength of the concrete in ksic

= the actual area, in square inches, of the effec­
tive concrete flange as defined in Il, ASDM p.5-56.



-------- ---

PROBLEl1:
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The floor frareing for the lobby of an office building has bea~s

spaced 9 f~et on centers and spanning 28 feet.
Design 3 co~posite section using no shoring.
The steel is A36, the concrete f'c=3,000 psi and is normal
weight concrete, the a:lo'..lable horizontal shear per 3/4" x 2"
stud is 11.5 h per stud.
The LL = 100 psf, parti~ions = 20psf, and ceilin~ = lOpsf.
The DL = 4" concrete slab @ 50psf, ste;l bea:::s and ~et.al forrnwori-:
@ 30psf, (the ~etal :or~work is considered as not conributing to
the composite action of the systeml. and a construction load of
20 psf.
Limit the construction and dead load deflection to 1", and th~

LL deflection to L/360.
Because this is a co~posite beam. the metal for~ is ~elded to etc
top flange of the steel bea~, Fb may then be taken as 0.66F f •

Loads

Before cone. hardens Dead load ;"fter cone. hardens

Constr. load .020 ksf LL .100 ksf
Slab .050 ksf Slab .050 ksf Part. .020 ksf
St. bm & dk .030 ksf bm & dk . 030 ksf Ceil . .010 ksf

Hisc. .005 ksf
.100 }:s f .080 ksf .135 ksf

Unit 1d B~ spcg w/ft W V M
(ksf) (ft I (kIf) (k) (k) (k-ftl

Wll .135 9 1. 215 34.02 17.01 119.07
WDl .080 0.720 20.16 10.08 70.56
WCl .100 " 0.900 25.20 12.60 88.20
WTl .215 " 1. 935 54.18 27.09 189.63

Se l req. =
Me l :II: 12

Fb
=

88.20 X 12

.66(36)
= 44.10 in3

The minimum required transformed section modulus is:

5t r req. =
MTl x 12

Fb
=

189.63 x 12

24
= 94.82 in3

To limit the ACl to 1", the required moment of inertia is:

M x L2
Ir. q = =

161.1'.•~ tI.

--I

88.20 x 28 2

161.11 x 1
= 429 in4



Ec: =S7~ f' c: I=S7~ 3000 1=3,122 ksi; Es =29,000 ksi

Try a W14 x 48, A=14.1 in2 ; S=70.3 in3 ; I=485 in·; bf=8.030 in;
d=13.79 in; t~=.340 in; tf=0.595"

Select a trial section having an approximate section modulus
equal to the average of the required SCl and Str; in this case,

n = 9

= 69.5 in3

= 9.2

= 6.174"

= 99.64 in3 ) min St r =94.82

284.64

46.1

44.10 + 94.82

2

=
Es 29,000

Ec: 3,122

1302.17

13.069

n =

yt = (8.895+2)-6.174 = 4.721"

Yb = 6.895+6.174 = 13.069"

1302.17
St = = 275.83 in3

4.271
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Ybar =

Str1al =

Str=Sbo t t =

Item A Y Ay Ay2 Io Io +Ay2

I 8 x 4 = 32 8.895 284.64 2531. 87 42.67 2574.54

II lL..l 0 0 0 485.00 485.00
46.1 284.64 Ie II; o f be) = 3059.54

-Ay2=-(6.174 x 284.64) =-1757.37
Io ( 0 f c:oep be) = 1302.17

I'.,q" (2 x 4 x 8 ) + 8 = 72" (governs)

9 x 12 = 108"

b. f f 72
b' '= = - = 8"; t= 4"

n 9

The effective width b. is the smallest of:

r Deff· 12"::J
4- 2tl 12

I 28 x - = 84"
4

I
I
I
I
I
I
I
I
I
I
I
I
I
I
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I
I
I
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(88.20) (12) . 23 76 k I

70.3 = 15.06 ks~ < Fb = . s~f. - Mel I ( 12) =
" (CL) - Ss

Mp,(12) =
f(top)= nSs

(119.07) (12) =
(9) (275.83)

0.576 ksi < 0.45 f
c

OK

OK

- Governs

f MTI,(12) = (189.63) (12) = 22.84 ksi < Fb = 23.76 ksi OK
(bott) = STR 99.64

(MCL) (L2) __ (88.20) (28 2 )
A( ld) - - - - = 0.89" < 1" OKconst. = (161.11) (Is) (161.11) (485)

A (LL) = (MI,T,) (L2) = (119.07) (28
2

) = 0.45" <..1:-. = 0.93"
(161.11) (ITR) (161.11) (1302.17) 360

_ (MprJ (L2 ) = (70.56) (28 2) = 0.71"
ADL - (161. 11) (I s) (161. 11) (485)

The required shear to be carried by the studs is the smaller of:

,
= O. 8

5
f c bt = (0 • S5) (3) (72) (4) = 3 67 •2k

Vh 2 2

Vh = AiFy = (14.~) (36) = 253.Sk

The stud diameter shall not be greater than 2.5 time the thick­
ness of the steel beam flange, ASDM I4, p.5-60.

(2.5) (0.595) = 1.49" > 0.75", 3/4" dia studs are OK.

At 11.5kkP~r stUd, the number of studs required to carry a shear
of 253.8 J.S:

253.8
N = ----- = 23.07, use 24 studs each side of beam center line.

11..5

Use connectors in pairs, the spacin~ perpendicular. to beam
center line, per ASDM p.5-60, is four tJ.me the stud diameter.

~ spacing = (4) (.75) = 3"
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f - ~ - 27.09 76 k' F 14 k' OK
v - dtw - (13.79)(0.340) = 5. 51 < V = S1

The total shear must be carried by the web of the steel beam,
then f v is:

(6) (0.75) = 4.5"

Max. longitudinal spacing is 8 time the slab thickness, i.e.,

.. OK> 4.5", and < 32";= 14"
(28) (12)

(~4] (2)

As per ASDM p.5-60:

Min. longitudinal spacing of studs is 6 time the stud diameter,
i. e. ,

(8) (4) = 32"

The actual stud sapcing, longitudinally, is:

I
I
I
I
I
I
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L1.;ina UZFD j c;d~t.a beam ro carr-y a ~imp!>, ~LJppc("1ed unif'oT"'Y1lly
ai~tribt.Jred laad of 1.0'" I~T LL .aYld 0.5 ltA~T OL. Use Fy.: So lC\; C3nd
<::~n~id~( ~c9rn a~ h:avin8 ~tJlI later-al ~LJppor+. '-he beam ~PSV) :: 40 FT"".

t:7~lu-ti~ ~
~'7Hmate"d beam uJe\sht ~ :'0 pl-t'.
:. LUu:ll 1.'2(.50'" o.~'5) +).CD(J.o) :. ~·C.c.4-/.C, :: 'Z.ZC ~T LRFOM p. G-?;'

AJ Wt/l1 _ ~.'l~(J.jo)~ _ Ar::.,,'1::
JF\I,(.:'~ - is - ~7 ~

Z - Mu. = 45'2 ~1'2 : lZI'1I1 3
)C 12~ - 9'0 Fy o.~o (50)

Tr''j'''; W '24)(?? i:')( .. 1'S4 '111'; I:: IS~O in 4

r' r"' I' \"f d I L. 4oxl'2 ".l.~11
Ch~c:l::. 1'~r.; LL de-\" [~c.Tlon Iml e ro ~.: 5a,O': 1.'J-.....

UC;l~ ~ervice It's.d (V\::HVleYl.+ fer d=.~lect~rt c.hea:-
M = (,.a I) (40 )1 :: '200 I\: • a¥.d A':. M.l.L L~:. (fCO) (+0)1,:. 1.47")1.:;; l-l;,,1

",,- [; ) 1.1" ,Gol 1 I~I (I~?O) _

.c. .. 'loo )(40" _ 14C{5'm'":r. ('e4. TDr" A L.L: I.?? ': I~ I )C \.?~ -

-rr; WI'}. 4 'It t,12. ; Ex -: I:,~ i 1.:. IS5 D iYl 4
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PROFESS IONAl ENG INEER REFRESHER
COURSE

SANITARY ENGINEERING REVIEW

OVERVIEW

A. WATER SUPPLY ENGI NEER ING

1. WATER CHEMISTRY

2. REGULATIONS

3. WATER TREATMENT

• SIZE AND LOCATION
• UNIT PROCESSES

B. WASTEWATER TREATMENT

C. SOLID WASTE - LANDFILL
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WATER SUPPLY

ENGINEERING
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WATER CHEMISTRY
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WATER CHEM 15TRY

ELEMENT - SMALLEST PART ICLE THAT RET AI NS
CHARACTERISTICS OF THE ORIGINAL ELEMENT (ATOM)

• '00 KNOWN
• 92 NATURALLY OCCURRI NG

IMPORTANT IN WATER CHEMISTRY

ATOM - THREE FUNDAMENT AL PARTI CLES

• PROTON
• NEUTRON
• ELECTRON

ELECTRONS = PROTONS =ELECTRI CALLY ST ABLE
ELECTRONS ~ PROTONS =ELECTRI CALLY UNST ABLE =
ION

MATTER - ANYTHING THAT OCCUPIES SPACE AND HAS
MASS (WEIGHT)

• SOLID
• LIQUID
• GAS

PURE FORM (FEW EXI ST - CARBON, OXYGEN)

COMPOUND = TWO OR MORE ELEMENTS BONDED
TOGETHER =MOLECULE
(H20 = WATER)

= OVER 2 MILLION IDENTIFIED
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MIXTURE = TWO OR MORE ELEMENTS OR
COMPOUNDS MIXED WITHOUT
BONDI NG
(CAN BE SEPARATED BY PHYSI CAL
MEANS SUCH AS SETTL ING AND
FILTERING)
(NaCl + H20 = SALT WATER)

VALENCE
ELECTRONS = ELECTRONS IN THE OUTERMOST

SHELL ON THE ATOM
(NUMBER IS MOST IMPORT ANT IN
DETERMINING STABILITY
AND THUS CHEM ICAL REACT IONS)

VALENCE = NUMBER RELATI NG TO AN
ELEMENT'S VALENCE ELECTRONS
THAT INDICATES THE ABILITY OF AN
ELEMENT TO REACT

COMMON ELEMENT VALENCES

FORMULA

ELEMENT

= REPRESENTATION SHOWI NG:

• WHAT ELEMENTS ARE PRESENT
• NUMBER OF ATOMS OF EACH

• ONE ATOM OF CALCIUM (Ca)
• ONE ATOM OF CARBON (C)
• THREE ATOMS OF OXYGEN (03)



-------------------
Oxldlltlon Numbers ot Various Elemenls

-------
Common

Comnl0nElemant Valances Elament Valances
Alumln~m (AI) +3 Lead .(Pb) +2, +4Ars~,!IG (A-s) :1-3. +5 Mag'neslum (Mg) +2B'~rl urn (Sa) •. +2 Manganese.,(Mn) -12. +4Boron (8) +3 Mercury (I-Ig) +'1 +2IBrornJne (Sr) -1 Nitrogen (N) +3, -3. +5 -CAdmium (Cd) +2 Oxygen (0) -2 <

ICa'lc'urn (Ca) +2 Phosphorus (P) -3 ..J
Carbon (C) +4 '-4 ' Potassium (l() +1•
Chlorine (CI) ·-1 Radium (Ra) '12Copper (eu) +1. +2 Selenium (Se) --2, +4Chromium (Cr) +3 Silicon (Si) + 'j

. ,

FIiJ 0 rIn'e (F) , -1 Silver (Ag) + '\Hydi'ogen -(H) +1 Sodium (Na) ""1lodloe (I) -1 Strontium (Sr) +2Iroo (Fe) +2 +3 Sulfur (S) - 2 .,. 'I ., 6•
I I,



Oxldollo.n Nurnbers oJ
Ca nl ill a ri .REl die aI9

Radical

AIn rn 0 nIu ill. (('\"-14)
BIcarbon a·l e (J--f C OJ)
J-I YdraxIde (0 J-I )
f\11l rale (N 0 J )

N.jl rite (N 0 '2) .
Carbonale (COJ)
Sulfale (S04)
SuUile (SOJ)
Phosphale (PO~)

COf11f710n

Valences

+1
-1
-1
- "1

~ -I

-2
-2
-2
-3
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Ca(OH)2

• ONE ATOM OF CALCI UM (Ca)
• TWO HYDROXYL IONS (OH)2 WITH:

* TWO ATOMS OF OXYGEN (02)
* TWO ATOMS OF HYDROGEN (H2)
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MOLE = MOLECULAR WEI GHT OF A SUBST ANCE
EXPRESSED AS GRAMS

Number = Total Weight
of Moles Molecular Weight

EXAMPLE:

PROBLEM:

Ca(HC0 3)2 + Ca (OH)2 .,... 2CaC03 + 2H20
162.12 74.10 2(100.09) 2(18.02)
(1 Mole) (1 Mole) (2 Moles) (2 Moles)

A LAB PROCEDURE CALLS FOR 6.0 MOLES OF
SODI UM BI CARBONATE (NAHC03) AND 0.20
MOLE OF POTASSIUM CHROMATE (K2Cr04).
HOW MANY GRAMS OF EACH COMPOUND ARE
REQUIRED?

No. of Atomic Total
Atoms Weight Wetght

Sod1um (Na) 1 X 22.99 = 22.99
Hydrogen (H) 1 X 1.01 = 1.01
Carbon (C) 1 X 12.01 = 12.01
Oxygen (0) 3 X 16.00 = 48.00

Molecular we1ght of NaHC03 = 84.01

Therefore, 1 Mole of NaHC03 we1ghs 84.01 g.

Next, mu1t 1ply the we 19ht 0 f 1 mol e by the
number of moles reQu1red:

6 Moles of NaHC03 are required.
6 Moles of NaHC03, weighs (6)(84.01 G) =

504.06 g.



0.20 Mole of K2Cr04 are Required.
0.20 Mole of K2Cr04 WEIGHS (0.20)(194.20 G) =
38.84 g.

MEASURE OF CONCENTRAT ION:

No. of Atomtc Total
Atoms Wetght wetght

Potassium CK) 2 X 39.10 = 78.20
Hydrogen CH) , X 52.00 = 52.00
Carbon CC) 4 X 16.00 = 64.00

IV-l1

Next, Multiply the We1ght of 1 Mole by the
Number of Moles Required:

= t1Q..l es of So 1ute
Lttres of Solution

= t1Qjes of Solyle
Lttres of Solution

= 0.2 Molarity

= 0.4 Moles
2 L Solution

= 0.2 M Solution

Molarity

IF 0.4 MOLES OF NaOH IS DI SSOL VED IN
2L OF SOLUTION, WHAT IS THE MOLARITY OF
THE SOLUT ION?

Molarity

Molecular weight of K2CR04 =, 94.20
Therefore, 1 Mo 1e of K2Cr04 wei ghs 194.20 G.

PROBLEM:

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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~ element
by weight

= Weight of element in compound
Molecular weight of compound X 100

PROBLEM: WHAT IS THE % (WEIGHT) OF Na AND C1 IN
SODIUM CHLORIDE?

FORMULA = NaC1

• ONE ATOM OF SODIUM
• ONE ATOM OF CHLOR IDE

ATOMIC WEIGHT: Na = 22.99
C1 = 35.45

MOLECULAR WEIGHT NaCl = 1 X 22.99
J x 35.4~

58.44

% (WEI GHT): Na = 22.99
58.44

Cl = ~
58.44

X 100 =

X 100 =

39.3%

60.7~

PROBLEM: DETERM INE THE POUNDS OF EACH ELEMENT IN
100 POUNDS OF CALCI UM BI CARBONATE,
Ca(HC03)2

No. of Atomic Total
Atoms Weight Weight

Calcium (Ca) 1 X 40.08 = 40.08
Hydrogen (H) 2 X 1.01 = 2.02
Carbon (C) 2 X 12.01 = 24.02
Oxygen (0) 6 X 16.00 = 96.00

T
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I
I Molecular weight of Ca(HC03)2 = 162.12

I THE PERCENT OF WEI GHT:

I
~ Ca = We1 ght of Ca 1n compound

Molecular wgt. of compound X 100

I
40.08=

I 162.12 X 100

I = 0.247 X 100

= 24.7~ Ca by weight

I
~H = ~t of H in compound

I Molecular wgt. of compound X 100

I = 2.02
162.12 X 100

I = 0.012 X 100

I = 1.2~ H by wei ght

I ~C = We1ght of C 1n compound
Molecular wgt. of compound X 100

I = 24.02

I 162.12 X 100

= 0.148 X 100
I

= 14.8~ C by weight

I
I
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~o :;: we1ght of 0 1n compound
Molecular wgt. of compound X 100

:;: 96.00
, 62.1 2 X 100

:;: 0.592 X 100

= 59.2~ 0 by we1ght

POUNDS OF EACH ELEMENT PRESENT:

lbs. Ca = (0.247)( 100) = 24.7

lbs. H = (0.012)( 100) = 1.2

lbs. C = (0.148)( 100) = 14.8

lbs.O = (0.592)( 100) = 59.2
99.9

CHEMICAL
EQUATION = REPRESENTATION OF REACTION OF

CHEMICALS EXPRESSED WITH CHEMICAL
FORMULAS.

EXAMPLE:

calcium
bicarbonate plus

calcium
hydroxide

react
to calcium

form carbonate plus water

Ca(HC03)2

REACTANTS

+

PRODUCTS
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I
I

PROBLEM: DETERM INE THE MOLECULAR WE IGHTS FOR
REACT ANTS AND PRODUCTS IN THE
EQUATION.

I THE MOLECULAR WEI GHT FOR Ca(HCO} )2:

I No. of AtomIc Total

I
Atoms WeIght WeIght

Calcium (Ca) 1 X 40.08 = 40.08

I Hydrogen (H) 2 X 1.01 = 2.02
Carbon (C) 2 X 12.01 = 24.02

I Oxygen (0) 6 X 12.00 = 96.00

I Molecular weight of Ca(HC03)2 = 162.12

I
The molecular weight for Ca(OH)2:

I
No. of AtomIc Total
Atoms WeIght WeIght

I Calcium (Ca) 1 X 40.08 = 40.08
Oxygen (0) 2 X 16.00 = 32.00

I Hydrogen (H) 2 X 1.01 = 2.02

I
Molecular weight of Ca(OH)2 = 74.10

I
The molecular weight of CaC03:

No. of AtomIc Total

I Atoms WeIght WeIght

I Calcium (Ca) 1 X 40.08 = 40.08
Carbon (C) 1 X 12.01 = 12.01
Oxygen (0) 3 X 16.00 = 48.00

I
I
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Weight of one molecule CaC03 = 100.09

Weight of two molecules CaC03 = (2)( 100.09)

= 200.18

The molecular weight for H2O:

No. of Atomic Total
Atoms Weight Weight

Hydrogen (H) 2 X 1.01 = 2.02
Oxygen (0) 1 X 16.00 = 16.00

Weight of one molecule H2O = 18.02

Weight of two molecules H2O = (2)( 18.02)

= 36.04

IN SUMMARY, THE WEIGHTS THAT CORRESPOND TO EACH
TERM OF THE EQUATION ARE:

Ca(HC03)2
162.12

+ Ca(OH)2
74.10

236.22

---... 2CaC03 + 2H20
200.18 36.04

236.22

PROBLEM: IF 25 POUNDS OF CALC IUM HYDROX IDE WERE
ADDED TO CALCIUM BICARBONATE, HOW
MANY POUNDS OF CALCIUM BICARBONATE
COULD REACT WITH THE CALCI UM
HYDROXIDE? FROM THE PREVIOUS PROBLEM,
THE EQUATION FOR THE REACTION IS:



Ca(HC03)2
162. 12

Known Ratto

74. 10 lbs. Ca(OH): __

162.12 lbs. Ca(HC03)2

54.7 lbs. Ca(HC03)2

-----~Ca(OH)
74.10

25 lbs. Ca(OH2: _
x lbs Ca (HC03)2

Des tred Rat to

+

=

IV-17

(25)( 162.12)
74.10

25

=

=

=

=

x

x

74.10
162.12

(x)(74.10)
162. 12

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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MEASURE OF STRENGTH:

Percent Strength
(by weight)

= Weight of Solute
Weight of Solution X 100

NOTE: We1ght of = We1ght of
solut10n solute

+ We1ght of
so lvent

PROBLEM: IF 50 LBS. OF CHEMI CAL IS ADDED TO 1,000
LBS. OF WATER, WHAT IS THE PERCENT
STRENGTH OF THE SOLUT ION BY WE IGHT?

We1ght of
solut10n

=

=

We1ght of
solute

50 lb.

+ We1ght of
solvent

1000 lb.

= 1050 lb. solut10n

USING THIS INFORMATION, CALCULATE THE
PRESENT CONCENTRATION:

Percent strength = ~ght of Solute
(by we1ght> We1ght of Solut1on X 100

50 lb. Chem1cal
1050 lb. Solut1on X 100

= 0.048 X 100

= 4.8~ Strength Solut1on

I



To Calculate the Pounds of Water, F1rst
Calculate the Total Pounds of Solut10n:

(100 Gal. Solut10n)(8.34 lb/gaD = 834 lb.
solut1on

~
100 = X

~
1 = (x)( 100)

X100

X100

Xl00

WeIght of Solute
WeIght of Solution

= X

4 = _~XL-__

(100)(8.34)

~ = (x)(100)

1 (100)(8.34)

4~ = ~
(100)(8.34) lb. solutIon

IV-19

YOU WI SH TO PREPARE 100 GAL. OF A 4
PERCENT STRENGTH SOLUTION. HOW MUCH
WATER AND CHEM ICAL SHOULD BE MIXED
TOGETHER? (ASSUME THE SOLUTION WI LL
HAVE THE SAME DENSITY AS WATER: 8.34
LB/GAL.)

Percent Strength =
(by weight>

33.36 lb
chem1cal

PROBLEM:

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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The 834 lb. of solut1on conta1ns both water and
chern 1ca 1. S1nee the pounds of chem 1ca 1 are
known, the pounds of water can be
deterrn 1ned.

834 lb. = ? lb. + 33.36 lb.
solut1on water chem1cal

lb. water = 800.64

EQUI VALENT = THE WEI GHT OF AN ELEMENT OR
WEIGHT COMPOUND WHICH IN A CHEMICAL

REACTION HAS THE SAME COMBI NING
CAPACITY AS 8 GRAMS OF OXYGEN OR 1
GRAM OF HYDROGEN (MOLECULAR
WEIGHT DI VIDED BY THE OXIDATION
NUMBER OR COMMON VALENCE)

Number of =
Equ1valent We1ghts

Total we1ght
Equ1va 1ent w gt.

PROBLEM: IF 90 G. OF SODIUM HYDROXIDE (NaOH) WERE
USED IN MAKI NG UP A SOLUT ION, HOW MANY
EQUI VALENT WEI GHTS WERE USED? USE
40.00 G. AS THE EQUI VALENT WEI GHTS FOR
NaOH.

Number of =
Equ1valent We1ghts

=

=

Iotal we1g,b1
Equ1valent we1ght

90 9
40 9

2.25 equ1val ent
we1ghts
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PROBLEM:
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A SURFACE WATER HAS THE FOLLOWI NG
ANALYSIS: CALCIUM 72.0 MG/L, MAGNESIUM
48.8 MG/L, SOOI UM 9.2 MG/L, BI CARBONATE
305 MG/L, SULFATE 134.4 MG/L, CHLORIDE
7.1 MG/L

• CALCULATE THE NUMBER OF
MI LLI EQUI VALENTS PER LITER (MEQ/L)
FOR EACH SUBST ANCE.

• USE THE EQUI VALENT WEI GHTS TO
CALCULATE THE CONCENTRAT ION
FOR EACH SUBST ANCE
EXPRESSED AS MG/L OF CaC03

CONCENTRATION IN MEq/L CAN BE
CALCULATED BY THE EQUATION:

meq/l = mg/l
equ1valent we1ght

CONCENTRATION EXPRESSED AS MG/L
CaC03 CAN BE CALCULATED FROM THE
EQUATION:

mg/l CaC03 = mg/l x 50
equ1valent wgt.
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The results are shown in the Table:

Equivalent mg/L
Component mg/1.. Weight mea/l as CaC03

Calcium Ca++ 72.0 20.0 3.6 180
Magnesium Mg++ 48.8 12.2 4.0 200
Sodium Na+ 9.2 23.0 0.4 20

8.0 400

Bicarbonate HC03 - 305 61.0 5.0 250
Sulfate 504-- 134.4 48.0 2.8 140
Chloride Cl- 7.1 35.5 Q2 --l..Q.

8.0 400

I
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REGULATIONS
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BEFORE 1986

REGULATIONS

NATIONAL INTERIM PRIMARY
DRINKING WATER REGULATIONS:

• INORGANICS (10)

• ORGANI CS (7)
• RADIONUCLIDES (5)

• MICRO BIAL (1 )
• TURBIDITY

SECONDARY DRINKING WATER
REGULATIONS:

• TASTE
• ODOR
• APPEARANCE

SAFE DRINKING WATER ACT (1974)

SDWA AMENDMENTS (1986):

• INORGANICS (13)
• ORGANI CS (40)
• RADIONUCLIDES (3)

MAJOR ISSUES:

• SURFACE WATER TREATMENT
RULE (SWTR)

• LEAD AND COPPER RULE (L/C)
• DISINFECTION BY-PRODUCTS

RULE (DBP)
• WELLHEAD PROTECT ION
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I SWTR

I
l/C -

I DBP -

I
I
I
I
I
I
I
I
I

IV-25

IMPROVE DISINFECTION (INCREASE
CHlORI NE AND DECREASE pH)

REDUCE CORROSION (INCREASE pH)

REDUCE TOTAL TRI HAlOMETHANES
(DECREASE CHlORI NE)
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WATER TREATMENT

1- ---- -------- --- --- - ---- -- ---- - -
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PROBLEM:

IV-27

FLOCCULATOR DES IGN

A FLOCCULATOR DESIGNED TO TREAT 15
MGD IS 68 FT. LONG, 31 FT. WI DE, AND 15
FT. DEEP. IT IS EaUI PPED WITH 12-1 NCH
PADDLES SUPPORTED PARALLEL TO AND
MOVED BY THREE HORI ZONTAL SHAFTS
WHICH ROTATE AT A SPEED OF 2.5 RPM.
THE RADIUS OF THE PADDLES IS 6.0
FROM THE SHAFT, WHICH IS AT MID­
DEPTH OF THE TANK. TWO PADDLES ARE
MOUNTED ON EACH SHAFT, ONE
OPPOSITE THE OTHERS AS SHOWN IN THE
FIGURE. THE MEAN VELOCITY OF THE
WATER IS APPROXIMATELY 1/4 OF THE
VELOCITY OF THE PADDLES AND THEI R
DRAG COEFFI CI ENT IS 1.8. ASSUME A
WATER TEMPERATURE OF 50-F, AND
DYNAMIC VISCOSITY =2.74X 10-5 (1
LB. FORCE) (SEC)/Sa. FT.

DETERMINE:

1. THE VELOCITY DIFFERENTIAL
BETWEEN THE PADDLES AND THE
WATER.
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2. THE USEFUL POWER INPUT AND THE
ENERGY CONSUMPT ION.

3. THE DETENTION TIME, T.

4. THE VALUE OF VELOCITY GRADIENT,
G, AND THE PRODUCT, GT.

5. THE FLOCCULATOR LOAD ING.

SOLUTION:

1. ROTATION SPEED:

VP ;;: 21f rn ;;: Zit X 6 X 2.5 ;;: 1.57
60 fps

THE VELOCITY DIFFERENTIAL
BETWEEN PADDLES AND FLU IDIS:

(1 - 0.25)( 1.57) ;;: 1. 17 fps

2. POWER INPUT:

P ;;: CD X A X Jl X:E
2g

CD ;;: 1.8; D ;;: 62.4 lbs/cu. ft.

Paddle area, A· 3 x 2 x (31 - 1) x 12.. 160 SQ. ft.
12
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v = 1.17 fps

P = 1.8 x 180 x ~x (1.17)3 = 502 ft-Ibs/sec.
62.4

POWER CONSUMPTION =

3. DETENTION TIME:

2.Q2. ;:: 0.91 HP
550

t = 68 ft x 31 !t x 15 ft x 748 gal/ey!t X 24 brs/day X 60 minlhr,

15 X 106 gal.

= 22.7 m1n.

4. VELOCITY GRADIENT G AND
PRODUCT GT:

G=-f£
VV-U

WHERE:

P =POWER
V = BASIN VOLUME
U =DYNAMIC VIS.

G =J: 502 X 105 ~2 = 24.1
L 68 X 31 X 15 X 2.71 fps/ft.

Gt= 24.1 fps/ft X 22.7 m1n. X 60
sec/m1n.

=3.2 X 104 (un1tless)
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5. FLOCCULATOR LOAD ING:

F.L. =Q. = 15 X 106 gals/day
V 68 ft. x 31 ft.

(Th1 s 1s sat1sfactory s1nce the
acceptable value 1s between 104 ­
105 ,)

7 J 11 6 gpd/sq. ft.=

I
I
I
I
I
I
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SIZE AND LOCATION - SITING

• SOURCE OF WATER
• LAND AVAILABILITY/CONTROL
• COST
• TAXES
• POWER SUPPLY
• SEWERAGE AVAILAB III TY
• ENVIRONMENTAL IMPACT
• TRAFFIC IMPACT



• ELEVATION

• ABOVE FLOODPLAIN

AVERAGE WATER USE PER PERSON PER DAY -

SIZING - INFRASTRUCTURE (50 YEAR LIFE)
EQU IPMENT (1 5-20 YEAR LIFE)

= 4,503,000 god.fl ow
19,800 people

= 227.42 gpcd water used

IV-33

20 FEET ENERGY HEAD FOR GRA VITY FLOW
THROUGH WTP WITH BAC AND OZONE
CONTACT

15 FEET ENERGY HEAD FOR GRA VITY FLOW
THROUGH TRADITIONAL TREATMENT PLANT

gpcd = Water used <gpd)
Total number of people

THE TOTAL WATER USE ON A PARTICULAR
DAY WAS 4,503,000 GAL. IF THE WATER
SYSTEM SERVED A POPULATION OF 19,800,
WHAT WAS THIS WATER USE EXPRESSED IN
GPCD?

gpcd = Water used <gpdl
Total number of people

PROBLEM:

I
I
I
I
t
i
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PRINCIPAL USES OF MUNICIPAL WATER:

• DOMESTIC
• COMMERCI AL
• INDUSTR IAL
• PUBLI C
• "UNACCOUNTED FOR"

CALCULATI NG THE DAI LY USE FOR THE FAMILY

Laundry 11.43 gpd
Shower 40 gpd
Tub Bath 30 gpd
D1shwash1ng 15 gpd
To11et 35 gpd
Dr1nk1ng Water 0.75 gpd
Garbage D1sposal 5 gpd
Car Wash1ng 3.57 gpd
Lawn Water1ng ~

TOTAL GPD 182.75

Rounded to the nearest gallon, the water used dal1y
by th1s faml1y 1s 183 gals.

AVERAGE WATER USE OVER ALL SECTORS:

(Exclud1ng F1re F1ght1ng)

Res1dent1al 75-130
Commerc1al & Industr1al 70-100
Pub 11 c , , 10-20
Loss & Waste , , , , , 10-20

TOTAL GPCD 165-270
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DOMESTIC WATER USE:

*Assum1ng that a faucet draws 5 gpm fully open.

Househo1d F1xture Use Rate

Approx1mate Rate

20 to 45 gal s. per load
20 to 30 gals. per shower
30 to 40 gals. per bath
15 to 30 gals. per load
3.5 to 7 gals. per flush
1-2 qt.l dayIperson
5 gpm*
5 gpm*
7 to 43 gals. per 100 ft2
per week*

Laundry
Shower
Tub Bath
D1shwash1ng
Tol1et
Dr1nk1ng water
Garbage d1sposa1
Car wash1ng
Lawn water1ng

Use

I
I
I
I
I
I
I
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I
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EXAMPLE:

IV-36

FOR A FAMI LV OF THREE:

Laundry 4 loads per week
Showers 2 per day
Tub baths 1 per day
D1shwash1ng 1 load per day
To1let 10 flushes per day
Dr1nk1ng water 3 people
Garbage d1sposal 1 m1nute per day
Car wash1ng 5 m1nutes per week
Lawn water1ng 4200 ft2

AVERAGE DAI LY FLOW (ADF) = Sum of all daily flows
Total number of da1ly
flows used

PROBLEM: A WATER TREATMENT PLANT REPORTED
THAT THE TOTAL VOLUME OF WATER
TREATED FOR THE CALENDAR YEAR 1977
WAS 152,655,000 GALS. WHAT WAS THE
ANNUAL AVERAGE DAI LV FLOW FOR 1977?

ADF = Sum oUll dal1y flows
Total number of dal1y flows used

= J 52.655,000 ga~
365 days

= 418,233 gpd

ANNUAL AVERAGE DAI LV
FLOW (AADF) = Sum of all monthly AIlU.

Total number of monthly ADF's used



AADF =
Total number of dal1y flows used

AADF = f 1 F'
Total number of monthly ADF's used
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THE AVERAGE DAILY FLOW (IN MILLION
GALLONS PER DAY) AT A TREATMENT PLANT
FOR EACH MONTH IN THE YEAR IS GIVEN
BELOW. USING THIS INFORMATION,
CALCULATE THE ANNUAL AVERAGE DAILY
FLOW.

January 10.71 July 11.96
February 9.89 August 12.24
March 10.32 September 11.88
Apr1l 10.87 October 11.53
May 11.24 November 11.36
June 11.58 December 10.98

PROBLEM:

IF YOU KNEW ALL 365 FLOWS FOR THE YEAR, THE ANNUAL
AVERAGE DAI LY FLOW (AADF) WOULD BE CALCULATED
USING THE FORMULA:

IN THIS PROBLEM, HOWEVER, AVERAGE DAILY FLOWS FOR
EACH MONTH OF THE YEAR ARE GI VEN. THEREFORE, THE
AVERAGE DAILY FLOW IS CALCULATED USING THE
FORMULA:

I
I
I
I
I
I
I
I
I
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AADF = 134.56 mgd
12

= 11.21 mgd

VARIATIONS IN THE AVERAGE DAILY FLOW ARE:

DEMAND MULTI PLIERS

Consumpt1on t1me/per1od

w1nter
summer
max1mum dal1y
max1mum hourly
early morn1ng
noon

-I

mult1p11er

0.80
1.30
1.50 - 1.80
2.00 - 3.00
0.25 - 0.40
1.50 - 2.0
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PROBLEM:
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A WATER TREATMENT PLANT IS TO TREAT 25
GALLONS PER DAY OF WATER FROM A LARGE
RI VER. TREATMENT CONSI STS OF RAPI D
MIXING, FLOCCULATION, SEDIMENTATION,
STANDARD RATE SAND FILTRATION, AND
CHLORINATION. ALUM IS ADDED AT THE
RATE OF 1.5 GRAI NS PER GALLON.

Calculate the following:

(a) Design capacity and size of each
treatment unit.

(b) The amount of alum and chlorine
required on a dal1y basis.

FLASH MIXING

Design for minimum detention period of 30
seconds.

Tank Capactty = 26 X 106 gal, X 0.5 mtn. X 113
24 hrs. X 60 7.48 gal.

= 1160 ft3

For square tank 10 feet deep, Area = 116 ft2

Tank Dimensions: 10.5 ft. x 10.5 ft. x 10ft.
deep
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FLOCCULATION

Use hor1zontal paddle m1xer 1n flocculat1on
bas1ns. Des1gn for 30 m1nutes detent10n
t1me (m1n1mum requ1red).

Total Capacity = 25 x 106 gal. X 0.5 hr. X n 3
24 hrs. 7.48 ga 1.

= 557,000 ft3

For 12 foot tank depth:

Total Area

Surface load1ng

=

=

46,420 ft2

538 gpd/ft2

Use e1ght bas1ns, each 5803 ft2

Assume length: w1dth rat10 of 4: 1 for
rectangular bas1n

Tank D1mens1ons: 12 ft. deep X 38 ft. X 152
ft.
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. Assume length: width ratio of 2: 1.

Calculate required fllter surface area.

1.5 x 142.5 x 25 = 5344 lbs/day alum

= 8724 ft225 x 106 gal/day

(b) Calculate alum required at dosage rate
of 1.5 grains/gallon

1 grain/gallon =142.5lbs.lm1111on gals.

= 872 ft2/fl1ter

Fl1ter Dimension: 21 ft. x 42 ft.

Assume 5 fllters are backwashed for 20
minutes each day at a rate of 18 gpm / sq. ft.
Also provide for surface wash. Total
backwash time is 100 minutes.

Design for filtration rate of 2 gpm/ft2.

Assuming each fllter unit will treat 2.5
mgd J 10 beds will berequ1 red.

FILTRATION

2 gpm/ft2 x 60 m1n/hr x (24 hr. - 10/60 hr.>

I
I
I
I
I
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Calculate chlorine required. Assume
max1mum dosage of 10 mg/l:

10 mg/L x 8.34 x 25 mgd = 2085 lbs/day

Design for chlorinat1on capacity equal
to 150~ of maximum demand or 31 28
lbs/day



Residuals Management

TYPICAL WATER,TREATMENT PROCESSES
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Fluoridation

Adsorption

!

Microstraining

Filtration --7

Screening --7 Presedimentation

Stabilization

Softening --7

Flow MeasuringAeration f-

Pretreatment

Disinfection

Sedimentation

Raw Water Sources

Coagulation

Clear Well

Flocculation

Distribution/Storage



PRELIMI NARY
TREATMENT
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UNIT PROCESSES

PHYSI CAL, MECHANI CAL ANDIOR
CHEM ICAL TREATMENTS THAT
PRECEDE THE MAJOR WATER
TREATMENT PROCESSES.

• SOURCE PRETREATMENT

• SCREENING

• PRESEDIMENTATION

• MI CROSTRAI NI NG

• "AERATION"

• "eHlORI NATION"
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SOURCE
PRETREATMENT
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ALGAE PROBLEMS

• TASTE AND ODORS
• FILTER CLOGG ING
• SLIME BUILD-UP

• COLOR
• CORROSION
• INTERFERENCE WITH MAJOR

WATER TREATMENT
PROCESSES

• TOXICITY

ALGAE CONTROL

• COPPER SULF ATE ­
ALKALINITY (CaC0 3 )

LESS THAN 50 MGIL, DOSE AT
0.9 LBI ACRE-FOOT OF
COMMERC IAL PRODUCT ­
ALKALI NITY (CaC0 3 ) MORE
THAN 50 MG/L, DOSE AT 5.4
LBI ACRE OF COMMERCI AL
PRODUCT.

• POWDERED ACTIVATED
CARBON

• COVERS
• HARVEST ING
• DEWATERING
• DREDGING
• LINING



SCREEN ING

PRESEDI­
MENTATION

MICRO­
SCREENING

IV-46

BAR SCREENS (60 - 80 DEGREE
ANGLE)
WI RE-MESH SCREENS

MANUALLY CLEANED
AUTOMAT ICALLY CLEANED

IMPOUNDMENTS (24-HR. DETENTION)

SAND TRAPS (WET WELL
DEPRESSION)

MECHANICAL SAND-AND-BRIT
REMOVAL DEVI CES (CYCLONE
DEGRITTERS)

VERY FINE SCREEN (20 )..lM) TO
REMOVE ALGAE AND SMALL
ORGANISMS AND DEBRIS

COMMONLY A ROTATING (4-7 RPM)
DRUM LINED WITH FINELY WOVEN
MATERIAL (FLOW FROM INSIDE TO
OUTSIDE)

ALGAE REMOVED BY BACKWASH

ALGAE REMOVAL EFFICIENCY (50­
90~)

-- I ----
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FLOW
MEASUREMENT

AERATION

IV-47

PRESSURE 0 IFFERENT IAL METER

• VENTURI TUBE
• FLOW TUBE
• ORIFICE PLATE

VELOCITY METER

• PROPELLER METER
• TURBI NE METER

MAGNET IC FLOW METER

ULTRASON IC FLOW METER

TREATMENT BY:

• SCRUBBING ACTION
(AIR/WATER MIXING)

• OXIDATION

CONTROL OF OPERATION BY
TESTING:

• 0 ISSOL VED OXYGEN

• pH
• TEMPERATURE

CONSTITUENTS COMMONLY
AFFECTED:
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RAPID MIXING

P ] 1/2

G = ~V
G = mean velocity gradient
p = power dissipated
V = reactor volume

JJ. = viscosity of water @ 10· C - 1.3 1 cp
@ 20· C - 1.01 cp

Backmix Reactor Design @ 10-30 seconds contact
time (others @ 1-2 minutes)

G =
HPinput =

700 - 1000 per second
0.9 - 1.2 hp/mgd

In-L1ne Blender Desi gn @ 0.5 - 1.0 seconds

G =3000 - 5000 per
second

HPinput =0.5 hp/mgd
Headloss = 1.3 feet
(additional HP = 0.16 -

0.51 hp/mgd)

SELECTION
OF CHEM ICALS JAR TEST

• TEMPERATURE
• pH
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COOPTIMUM COAGULANT DOSAGE 35 mg/L

10 20 30 40 50' 60

CHEMICAL DOSE rng/L (ALUMINUM SULFATE)

Typical Jar Test Results

L-_--L--..J-----L-L-----L---~---L..-.---L
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• ALKALINITY
• TURBIDITY
• COLOR

..._.-_ ..----

PROBLEM: A FLASH MIXING BASIN HAS A CAPACITY OF
1800 GALS. IF THE FLOW TO THE MIXING
BAS IN IS 37 GPS, WHAT IS THE DETENT ION
TIME?

SINCE THE FLOW RATE IS EXPRESSED IN
SECONDS, THE DETENTION TIME IS EXPRESSED
IN SECONDS:

Detent10n t1me = volume of Tank
Flow Rate

= J 800 gats.
37 QPs

= 48.65 sec.
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COAGULATIONI
FLOCCULAT ION

IV-51

• CARBON DIOXIDE (4.5 MG/L)
• HYDROGEN SULF IDE
• METHANE
• IRON (14MG/L DISSOLVED

OXYGEN/1 MG/L IRON)
• MANGANESE (0.27 MG/L

01 SSOL VED OXYGENI 1 MG
MANGANESE)

• TASTE AND ODOR CAUS ING
CHEMICALS

• 01 SSOL VED OXYGEN

TYPES OF AERATORS

• WATER - INTO - AIR
• AIR - INTO - WATER
• COMBINATION

COAGULAT ION - FEED ING AND
RAPID MIXING OF ONE OR MORE
CHEM ICAL COAGULANTS INTO
WATER CAUSING FLOC PARTICLES

FLOCCULATION - GENTLE MIXI NG OF
WATER AND COAGULANTS CAUSES
FORMAT ION OF LARGER, HEAVIER,
MORE SETTLEABLE FLOC PART ICLES

PARTICLE SIZE - 1-10,000 MICRONS



0lle Hange 01 Solids

Floc.

Algae

Turbldlly

Bacteria

Colloidal. Clay

Color

Virus

MolecuieslAtoms

Gravel

Coarse Sand
. .
Fine Sand

Human Hair

Sill

Tobacco Smoke Partlclt!

Carbon Black

Polio Virus

SUSPENDED

'VISIBLE

COLLOIDAL

INVISIBLE

DiSsOLVED

<
I

01
f\)

Mllllnietres . ~ 10 0.1 0.001 0.0000 1 0.0000001

1 0.01 0.000 1 0.000001 0.00000001

Microns- "-10,000 100 1 0.01 0.000 1
1,000 10 () 1 ".00 ,- LaO
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Source: Watar QUEJI/ly EJnd TroB/man/. AWWA. Denv'er. Colo. (3rd ed.• 1971)

NaIurtil SeIII In9 Ral e8 tor Sma 1/ r artl cIe8

-<
I

01
(U

Time Requir8d /0
S8//Ie in 1 1/ (0.3 rn) Dopth

Settleable
0.3 sec
3 sec
38 sec
33 min'

Considered nonsellieable-._--
55 hour
230 day
6.3 year
63-year minimum

Representative Particle

Gravel
Coarse sand
Fine sand
Silt

Bacteria
Color
Colloidal particles
Colloidal particles .

Par(lcla DIameter
mm

0.001
0.0001 .
0.00001

.0.000001

10 .
'1 .

.0.1

0.01



1 __

IV-54

• SUSPENDED
• COLLO IDAL (0.001 - 1.0

MICRONS)
• DI SSOL VED (0.00001 - 0.001

MICRONS)

RAPID MIXING

• 30-60 SECONDS DETENTION
TIME

FLOCCULAT ION

20-60 MINUTES DETENTION
TIME



WEIR OVERFLOW RATE = (3.3)( 1062
200

DETENT ION TIME = (25)( 100)( 10)(7.48 )(24)
(3.3)( 106)

SURFACE OVERFLOW RATE = (3.3)(106)
(25)( 100)

IV-55

Convers1on Feed
Factor Rate

(8.34lb/gaD = <lb/day)

Flow
Rate

(mgd)

(mg/L)(mgd)(8.34 lb/gaD = lb/day

THE DRY ALUM DOSAGE RATE IS 12 MG/L AT
A WATER TREATMENT PLANT. THE FLOW
RATE AT THE PLANT IS 3 MGD. HOW MANY
POUNDS PER DAY OF ALUM ARE REQUI RED?

= 16,500 GPD/FT

= 1.36 HOURS

COAGULATED/FLOCCULATED WATER
ENTERS A SEDIMENTATION BASIN 25 FT. WIDE
AND 100 FT. LONG AT A RATE OF 3.3 MGD.
THERE ARE 200 FT. OF OVERFLOW WEI RAND
THE BAS IN HAS A 10FT. DEPTH.

(ppm)

Dosage

PROBLEM:

PROBLEM:

I
I
I
I
I
I
I
I
I
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I
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I
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= x lb/day

xlb/day

(12 mg/L)(3 mgd)(8.34 lb/gaD

300.341b/day =

PROBLEM: THE CHLORINE DOSAGE RATE AT A WATER

TREATMENT PLANT IS 4 MG/L. THE FLOW
RATE AT THE PLANT IS 700,000 GPO. HOW
MANY POUNDS PER DAY OF CHLOR INE ARE

REQUIRED?

(mg/L)(mgd)(8.34 lb/gaD = lb/day

700,000 gpd = 0.7

(4 mg/L)(0.7 mgd)(8.34 lb/gal> = X lb/day
23.36 lb/day = X

PROBLEM: HOW MANY POUNDS OF HYPOCHLORITE (65

PERCENT AVAI LABLE CHLORI NE) ARE
REQU IRED TO 0 ISINFECT 8000 FT. OF 24-1 N.

WATER LINE IF AN ADDITIONAL DOSE OF 20
MG/L IS REQUIRED?

(0.785)(2 ft)(8000 ft)(7.48 gal/cu ft) =
187,898 gal.

THE VOLUME MUST BE EXPRESSED IN TERMS
OF MILLION GALLONS:

187,898 gal = 0.188 ml1 gal.

-I



ZONES IN A SEDIMENTATION BASIN -

• SETTLING ZONE - PROVIDES THE CALM AREA
NEEDED FOR THE SUSPENDED MATERI AL TO

SETTLE.

• SLUDGE ZONE - RECE I VES THE SETTLED SOL IDS
AND KEEPS THEM SEPARATE FROM OTHER
PARTICLES IN THE SETTLING ZONE.

• OUTLET ZONE - PROV IDES A SMOOTH TRANS IT ION
FROM THE SETTLI NG ZONE TO THE EFFLUENT

AREA.

RECT ANGULAR BASI NS
(RECT ILI NEAR FLOW)
CIRCULAR BASINS (RADIAL FLOW)

IV-57

• INLET ZONE - DECREASES THE VELOCITY OF THE
INCOMING WATER AND DISTRIBUTES THE FLOW

EVENLY ACROSS THE BASI N.

SEDIMENT ATION

DESIGN CRITERIA - DETENTION TIME = 2-6 HOURS
OVERFLOW RATE = 500 GPo/sa.

FT.
(COMMON)

- WEIR OVERFLOW RATE = 15,000 -
20,000
GPO/FT.

I
I
I
I
I
I
I
I
I
I
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SOFTENI NG
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REMOVAL OF CALCIUM AND MAGNESIUM

TYPES OF HARDNESS

• CALCIUM AND MAGNESIUM
• CARBONATE AND

NONCARBONATE

Ca++ } TOT AL HARDNESS
Mg++

C03--} CARBONATE
HC03- HARDNESS
OH-

S04--} NONCARBONATE
C1- HARDNESS
N03--

METHODS OF WATER SOFTENING:

1. LIME TREATMENT
2. LIME - SODA ASH TREATMENT
3. EXCESS LIME - SODA ASH TREATMENT
4. ION EXCHANGE
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METHODS OF WATER SOFTENING:

1. LIME TREATMENT
2. LIME - SODA ASH TREATMENT
3. EXCESS LIME - SODA ASH TREATMENT
4. ION EXCHANGE

-<
I
U\
CO

mglL as CaCQiL
0-60 - -

G-1-120
12-1 - -1 80
over 180

Ing/L as CeC03 ft

0-7·5..

.75-150
•

150-300
over-300·

Cotnparatlve. Classjficaflon of Wat~r
for Softness/Hardness

Classification
Soft

Mod eI' ale iy f-( ard
}-f ard -

Ve ry I-I ard

- - -.
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TO
SYSTEM
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FILTERS

LIME
OR EXCESS CARBON
LIME AND DIOXIDE
SODA ASH

~.....pH = t--+-4 L-.--&--A

8.6~

SEDIMENTATION / RECARBONATION
SOLIDS

CONTACT
BASIN

FLOCCULATION

ALUM

RAPID
MIX

------~------------



-<
I
0)
N

TO
SYSTEM

CHLORINE

FILTERS

CARBON
DIOXIDE

pH=
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CARBON
DIOXIDE

EXCESS LIME !
)-f---+~ pH > pH >t-----<

10.8 9.5 I
RECARBONATlON I

SOLIDS SOLIDS
CONTACT I CONTACT

BASIN I BASIN

WELLS
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R~~Ap.eCNATlON

LIME
OR

EXCESS
LIME

SOLIDS
CONTACT

BASIN

Split Tr.atmlnt

BYPASS FLOW

RAPiD
MIX

fDOLYME~

WELLS . AERATOR
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PROBLEM:
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A RAW WATER WITH AN ANALYSIS AS
SHOWN IS TO BE TREATED USING A LIME
SODA-ASH SOFTENI NG PROCESS, EXCESS
LIME AND SODA ASH IS ADDED TO ACHIEVE A
RES IDUAL HARDNESS TO THE PRACT ICAL
LIMIT OF 30 MG/L AS CaC03 AND 10 mg/L
Mg(OH)2 as CaC03.

(a) D1scuss the chem1cal react10ns that
occur 1n the l1me soda-ash soften1ng
process.

(b) L1st several advantages and
d1 sadvantages of the process.

(c) Calculate the quant1ty of chem1cals
requ1 red for soften1 ng and
recarbonat1on.

RAW WATER ANALYSIS FOR PROBLEM

mg/L
Equ1valent as

mg/L We1ght meq/L CaC03

Calc1um 80 20.0 4.0 200
Magnes1um 30 12.2 2.5 125
Sod1um 19 23.0 0.8 40
Chlor1de 18 35.5 0.5 25
Sulfate 64 48.0 1.3 65
B1carbonate 336 61.0 5.5 275
Carbon d1ox1de 15 22.0 0.7 35
(free)

-~I - ---- -----
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I (a) Basic reactions for the lime-soda ash

I
water softening process using
hydrated lime, Ca(OH)2 are written as:

I Lime

I C02 + Ca(OH)2 = CaC03 + H2O

I Ca(HC03)2 + Ca(OH)2 = 2CaC03 + 2H20

I
Mg(HC03)2 + 2Ca(OH)z = 2CaC03 +

Mg(OH)2 + 2H20

I In these reactions, carbonate hardness

I
in the form ofcalcium and magnesium
bicarbonate is removed by reaction
with lime to form insoluble CaC03 and

I Mg(OH). Lime also reacts with free
C02 in the water to form a CaC03

I
precipitate.

I
Soda Ash - Na2C03

I
CaS04 + Na2C03 = CaC03 + Na2S04

MgS04 + Na2C03 + Ca(OH)2 =Mg(OH)2 +

I CaC03 + Na2S04

I
(b) Advantages Disadvantages

I
Large quanti ties of Large quant it i es of chem i ca1
water can be softened sludge are produced creating

I
economically. disposal problems.

I
I
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(b) Advantages

Alkalinity and total
so 11 ds are reduced.
Water is low in color
turbidity.

Disinfection is achieved
by the effect of lime
and high pH.

Reduct ion 1n s111 ca can
be achieved.

Disadvantages

Comp1ete soften 1ng to low
hardness 1eve 1s cannot be
ach1 eved.

Chemical feed rates must be
controlled closely.

Operating problems may be
exper1 enced 1n fl1 trat ion of
softened water.

(c) A bar graph of the raw water is shown. The required
amount of lime is calculated as:

Lime =meq/L [C02 + Ca(HC03)2 + Mg(HC03)2 +

MgS04]

=0.7 + 4.0 + 1.5 + 1. 0

=7.2 meq/L

Equivalent weight of lime (CaO) =28.
Use 35 mg/L excess lime.
Lime dosage = (7.2 x 28.0) + 35 =237 mg/L

= 1976 lbs/m11110n gallons.

The required amount of soda ash is calculated as:

meq/L Na2C03 =meq/L MgS04 = 1.0

Equivalent weight soda ash =53.
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· Raw vater, bar diagram.

7 0 4 0 as 7

COz Ca++ Mg ++ Na+

- - -HCO) . 50.- a
j 0

,
Q
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Soda ash dosage =

=
1.0 x 53 = 53 mg/L
442 1bsI m1111 on gallons.

Calculate carbon dioxide required for
recarbonation. Carbon dioxide neutralizes excess
lime and OH according to the equation.

Equivalent weight C02 =22.0

Excess lime = 1.25 meq/L

OH- =0.20 meq/L

C02 = (1.25 + 0.20) x 22 = 31.9 mg/L

Additional carbon dioxide converts remaining
alkalinity as carbonate ion to bicarbonate ion
according to the equation:

Assuming all of remaining alkalinity is converted
the bicarbonate form.

C02 =0.6 meq/L x 22 = 13.2 mg/L

Total C02 = 45.1 mg/L



Bar diagrams of the softened water before
recarbonation and the finished water are shown:

cr2 Mg.... Na+'- .
HeO) - S04 : • CI-

IV-59

o Q2 o.a

2..6

2.6

2.62.1

0.6 OB

(a)

(b)

0.8

c,+% Mg+~ Na+

OH- COJ= .504: c,-

o

QB Q.Bo

o

r---------
C,+2

t-.---------
I
I
I .L... o _

125

I
I
I
I
I
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ION EXCHANGE SOFTEN ING - REMO VAl OF HARDNESS IONS
BY A CATION EXCHANGE

ION EXCHANGE MATERIALS

• ZEOLITES (2,800 - 11,000 GRAI NS/CUB IC FOOT)
• RESINS (11 ,000 - 35,000 GRAINS/CUBIC FOOT)

NOTE: 1 GRAI N
1 GRAIN/GAL

= 64.8 Ml1ligrams
= 17.12 mg/l

PROBLEM:

= 142.86 lb/mg

A TREATMENT UN IT CONT AINS 20 CU. FT. OF
CATION EXCHANGE MATERIAL WHICH HAS A
RATED REMOVAL CAPACITY OF 20,000
GRAINS PER CUBIC FOOT. WHAT IS THE
TOT AL HARDNESS REMOVAL CAPACITY?
GIVE ANSWER IN GRAINS.

Total removal capacity = (20,000 grain/cu
ft)(20 cu ft)

= 400,000 grains
removed per
cycle

THE UNIT TREATS WATER WITH A HARDNESS
OF 253 MG/L. HOW MANY GALLONS OF
WATER CAN BE SOFTENED BEFORE THE
EXCHANGE MUST BE REGENERATED?



• (400)(0.35)

• 140 lb. salt

Salt Requirement • (Removal Capacity)(Regeneration Requirement)

Salt Requirement • (400,000 grain) ( 035 lb
1000 grain)

400,000 gra1ns
14.78 gpg

=

= 27,063 gal. per cycle

mg/L
17.12

=

= 253 mg/L
17.12

= 14.78 gra1ns per gallon

= Removal capac1ty per cycle
Hardness

IV-71

(Removal Capacity) (Salt regylrement in Ib
1000 grains of hardness)

•

Volume of
water Softened

IF 0.35 LB. OF SALT WI LL RESTORE 100
GRAINS OF REMOVAL CAPACITY, HOW MUCH
SALT IS REQUIRED FOR REGENERATION?

Hardness

gpg

Volume of
Water Softened

I
I
I
I
I
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I
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FILTRATION - REMOVAL OF SUSPENDED MATERIAL
(TURBIDITY) FROM WATER, INCLUDING:

• FLOC (FROM COAGULATION/
FLOCCULAT ION)

• MICROORGANISMS
• PRECIPITATES (FROM

SOFTENI NG)
• IRON AND MANGANESE (FROM

GROUNDWATER)

REMOVAL BY:

• PHYSICAL TRAPPING
• ADSORPTION

TYPES OF FILTERS:

• GRAVITY

PRESSURE

SLOW SAND
RAPID SAND
HIGH RATE

* DUAL­
MEDIA

* MULTI­
MEDIA

• SAND OR MULT I-MEDI A
• DIATOMACEOUS EARTH



Slow sand fl1 ters

IV-73

FIRST, CONVERT THE GALLONS PER DAY TO
GALLONS PER MINUTE:

450.000 god = 312.5 gpm
1440 m1n/day

0.016 to 0.16
gpm/sq. ft.

2 gpm/sq. ft.
2 to 4 gpm/sq. ft.

5 to 10 gpm/sq. ft.

Common
,Load1ng Rate

GPM FLOW
SQ. FT. FILTER AREA

.1.t1QiES OF WATER FALl.
MINUTES

A RAPID SAND FILTER IS 10 FT. WIDE AND 15
FT. LONG. IF THE FLOW THROUGH THE FILTER
IS 450,000 GPD, WHAT IS THE FILTER
LOADING RATE IN GALLONS PER MINUTE PER
SQUARE FOOT?

FILTER LOADING RATE =

FILTER LOADING RATE =

Type of F11 ter

Rapid sand fl1ters
Dual med1a (coal/sand)
MUlt1-med1a (coal/sand/ .
garnet or coal/sand/l1men1te

DESIGN CRITERIA:

PROBLEM:

I
I
I
I
I
I
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THEN EXPRESS THE FILTER LOADING RATE
MATHEMATICALLY AS:

Filter loading rate = gpm flow
sq, ft.
filter area

ADSORPTION

= 312.5 gpm
150 sq. ft.

= 2.08 gpml
sq ft.

REMOVAL OF DISSOLVED ORGANIC
MATERIAL AND INORGANIC IONS OF
FLUORIDE AND ARSENIC PRIMARILY
BY ADHESION.

• ACTIVATED CARBON AND
SYNTHETIC RESINS REMOVE
ORGANICS

• ACTIVATED ALUMINA REMOVES
INORGANIC IONS OF FLUORIDE
AND ARSEN IC.

REMOVES:

• TASTE AND ODOR
• COLOR
• TOXICS
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WATERBORNE DISEASES -

EFFECTI VENESS OF CHLORINATION

• pH
• TEMPERATURE
• CONT ACT TIME
• CONCENTRATION
• SUBSTANCES IN THE WATER

IV-77

* CHLORI NE (1 OO~
CD

* CALCIUM
HYPOCHLORITE
(65~ CD

* SODIUM
HYPOCHLOR ITE
(1-15~ CD

CHEMICAL TREATMENT

• BROMINE
• IODINE
• OZONE
• CHLORINE

RADIATION TREATMENT

HEAT TREATMENT

TREATMENT PROCESS USED TO
DESTROY DI SEASE-CAUSI NG
(PATHOGENI C) ORGANI SMS

• GASTROENTERITIS
• TYPHOID
• DYSENTERY
• CHOLERA
• INFECTIOUS HEPATITIS
• AMEBI C DYSENTERY
• GIARDIASIS

DI SI NFECTION

TYPES OF DISINFECTION

I
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NH2C1 + HOC1 ~ NHC12 + H20
Monoch1oram 1ne Hypoch1orous Di ch1oram i ne

Acid

THE CHLORINE DEMAND OF A WATER IS 5.5
MG/L. A CHlORI NE RES IDUAL OF 0.3 MG/l IS
DESIRED. HOW MANY POUNDS OF CHlORI NE
Will BE REQUIRED DAilY FOR A FLOW OF 28
MGD?

REACTION OF CHLORINE AND WATER -

Cl­
Chloride

ion

OC1
Hypoch1ori te

ion

+ HC1
Hydrach 1ori c

acid

H+ +
Hydrogen

H+ +

Hydrogen

-P- NH2Cl + H20
Monoch1oram i ne

Dosage =5.5 mg/l + 0.3 mg/L
=5.8 mg/l

+ HOC1 ~ NC13 +

Hypoch1orous Tri ch1oram i ne

HC1
Hypoch1ori c

acid

HOC1
Hypoch1orous

acid

C12 + H20 ~ HOC1
Ch 1ari ne Water Hypach1araus

acid

NH3 + HOCl
Ammonia Hypochlorous

Acid

PROBLEM:

NHC12
Dichloramine

REACTION WITH AMMONIA-

I
I
I
I
I
I
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CONVERT TO POUNDS PER DAY:

(5.8 mg/l)(28 mgd)(8.34 lb/gal) = 1354
lb/day chlorine feed rate

NOTE: PRECHlORI NATION -

CHlORI NE DOSAGE =CHlORI NE DEMAND

CHICK-WATSON THEORY:

In JL = kcnt
No

N = pathogens at t1me "t"

No = pathogens at t1me "0"

k = coeffi ci ent of spec1 f1 c 1etha 11 ty

t = t1me

n = d11 ut1on coeff1 c1ent

C = concentrat10n of d1s1nfectant

FLUORIDATION - DOSING THE DRINKING WATER SL1PPlY
WITH THE FLUORIDE ION (REDUCTION OF
TOOTH DECAY IN CHI LOREN)

• SODIUM FLUORIDE (90-98~ PURITY)
• HYDROFLUOSILCIC ACID (98-99~

PURITY)
• SODIUM SILICOFLUORIDE (22-30~

PURITY)
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FEED MIXTURE

PROBLEM:
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• NaF - 18.8 lbs/mg = 1.0 ppm F
• H2S1F6 - 35.2 lbs/mg = 1.0

ppm F
• Na2S1F6 - 14.0 lbs/mg = 1.0

ppm F

THE NATURAL FLUORIDE ION
CONCENTRATION OF A WATER SUPPLY IS 0.2
MG/L. HOW MANY POUNDS OF SODI UM
Sill COFLUOR IDE MUST BE USED EACH DAY TO
TREAT 0.5 MGD OF WATER TO A LEVEL OF 1
MG/L? (THE SODIUM SILICO FLUORIDE IS
TYP ICALLY 98.5 PERCENT PURE,)

TO RAISE THE FLUORIDE LEVEL FROM 0.2
MG/L TO 1 MG/L:

1 mg/L - 0.2 mg/L = 0.8 mg/L

Requ1red dosage
pure fluor1de 10n = (0.8 mg/L)(O.5

mgd)(8.34 lb/day>

= 3.341b/day

SINCE 98.5 PERCENT Na2S1F6 CONTAINS 60~

FLUORI DE ION:

(O.60)(lb/day Na2S1F6, 98.5~) = 3.341b
F/day

lb/day of Na2S1F6 = 3.34
0.60

= 5.57
lb/day

-~~----
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Opllrllurn Fluoride Concentrations and Fluoride MCLs
:

ReCOn1fl1ended Control Lilni(s of A1axinlUf11
Annual A verage of Ivlaxirnufl1 Daily . Fluoride Concentration Cont[lfnirwf11

Air renlperalure mg/L Laval,
F C Lower Optifllun1 Upper rng/L

53.7 and below 12.0 and below 0.9 1.2 1.7 2.'1
53.0-58.3 12.1-14.6' 0.8 1-.1 1.5 2.2
58.4-63.8 14.7-17.6 0.8 1.0 1.3 2.0
63.9-70.6 '17.7-21.4 0.7 0.9 • 1.2 1.0
70.7-79.2 21.5-26.2 . 0.7 0.0 1.0 '1.6
79.3-90.5 26.3-32.5 0.6 0..7 0.0 1.4'
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PROBLEM:

IV-84

(20 mg/L)(0.188 mil gaD(8.34 lb/gal) =

xlb/day

Chlorine Required = 31.4 lb/day

SI NCE 65 PERCENT HYPOCHLORITE IS TO BE
USED, MORE THAN 31.36 LB/DAY OF
HYPOCHLORITE WILL BE REQUIRED.

(0.65)(x lb) = 31.36 lb.

x = ~ 1.36
0.65

HYPOCHLORITE REQUIRED: 48.25 lb.

A PUMP DISCHARGES 800 GPM. WHAT
CHLORINE FEED RATE (POUNDS-PER-DAY) IS
REQUIRED TO PROVIDE A DOSAGE OF 2.5
MG/L?

(800 gpm)(1440 m1n/day) = 1,152,000
gpd

= 1.152 mgd

(2.5 mg/L)( 1. 152 mgd)(8.34 lb/gaD =24.0

lbs/day
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PROBLEM:

lv-as

HOW MANY POUNDS PER DAY OF
HYPOCHLORITE (70 PERCENT AVAI LABLE
CHLORINE) ARE REQUIRED FOR DISINFECTION
IN A PLANT WHERE THE FLOW RATE ISO. 7
MGD AND THE CHLOR INE DOSAGE IS
5.0 MG/L?

(mg/LHmgdH8.34 lb/gaD = lb/day

(5.0 mg/LHO.7 mgd)(8.34 lb/gaD = x lb/day
avallable chlorine required = 29.19

(70~) (total lb/day) = 29.19 lb/day

THIS EQUATION CAN BE RESTATED AS:

(0.7)(x lb/day) =29.19 lb/day

x = .22J.9.
0.7

TOTAL HYPOCHLORATE = 41.7 lb/day



STABiliZATION

---------- -~---

lv-as

TREATMENT PROCESS USED TO
REDUCE OR EllMI NATE THE
PROBLEMS OF CORROSION
AND SCAl ING.

STABILITY OF WATER INFLUENCED BY:

• DISSOLVED OXYGEN
• TOT Al 0 ISSOl VED SOL IDS

• pH
• ALKALINITY
• TEMPERATURE
• TYPE OF MATER IAL

STABiliZATION METHODS:

• pH AND ALKALINITY ADJUSTMENT
• PROTECT IVE COAT INGS
• INHIBITORS AND SEQUESTERING AGENTS
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Comparison 01 Cornman Stability Indices"
•

Stability Index.

Stabilily . Langelier Index Aggressive Index Ayznar Index
Characteristics (L I) {A. I. ) (n.l. )

..
Highly aggressive <-2.0 <10.0 . >10.0

Moderately aggressive -2.0 to <0.0 10.0 to <12.0 6.0 to <10.0
Nonaggresslve >0.0 >12.0 <6.0.

Ll= pH - rHs

AI" pH t (agIo (A) t loqlo(Ca)
RI= 2rH~-pH
fHC!>:::: ~QturQ1Tor1 pH
A co total alkalinity ~~/l Ca (03)
La. ~ LQIc.\um (mql LCQ ro~)

: I ii" I ... I
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• Equalizing supply and demand

• Increasing operating convenience

• Leveling out pumping requirements

• Providing water during source or pump failure

• Providing water to meet fire demands

• Providing surge relief

• Increasing detention times

• Blending water sources.

Purpose of Water Storage



System Demand
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FIRE DEMAND - RESIDENTIAL AREA (1 -2 FAMILY, 2
STORY)

3000 - 3500 3

1ess than 3000 2

2

2

2

2

Durat10n
(hrs)

750

500

1500

1000

ReQu1red Flow
(gpm)

more than 3500 4
(max1mum 12,000)

11 - 30

31 - 100

Greater 100

Less than 11

D1stance Between
Houses

(ft)

I
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PROBLEM:
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IV-92

GROUNDWATER

Well yield = Gallons
Minutes

IF IT TAKES A WELL PUMP 82 SECONDS TO
FILL A 55-GAL. BARREL, WHAT IS THE WELL
YIELD IN GALLONS PER MINUTE?

THE EQUATION USED IN CALCULATING WELL
YIELD:

Well yield = Gallons
Minutes

BEFORE FILLING IN THE EQUATION WITH THE
GIVEN INFORMAT ION, THE SECONDS MUST BE
EXPRESSED AS MI NUTES:

82 sec. = 1.37 minutes
60 sec/min.

THE WELL YIELD PROBLEM CAN NOW BE
SOLVED BY FILLING IN THE GIVEN
INFORMATION AND COMPLETING THE
DIVISION INDICATED.

Well y1e1d = 55 gaJ~
1.37 min.

= 40.15 gpm

Drawdown = Pumping water level - Static
water level
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PROBLEM:

IV-93

WHEN A PUMP IS NOT IN OPERATION, THE
WATER LEVEL IN THE WELL IS 39 FT. BELOW
GROUND SURFACE. THE WATER LEVEL DROPS
TO 67 FEET WHEN THE PUMP ISIN
OPERATION. WHAT IS THE DRAWDOWN IN
FT.?

Drawdown = Pumping water level - Static
water 1eve 1

=67ft - 39 ft.

= 28 ft.

Spec1f1c capac1ty = Well y1eld 1n gpm
Drawdown 1n ft.

IT TAKES A WELL PUMP 0.8 MIN. TO FILL A
55-GAL. BARREL. IF THE DRAWDOWN WH ILE
THE PUMP IS IN OPERATION IS 11 FT., WHAT
IS THE SPECIFIC CAPACITY OF THE WELL?

TO CALCULATE THE SPECIFIC CAPACITY OF
THE WELL, YOU MUST KNOW THE GALLONS­
PER-MI NUTE WELL YI ELD AND THE FEET OF
DRAWDOWN.

Well Y1eld = 55 gal.
0.8 m1n.

= 68.75 gpm
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IV-94

US ING THE GALLONS-PER-M INUTE YIELO AND
ORAWOOWN INFORMAT ION, CALCULATE THE
SPECIFIC CAPACITY OF THE WELL:

Specific capacity = 1 1 n m
Drawdown 1n ft.

= 68.75 gpm
11 ft.

= 6.25 gpm/ft.

----1--- --
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WASTEWATER TREATMENT



Pre.Ii~Tlinary Treatment

<
I
W
(J)

Constant speed pumps

Q To primary
-----)~ )o treatment

Grit chamber with
cyclone degrit ler

Preaera lioll and
grit removal

Aerated grit

settling tank:{>0:J---.;-To primary
)-

treatment

I
Grit washer [J

o
a

Pumping
sta lion

Parshall
flume

"

)

Variable speed pumps

-----~>[::=:::J
Parshall
flume

o
o
a

By-pass'channel with rixed screen
closed·· by ·removab·'e stop gates

Wet well­
dry well
pumping
station

Normal flow'
channel with
shredder

Mechanically
cleaned

bar screen

waste
water

Sanitary
~

waste
water

Sanitary
)-

TypicaJ arrangements of preliminary treatment units. in municipal waste-water
processing. The lower scquc;ncc is common to smaller plants.
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--------------)~ or
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30 percent solids

Pre/im;l1tJTJ' and Primary PrOCCJJeI

Pumping station

Screen

Waste sludge
y~ gallon per person, 5 percent solids

VaCJurn filtration

Raw ~nitory

waSte wa ter
100 gpcd

O. 1 per ce n t sol ids
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Poor settleability

Extended aeration

(Endogenous
growth)

Conventional and
Slep aeration

(Declining
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Hi~11J rate

(Accelerated
growth)

fair settleability

..
Good settleabilily

<
I

CD
CD

0.05 0.2

r- pounds 000 applied per day.- .
M pounds M LSS in aeralion LJ;Jsin

0.5 . 1.0
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Suspended solids
and phosphate
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DESIGN CRITERIA (ACTIVATED SLUDGE)

PRIMARY CLARIFIER -

REMOVAL

• BOD = 30~

• 55 = 60~

OVERFLOW RATES -
Flow Rate (gpd/ft2 )

Average Peak

Primary
Primary & Secondary
Primary & A.S. Return

SECONDARY TREATMENT -

600 - 1000
800 - 1500
600 - 1000

1800
3000
1800

~ BODs (lb. BODsl
Removal 1000 ft3 )

(lb. BODsl
lb 55)

Convent1ona1
Step Aeration
Contact Stabil.
Extended Aeration
Mod1fied Aeration

88 - 92
88 - 92
85 - 90
92 - 95
60 - 70

20 - 40
40 - 60
40 - 60
10 - 15

90 - 110

0.25 - 0.35
0.25 - 0.35
0.25 - 0.35
0.04 - 0.06

2.0 - 5.0
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SECONDARY TREATMENT -

02 Requiredl
lb .. BODs Applied

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

Convent1ona 1
Step Aeration
Contact Stabl1ization
Extended Aeration
Modified Aeration

SECONDARY TREATMENT -

Conventional
Step Aeration
Contact Stabl1ization
Extended Aeration
Mod1fi ed Aeration

MLSS
(mg/L)

1200 - 2200
2000 - 3000
2000 - 3500
4000 - 5000

400 - 600

1.0
1.0
1.0
1.5
1.0

Hydraulic Detention Time

(Hours)
Avg Peak
Flow Flow

5-8 2
3-5 2
}-5

18-30
2-4

Review Sludge
~ Avg. Flow

15 - 75
20 - 75

50 - 150
50 - 200

5 - 25
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SECONDARY CLARI FI ER -

OVERFLOW RATES:

Flow Rate (gpd/ft2)
Ayerage Peak

convent1ona 1
Step Aerat ion
Extended Aeration
Trickling Fllter
Modified Aeration

400 - 800
400 - 800
200 - 400

800 - 1000
600 - 800

1200
1200
800

1500
1400

Solids Loading - ~ 20 lb/square foot-day
(including recycle)

------~ I
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I
I TYPICAL COMPOSITION OF DOMESTIC SEWAGE

CAll values except settleable solids are expressed in

I mg/liter)

I
I

Components Concentrat ion

I strong Medium Weak

I Solids, total 1,200 700 350

D1sso lved, tota1 850 500 250

Ii Fixed 525 300 145

Volatl1e 325 200 105

I Suspended, total 350 200 100

Fixed 75 50 30

I
Volatl1e 275 150 70

Settleable sol1ds, (ml/L) 20 10 5

I
B1ochem 1ca 1 oxygen 300 200 100

demand 5-day, 20· C
Tota1 organi c carbon

I, (TOC) 300 200 100

Chemical oxygen demand 1,000 500 250

I
(COD)

Nitrogen, (total as N) 85 40 20

I
Organic 35 15 8

Free ammonia 50 25 12

I
Nitrites 0 0 0

Nitrates 0 0 0

I
I
I
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Concentrat 1on

Strong Medium Weak

Phosphorus (total as P) 20 10 6
Organic 5 3 2
Inorganic 15 7 4
Ch lorides*
(I nfl1 trat ion) 100 50 30
Alkalinity (as CaC03) 200 100 50
011 & Grease 150 100 50

PROBLEM: A CONVENTIONAL ACTIVATED SLUDGE
TREATMENT PLANT TREATS 1.0 MGD. THE
INFLUENT BODS IS 300 MGIL AND THE SS ARE
300 MG/L. DESIGN THE PLANT WITH A FOOD­
TO-MICROORGANISM RATIO (F/M) OF 0.3.
ASSUME REMOVAL THROUGH THE PRIMARY
CLARIFIER OF 30~ FOR BOTH BODs AND
SUSPENDED 50Ll 05 (5S).

Loading to Aeration =300 (0.7) 1 (8.34) =
1750 1b. BODsl day

ML55 =J 750 = 5840 lb. 55
0.3

Assume Loading =35 lb. BOD511 000 cubic
feet

I
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Q = 1,0

MASS BALANCE -

21 0 Q + 7500 R = 1850 Q + 1850 R

L = 130'

3333
667
26'

(5W)(W) =
W2 =
W =

5650 R =1640
R = 0,34 mgd = 34~

Assume Length/W1dth Rat10 = 5: 1

ASSUME NO GENERAT ION OF SOL IDS OUR ING
AERATION

(300 X 0,7) Q + 7500 R = 1850 (Q + R)

ASSUME UNDERFLOW FROM SECONDARY
CLARIFIER = 7500 MG/L

Assume Depth = 15 feet

Aerat10n Volume = 1750 x 1000 = 50,000 cf
35

Surface Area = 50,000 = 3333 square feet
15

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I



a = 1.0
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ASSUME GENERATION OF SOLIDS DURING
AERATION:

1 lb. BODS = 0.5 lb. SS

REMOVAL = 90~ BODS (CONVENTIONAL
ACT I VATED SLUDGE)

0.90 = 0.30 + 0.70 (x)

TOT AL = Primary + Secondary

x = 0.857 = 85.7~ BODs removal

Secondary Treatment = 0.857 x (300 x 0.7)
= 180 mg/L BODs

Generation of SS =0.5 x (180) = 90 mg/L

MASS BALANCE -

(300 X 0.7) 0 + 7500 R + 90 0 = 1850 (0 + R)

21 0 0 + 7500 R + 90 0 = 1850 0 + 1850 R

5650 R = 1550
R =0.275 mgd = 27.5~

OXYGEN REOUI REMENTS -

Assume:

--~I

1.0 1b. 02 for each 1.0 1b. BODs
applied.
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PRIMARY CLARIFIER -

A1r = 20~ 02

Assume Transfer Efficiency = 1O~

1.0 x 106 = 1000
1000 s.f.

Area =~ (0)2 = 1000
4

o = 36 feet

So11ds Loading = (300 x .3) x (8.34) x 1.0) =
750 lbs.

= 750 = 0.75 lb. per square foot
1000

Average Overflow = 1000 gpd/square feet

Requ1red Surface Area =

a = 1.0

Requi red A1r = 8750 = 87,500 1b. per day
0.10

Requ1red A1r = 1750 = 8750 lb. per day
0.20

Required: 02 = (1) x (1750 lb/day) = 1750
lb. 02/day

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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SECONDARY CLARI FI ER -

Average Overflow = 600 gpd/square feet

a = 1.0

Requ1red Surface Area = 1.0 x 106 = 1670
600 s.f.

Area=3.1416(D)2= 1670

D = 46 feet

So11ds Load1ng = (210 x 1.0) + (7500 x
0.275) + (90 x 1.0) =

19703 = 11.8 lb. per s.f.
1670

DESIGN CRITERIA TRICKLING FILTER

CLASSIFICATION -

HYDRAULIC

• LOW RATE
• HIGH RATE

ORGANIC

• LOW RATE
• HIGH RATE



I
I
I
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I
I
I
I
I
I
I,

I
I
I
I
I
I
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PARAMETER LOW RATE HIGH RATE

Hydraulic Loading 1-4 10-40
(MGAD)

Organic Loading 300-1000 1000-5000
('*'BOD51 A-Ft-Day)
Depth (ft) 6-10 3-8
Recirculation Basin None 1: 1 - 4: 1
Energy Requirements None 10-50 HP/MG
Fl1 ter Fl1 es Many Few

(1 arvae are
washed out)

Sloughing Interm i ttent Continuous
Operation Simple Some operator

skill
Effluent Highly Nitrified Partially

Nitrified at
Low Loading
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VELZ EQUAT ION -

LD = 10-KD--
L

La =.1..0 + R L..e
1 + R

where: L = app11ed BODL (removable) £ 0.90 Lo

LD = removable port1on of BODL rema1n1ng
at depth D

K = rate of removable - 0.175 for low-rate
coeff1 c1 ent fl1 ter

- 0.150 for h1gh­
rate fl1ter

D = depth (feet)

La = app 11 ed BODL after dl1 ut1on by
rec1rcu1at10n

Lo = BODL of app11ed untreated wastewater

Le = eff1 uent BODL

R = rec1rcu1at10n rat10 (Qr/Q)

NRC EQUATIONS -

E1 = 1
1 + .0085 ..fW/VF

(S1ngle-stage)



IV-113

where:

(Second-stage)

Volume of fllter med1a (Acre-Feet)

Fract10nal eff1c1ency of BODs removal
for process 1nclud1ng rec1rculat1on and
sed1 mentat1on.

(.l...!...B.
[1 + R/1 0]2) w1th R =Qr:

Q

Rec1 rcul at1on Factor:

BODS fllter load1ng Clbs/day)

BODs 1oad1 ng to second stage (1 bs/ day).

DETERMI NE THE FI LTER DEPTH FOR A LOW­
RATE FI LTER IF THE SETTLED SEWAGE
ULTIMATE BOD DEMAND, Lo, IS 250 MG/L AND
THE EFFLUENT BODs IS 30 MG/L. ASSUME
THAT THE EFFLUENT BODs IS EQUAL TO 0.7
BODL AND THAT L =0.9 La.

USE THE VELZ EQUAT ION

Fract10nal eff1c1ency of BODs removal for
second-stage process 1nclud1ng
rec1rculat1on and sed1mentat1on.

v =

W =

E2 = ----:1 ____

+ .0085 1'1!J
1-E1 VF

F =

PROBLEM:

I
I
I
I
I,
Ii

I
I
I
I
I
I
I
I
I
I
I
I
I
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BODL of the Effluent: BODL =30 =43 mg/L
0.7

BOD that is not removable:

BODHR = 250 (0.1) = 25 mg/L

Therefore: LD = 43 - 25 = 18 mg/L
(removable
BOD remaining)

L = 250 (0.9) = 225 mg/L (initial
removable BOD)

LO = ~ = 0.08-L. 225

0.08 = 10-. 175 (D)

12.5 = 1O· 1750

o = 1.097 =6.3 feet
.175

PROBLEM: USE THE NRC EQUAT IONS

AN INDUSTRY WITH A WASTE BODs OF 600
MG/L IS TO BE TREATED BY A TWO-5T AGE
TRICKLING FILTER. THE DESIRED EFFLUENT
QUALITY IS 50 MG/L OF BODs. IF THE FILTER
DEPTHS ARE EACH 6 FEET AND THE
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D1am eter ( 1st stage):

Volume (1 st stage):

V 1 = 1.75 acre-feet

1+4
( 1.4)2 = 2.55

F = 1 + R =
(1 + R/ 10)2

~ 1 = 127 feet

Al = Vl = 1.75 = 0.292 acre = 12,700 s.f.
d 6

E1 = 1
1 + .0085.J'W/V 1F

Wl = 600 (8.34)(2) = 10,000 lb. BODs/day

RECIRCULATION RATIO IS 4:1, DETERMINE
THE REQU IRED FILTER DIAMETERS. Q = 2 MGD
AND ASSURE EQUAL EFFICIENCIES. USE THE
NRC METHOD.

Rec1 rcul at1 on Factor:

Load1ng (1 st fllter) -

Overall Eff1c1ency =600-50 x 100 =91.7~

600

Therefore: E1 + E2 (1 - E1) =0.91 7
E1 = E2 = 0.71 3

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Loading (2nd filter):

-~ ------- ------------

PROBLEM:

W2 = (1-El) Wl = .287 (10,000) = 2870 lbs.
BODs/day

Vo 1ume (2nd stage):

E2 = 1
1 + ,0085.[W2

(l-E 1) I V2F

V2 = 6.08 acre-foot
A2 = 1.013 acre = 44,200 square feet
02 = 237 feet (or two 2nd stage

fll ters)
at ~'2 = 168'

A DOMESTIC SEWAGE HAS A SUSPENDED
SOL IDS CONCENTRAT ION OF 300 MG/L. THE
FIRST PHASE OF A TREATMENT PROCESS FOR
THIS WASTE IS PRIMARY SEDIMENTATION.
THE PRIMARY SEDIMENTATION TANK HAS A
DETENTION TIME OF 2 HOURS, AND THE
AVERAGE SEWAGE FLOW RATE IS 4 MGD.

(a) Determ i ne the vo 1um e of the pri mary
sedimentation tank.

(b) Determ i ne the expected suspended
sol1ds removal.

(c) Determine the quantity of sludge (in
gallons) which would be produced per
day, assuming the sludge contains 95%
water and has a specific gravity of
1.03.
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(a) Vo 1ume = flowrate (cfs) x detent ion time
(sec,)

Volume = (4 MGD)( 1.547 cfs) (2 hrs) (3600 sec,)
MGD hr.

Volume = 44,550 cu. ft.

(b) A well designed clarifier may be expected to
remove 50 to 60 percent of the suspended
so 11 ds from a domest1c w astew ater.

(c) Assum 1ng a removal of 55~.

Volume of (0.55)(300 mg/L)(8.34 Ib/MG'(4 MGO)(7.48 gal/cu. ft.)

Sludge '" mg/l
(1.03)(0.05)(62.4 lb.lcu. ftJ

= 12,800 gals/day

PROBLEM: THE FLOW SHEET REPRESENTS A COMPLETE
MIXACTI VATED SLUDGE SYSTEM. THE .
INFLUENT FLOW RATE, QIN, IS 4 MGD, WITH
AN INFLUENT WASTE CONCENTRAT ION, SIN,
OF 250 MG/L. A MLSS OF 3500 MG/L IS TO BE
MAINTAINED IN THE AERATION TANK WITH A
RETURN SLUDGE CONCENTRAT ION, XR, OF
10,000 MG/L. ASSUM ING THAT THE INFLUENT
SUSPENDED SOLIDS CONCENTRATION, XIN, IS
NEGLIGIBLE, THE GROWTH-YIELD COEFFICIENT
IS:

0.5 ( lb cells)
lb BOD ut111zed

AND THE EFFLUENT WASTE CONCENTRAT ION,
SOUT, MUST BE NO GREATER THAN 20 MG/L,
DETERMINE:



Q in= 'Y-MGD

MLSS =3500mg/I~---.--~

.S in =250mg/1

I • Xin= Omg/I

XR = IO,OOOmg/1

Clarifier
Q out =?

-<
I
~

S out = 20mg/1 ..
0)

Q = ?w .

I
!

I
L



IV-l 19

• 46,000 gal/day

FIND QOUT

(3836 lb/day)(] 48 galley ft,)

<0.01 )(62.4 lb/cu. rU( 1.00)
Volume of •
sludge, Ow

= 0.5 lb eeJls x (250 mg/L - 20 mg/U x
lb BOD ut i11zed

,
QIN (0) + QR(XR) = (QIN + QR) MLSS

(8.34 lb/mg) x (4 mgd)
mg/L

• 3836 lb/day

excess sludge = (yield)(lb. BOD
utl1ized)

=(4 mgd) - (46,000 gal/day)
=3.95 mgd

MASS BALANCE:

QOUT = QIN - Qw

(a) Determine the quantity of excess
sludge produced:

FIND QW FIRST -

(a) the effluent flowrate, QOUT
(b) the sludge wastage rate, Qw

(c) the return sludgeflowrate, QR

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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QR ~B. - 1) = QIN
MLSS

FIND QR

QR ~ [ ---:....1 _

(XB-) - 1
MLSS

QR ~ (__----:..1---1
(10,000) - 1

3500

(4)

PROBLEM:

QR ~ 2.15 mgd

A MUNICIPAL WASTEWATER TREATMENT
PLANT HAS AN AVERAGE FLOW OF 50 MGD
AND APPL IES CHLOR INE TO THE SEWAGE
EFFLUENT AT 12,5 PPM. CHLOR INE IS
PURCHASED IN 16-TON CARS AT $2.70 PER
100 POUNDS. CHLOR INAT ION IS ONLY
REQUIRED FROM MAY 15 THROUGH
SEPTEMBER 15. A SWITCHING AND DELI VERY
CHARGE OF $92 PER CAR IS INCURRED.
CHLORINE IS APPLIED AS A 0.2~ SOLUTION
AND WATER COST $0.16 PER 1000 GALLONS.
WHAT IS THE ANNUAL COST FOR
CHLORINATION?

May 15 - September 15 = 124 days
Pounds of Chlorine = 50 x 12.5 x 8.34 x 124

= 646,000 lbs.
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Cost of the Water:

Note: 0.2~ = 2000 ppm

956 x 21 + 6190 = $26,266

x 2000 x 8,34 = 646,000

A WASTEWATER TREATMENT PLANT
PROVIDES PRIMARY TREATMENT FOR 30 MGD
OF SANITARY SEWAGE HAVING AN AVERAGE
SS CONTENT OF 200 PPM, 60~ OF WHI CH IS
REMOVED IN THE CLARIFIERS, SLUDGE
PUMPED DAI LY TO THE 01 GESTERS CONT AI NS
4~ DRY SOLIDS, 65~ OF WHICH ARE
VOLATILE, DIGESTION AT 90-F REDUCES
VOLATILE SOLIDS 60~, PRODUCING GAS
HAV ING A HEAT VALUE OF 600 BTU PER FT3

cost per Tank Car = 32,000 x 2.70 + 92 = $956
100

Number of Tank Cars = 646,000
200,000 x 16 = 20.2

or 21 cars

Total Chlorination Cost =

Cost = 38.7 x 106
1000 x 0.16 = $6,190

Gallons =38.7 x 106

Ga 11 ons Water

106

PROBLEM:

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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OF THE RATE OF 15 FT3 PER POUND OF
VOLATILE MATTER DESTROYED.

All OF THE GAS IS USED AS FUEL IN
ENGINES. HEAT RECOVERED FROM ENGI NE
JACKETS AND EXHAUST GAS IS SO~ OF INPUT
AND IS USED TO HEAT THE DIGESTERS IN A
SYSTEM HAVING AN EFFICIENCY OF 7S~.

HOW MUCH ADD IT IONAl HEAT FROM OTHER
SOURCES IS REQUIRED WHEN DIGESTION
TANK lOSSES ARE 1,000,000 BTU PER HOUR
AND PRIMARY SLUDGE HAS A TEMPERATURE
OF 4S-F?

SS removed by clarif1ers = Wss = 30 x 200
x 8.34 x .60 = 30,000 lbs/day

Volatlle material = Wvs = .65 X 30,000 =
19,SOO lbs/day

Volatl1e material digested = WVSD ::: .60 x
19,500 = 11,700 lbs/day

Heat from the Sludge Gas =Qg =

J 1,700 x 600 x 15 ::: 4.39 x 106 BTU/hr.
24

Amount of heat produced by engines = Q1 =
0.50 x 4.39 x 106 = 2.196 x 106 BTU/hour
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Amount of Primary Sludge =

WPS = 30,000 = 31,200 lb/hr.
.04 x 24

Assume speciffc heat of sludge is the same
as water or 1 BTU/ 1b/ of

Heat required to raise temperature of
• •sludge from 45 F to 90 F =

02 = 31,200 x 1 (90-45) = 1.404 x 106

BTU/hour

Heat loss from digester =aL = 106

BTU/hour

Heat reQui red by di gester = OL + a2 = (1 +

1.404) x 106 = 2.404 x 106 BTU/hr.

Let: 00 = needed heat from outside
sources

Efficiency of Heating System =

Output =OJ.. + 02. = 7.5
Input aO + a1

.75 = 2.404 x 1,06

0 0 + 2. 196 x 106

00 = 1.01 x 106 BTU/hr.
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t ~ ? . . % ~CIi1(JIr1IH9 = 32

. log (32) = 2- <I t
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TOWN A LOCATED ON A RIVER AND
DISCHARGING A WASTE OF , 00,000
POPULATION EQUIVALENTS PER DAY.
INDUSTRY B IS LOCATED 4 DAYS T IME OF
TRA VEL DOWNSTREAM OF A. ASSUME THE
RI VER LOAD UPSTREAM OF A IS ZERO; RI VER
K, AT 20·C IS 0.', AND THE RI VER WATER
TEMPERATURE IS 25·C; THE INDUSTRY HAS A
WASTE FLOW OF 2 MGD AT 489 MG/L BODs
WITH AN EFFLUENT k 1 AT 20·C OF O.l.
DETERMINE THE RESIDUAL POPULATION
EQUIVALENTS IN THE RIVER AT 10 DAYS
TIME-OF-TRAVEL BELOW A AND FRACTION
ORIGINATED AT TOWN A.

R1ver k 1 value:

K25· =0.' x , .047(25-20) =0.13

Industr1al Load:

P.E. =~ x 8.34 x 2 x 1. = 49,979
.68 .24

Where: 1 populat1on equ1valent =
0.24 lb. BODu/person-day

Assume: kR = k 1 C1.e., no sett11ng, sludge
depos1ts, etc.

logCY) = 2 - .13 x 4

Y = 30~ rema1n1ng after 4 days
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Town A Residual:

Indust ry B 0 ut fall :

Population Equivalent (PE) =

100,000 x .05 =5000 remaining

5~ remaining after 10 days=

100,000 x 0.3 = 30,000 remaining at
Town A

or 37~ of residual at 10 days originated at
Town A

Y

Town A fraction =5000 = .37
13,600

P.E. =

log(Y) = 2 - .13 x 10

Therefore:

P.E. = 79,979 x .17 = 13,600 remaining

Y = 17~ remaining after 6 more days

log(Y) =2 - .13 x 6

River P.O. =30,000 + 49,979 =79,979

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Therefore:

In1t1a1 Cond1t10ns:

Assume: 100 gallons/cap1ta-day

Da = 9.2 - 8.4 = 0.8 ppmTherefore:

tc = 1 log [~ (1 - .8 1t 18 - .13) )]
.18 - .13 .13 .1 3 Lu

9.72 x 9.0 + 2.5 X 6.0 = 8.4 ppm
12.22

Therefore: Dc = 9.2 - 3.0 = 6.2 ppm

(Plant Effluent) 01 =25,000 x 100 = 2.5
mgd

(Stream Flow) 02 = 15 x 7.5 x 86,400 =
9.72 mgd

•
Gs = 9.2 ppm (20 C)

A WASTEWATER TREATMENT PLANT IS BEING
CONSIDERED FOR A CITY OF 25,000. THE
RECEIVING STREAM HAS A MINIMUM 7
CONSECUTI VE DAY, 10 YEAR LOW FLOW OF 15
CUB IC FEET PER SECOND. THE STREAM
ABOVE THE OUTFALL HAS A RESIDUAL LOAD
OF 2 PPM BODs AND 9.0 PPM D.O. AT A

•TEMPERATURE OF 20 C; THE RI VER k 1 IS 0.13
AND k2 OF 0.18. IT IS DESI RED TO MAl NT AI N
THE MINIMUM D.O. ~ 3.0 PPM AT ALL TIMES.
WHAT DEGREE OF TREATMENT IS NEEDED?
(EFFLUENT D.O. IS ASSUMED AT 6.0 PPM).

PROBLEM:

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Dc = ..u Lu x 10- 13tc

.18

So lye for proper t c and Lu to g1ve Dc = 6.2

Assumed Calc. Calc.
Tr1al Lu tc Dc Conclus10ns

1 200 2.78 52 Too large
2 20 2.66 6.5 Too large
3 19 2.65 6.2 O.K.

Therefore:

Lu = 19 ppm (ult1mate stream BOD at t =0)

10g(V) = Z - .13 x 2.65
=49~ rema1n1ng at tc

10g(V) = 2 - .13 x 5 (Assum1ng effluent k 1 =
13)

=22~ rema1n1ng (78~ exerted)

Therefore:

BODs = 19 x .78 = 14.8 ppm

Assume raw domest1c sewage: BODs = 250
ppm
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SOLID WASTE
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SOLID WASTE

LANDF ILL PROBLEM:

GIVEN:

1. A SITE IS PROJECTED TO SERVE AS A SANITARY
LANDFILL FOR A CITY OF 10,000 PEOPLE. THE CITY OF
FORECAST TO GROW TO A POPULATION OF 24,000
WITHIN 15 YEARS.

2. PER CAPITA SOLID WASTE GENERATION IS ESTIMATED
TO BE 1,200 LBS/YR.

3. THE ESTIMATED FINAL DENSITY OF THE TRASH IS 620
LBS/CU YD.

4. THE SITE CAN BE EXCAVATED DOWN TO A 7-FT. DEPTH.
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FIND:

1. GENERAL REQUIREMENTS FOR A SANITARY LANDFILL
(REGULAT IONS).

2. WHAT ARE THE GENERAL CONSIDERATIONS TO CHOOSE
A SITE FOR A SANITARY LANDFI LL?

3. GI VE THE INCREMENT AL AREA PER YEAR NEEDED FOR
LANDFI LL'S LI FE FOR A SELECTED DEPTH OF FI LL.

4. GI VE THE AREA NEEDED FOR LANDFILL PER YEAR IN
ACRES FOR A 7-FT. LI FT.

SITE SELECTION:

SITE SELECTION CONSIDERS SOIL CONDITIONS,
GROUNDWATER LEVELS, LOCATION RELATI VE TO
POPULATED AREAS AND FUTURE LAND-USE PLANNI NG.
CONDITIONS MUST BE SUCH THAT GAS LEACHATE, WATER
SEEPAGE AND RUN-OFF DO NOT CAUSE POLLUTION
NUISANCE OR HEALTH HAZARDS. A MONITORING PROGRAM
SHOULD BE ESTABLISHED TO ENSURE THAT AN ADEQUATE
ENVIRONMENT IS MAINTAINED AT THE SITE. PROJECTED
LAND USE MAY BE A PARK WITH RECREATIONAL FACILITIES
THAT ARE NOT AFFECTED BY GRADUAL SUBS ISTENCE AT
THE GROUND SURFACE.

GENERAL REQUI REMENTS:

1. EACH DAY'S WORK SHOULD FORM ONE CELL OR LIFT
BUT THE MAXIMUM HEIGHT OF A CELL OR LIFT SHOULD
BE 10FT. (7 FT. < 10FT. THEREFORE OK).
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I
2. SPREAD AND COMPACT WASTE IN LAYERS 2 FT. OR

I LESS COMPACTED THI CKNESS.

I 3. COVER WORK AT THE END OF EACH DAY WITH 6 TO 12
IN. OF EARTH.

I 4. FINAL TOP AND SIDE SURFACES SHOULD BE COVERED
WITH AT LEAST 2 FT. OF EARTH.

I
5. BOTTOM OF LANDFILL SHOULD BE AT LEAST 5 FT.

I ABOVE THE MAXIMUM ELEVATION OF GROUNDWATER
TABLE.

I 6. BOTTOM OF LANDFILL SHOULD BE AT LEAST 5 FT.

I
ABOVE BEDROCK.

(a) (b) (c) (d) (e)

I Year Population Solid Waste Per Year Acres
(Millions, lbs.> ( 1000 cu. yds)

I 1 10,000 12 19.4 2.15

I
2 11,000 13.2 21.4 2.37

3 12,000 14.4 23.4 2.49

4 13,000 15.6 25.4 2.61

I 5 14,000 16.8 27.4 2.73

6 15,000 18.0 29.4 2.85

I 7 16,000 19.2 31.4 2.97

8 17,000 20.4 33.4 3.09

I 9 18,000 21.6 35.4 3.21

10 19,000 22.8 37.4 3.33

I
1 1 20,000 24.0 39.4 3.45

12 21,000 25.2 41.4 3.57

I
I
I



(a)

Year

13
14
15

(b)
Population

22,000
23,000
24,000

IV-142

(c)

Solid Waste
(Mill ions, lbs,)

26.4
27.6
28.8

(d)
Per Year

(1000 cu. yds)

43.4
45.4
47.4

(e)

Acres

3.69
3.81
3.93

Total Acreage Requ1red 1n 15 Years 46.25 Acres

THE REFUSE IS LAID ON THE SLOPE IN LAYERS 12 IN. TO 18
IN. THICK. EACH LAYER IS COMPACTED BY FOUR OR FIVE
PASSES OF THE TRACTOR UP AND DOWN THE SLOPE.
ASSUME THAT FOR EACH DAY'S WORK THE FINAL
COMPACTED THICKNESS OF THE REFUSE IS:

Compacted Th1ckness = 2 ft.

TO CALCULATE AREAS REQUIRED, CALCULATE VOLUME
AND WEI GHT OF REFUSE PER FT2 OF AREA. FOR EVERY 2
FT. OF COMPACTED REFUSE ON THE SLOPE FACE, THERE IS 6
IN. OF EARTH COVER. THEREFORE, IN A VERTICAL COLUMN
OF LANDFILL 7 FT. DEEP, THE DEPTH OCCUPIED BY REFUSE
IS:

Refuse Depth =2.Q. (7) =5.6 ft.
2.5

THE VOLUME OF COMPACTED REFUSE PER ACRE IS:

Volume =~ (43,560) = 9,035 yd3 /acre
27
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AND THE WEI GHT PER ACRE IS:

Weight = 9035(620) = 5,602( 10)6 lb/acre
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T = 602143 = 14

Definitions:

43 T = 602

P = T x 19 = 266

100 (T) = 5 (T + P) =5T + 5P
95 T = 5 P
19 T= P

ATR = 300 vehicles
Trucks =5 percent (five axles per truck)

V-3

ADT: Average Daily Traffic
DHV: Design Hour Volume (30th Highest Hour)
K-Factor: DHV/ADT
D-Factor: Directional Distribution (%)
T-Factor: Truck Percentage
ATR: Automatic Traffic Recorder
TMC: Turning Movement Count

T + P = 280. not 301

Now: (T x 5) + (P x 2) =602

Substitute for P: (T x5) + (19 T x 2) = 602

(T x 5) + (P x 2) =602; also.

T/(T + P) = 5/100 (5 percent)

Solve for P:

Let T =# of Trucks; and P =# of cars

301 ATR Reading = 602 axles

Hint: Total of vehicles is less than 300.

Determine: Actual Volume

Given: ATR Volume. Percent Trucks

Solution:

SAMPLE PROBLEM:

Traffic Volumes

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Traffic Volumes (Peak Hour Factor) (Cont'd.)

SAMPLE PROBLEM (Cont'd.)

Problem:

Given:

Reference:

Solution:

Determine Peak Hour Factor

Traffic Volumes

PHF = Hourly Volume/(4 x Highest 15-Minute Volume)

Time

4:15 - 4:30
4:30 - 4:45
4:45 - 5:00
5:00 - 5:15
5:15 - 5:30
5:30 - 5:45
5:45 - 6:00
6:00 - 6:15

Volumes

600
625
530
880
720
600
510
500

Volume

2635
2755*
2730
2710
2330

Hour

4:15 - 5:15
4:30 - 5:30
4:45 - 5:45
5:00 - 6:00
5:15 - 6:15

PHF = ..:.:h:=.;ou::.:.r1.:.l.v...::v.:;ol:::,um:.:.:.:::.e _
4 x peak 15-minute volume

= 2755 =0.78
4x880
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TRANSPORTATION

I References

I Traffic Volumes

I
Traffic Signal Warrants

Freeway Interchanges

I Level of Service

I Freeway Analysis

I Signalized Intersections

I • Vehicle Speeds

I
Accident Data

Trip Generation

I • Queuing
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Transportation References

1. Manual of Uniform Traffic Control Devices for Streets and Highways by U.S.
Department of Transportation Federal Highway Administration. 1978.

2. Transportation and Traffic Engineering Handbook. by the Institute of Transportation
Engineers. 1976.

3. Highway Capacity Manual. Highway Research Board Special Report 209.1985.

4. Highway Engineering, Wright and Paquette. 5th Edition. 1985.

5. A Policy on the Geometric Design of Highways and Streets. American Association
of State Highway and Transportation Officials, Washing, DC. 1990.



Warrant 1 •• Minimum Vehicular Volume:

V-5

MUTCD.

Minimum Criteria for Provision of a Signal.

Minor Street more than 75 vph for 8 hours
(Reduce by 30 percent for rural locations)

Major Street more than 750 vph for 8 hours; and

Minor Street more than 150 vph for 8 hours
(Reduce by 30 percent for rural location)

Major Street more than 500 vph for 8 hours; and

Warrant Warrant

1 - Minimum Volume 6- Accidents

2- Interruption of Traffic 7- Systems

3 - Pedestrian 8- Combination

4- School Crossing 9· Delay"

S - Progressive Movement 10· Four Hour"
11 - Peak Hour"

Warrant 2 -- Interruption of Continuous Traffic:

Source:

Definition:

Traffic Signal Warrants

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Traffic Signal Warrants (Cont'd.)

SAMPLE PROBLEM:

Given: Hourly Traffic Volumes, Urban Location.

Determine: If Signal Warrants are Met.

Major Street Minor Street
Hour Begins EB WB NB SB

6:00 400 100 35 60
7:00 750 300 100 170
8:00 600 400 100 190
9:00 500 350 80 90

10:00 400 400 90 110
11:00 450 500 80 120
12:00 500 500 175 150

1:00 350 400 125 160
2:00 3:00 350 80 140
3:00 350 600 135 105
4:00 400 700 200 175
5:00 300 600 180 195

Solution:

Step 1: Determine Total Main Street Volumes.

Step 2: Select Appropriate Volume Criteria.

Step 3: Compare Actual Volumes to Selected Criteria.

Step 4: Count Number of Hours for Which Criteria are Satisfied.
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Freeway Interchanges

SAMPLE PROBLEM:

Problem:

Given:

Reference:

Solution

Design Appropriate Interchange

Traffic Volumes

AASHTO -- Chapter X

Step 1: Determine Roadway Classifications

Local Road

Collector Road

Arterial Road

Freeway

-- ADT =2,000 vpd

-- ADT =2,000 - 12.000 vpd

-- ADT =12,000 - 40,000 vpd

-- ADT =30,000 vpd and up

Step 2: Consider:

• Cost
• Left Turns
• Right-of-Way
• Weaves

Left Turns At-Grade

Restricted: Cloverleaf

Weave Volumes

High: All-Directional Ramps

Step 3: Select Alternatives

Unrestricted: Diamond

Low: Cloverleaf

Scenario Class

A ColiectorlLocal

B Freeway/Arterial

C FreewaylLocal
D FreewaylLocal

Lefts Weave Design

Low Low At-Grade

High High All-Directional

Medium Low Diamond

High Low Partial Cloverleaf
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Level of Service

Quality of Flow

Based on Volume. Delay, Density or Voiume-to-Capacity

Scale A - F

FREEWAY ANALYSIS

Source: HCM. Chapter 3

Service Flow = SFj = Cj x (V/C}j x N x fw X fHV X fp
Cj = Ideal Capacity Based on Design Speed j

V/Cj = Maximum Volume-to-Capacity Ratio at LOS i

N =Number of Lanes

fw =Factor for Width
fHV = Factor for Heavy Vehicles

fp = Factor for Population

Given: ADT =60,000 vpd

-- K-Factor = 9.8%

-- D-Factor =75%
-- Trucks = 5% (Heavy)

-- Grade =4% for 1 mile
-- Lateral Clearance =10' right; 6' left; 12' lanes

-- Design Speed = 60 mph

-- Population = Commuters

-- LOS for Design =LOS D

Determine: Number of Lanes Needed
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Sample Problem: Freeway Analysis (Cont'd.)

Solution:

SF = ADT x D-Faetor x K·Factor
60,000 x .75 x .098 =4,410

Cso = 2,000 vph (Table 3.1)

V/CD = 0.84 (Table 3.1)

N = Assume equals 1

fw = 1.0 (Table 3.2)

fHV = 0.69 (Table 3.6, Eq. 3.4) =1/(1 + .05 (10-1))
also, Er = 10

fp = 1.0 (Table 3.10)

SFo =Cj x (V/Co) x N x fw X fHV xfp

Maximum Flow/Lane at LOS 0 = 2,000 (.84) (1.0) (.69) (1.0)

SFO/Lane = 1,159

N =4,410/1,159 =3.8 (say 4 lanes/direction)



70 MPH 60 MPH..
DESIGN SPEED DESIGN SPEED

DENSITY ISPEEDb
) vic MS~ SPEEDb

vic MS~

LOS (PC/MI/lN) . \(MPH) (PCPHPl) (MPH) (rCPHPl)

A ~ 12 ~6O 0.35 700 !- - -
B ~ 20 ~ 57 0.54 1.100 ~ 50 0.49 1,000
C ~ 30 ~ 54 0.77 1.550 ~ 47 1,400
D ~ 42 . ~ 46 0.93 1.850 ~ 42 ~ 1.7~)E ~ 67 ~ 30 1.00 2,000 ~ 30 .00 2,000
F > 61 < 30 c c < 30 c c

.I

<
I..
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- ~DJUSTMENT FACTOR FOR RESTRICTED LANE WIDTH AND LATERAL CLEARANCE
.- --

ADJUSTMENT FACTOR, f.
OBSTRUcnONS ON ONE ODSTRUCTIONS ON DOTII

DISTANCE FROM SlOE OF TIlE ROADwAY SlOES OF nlE ROADWAY
TRAVELED

LANE wlOrn (FT)rAvEMENT"

(FT) 12 11 10 9 12 11 10 9

4-LANE FREEWAY
(2 LANES EACH DIRECTION)

~ 6 1.00 0.91 0.91 0.81 1.00 0.97 0.91 0.81
5 0.99 0.96 0.90 0.80 0.99 0.96 0.90 0.80
4 0.99 0.96 0.90 0.80 0.98 0.95 0.89 0.79
3 0.98 0.95 0.89 0.79 0.96 0.93 0.87 0.77
2 0.91 0.94 0.88 0.79 0.94 0.91 0.86 0.76
I 0.93 0.90 0.85 0.76 0.87 0.85 0.80 0.71
0 0.90 0.87 0.82 0.73 0.81 0.79 0.74 0.66

6- or 8- LANE FREEWAY

(3 or 4 LANES EACH DIRECTION)

~ 6 1.00 0.96 0.89 0.78 1.00 0.96 0.89 0.78
5 0.99 0.95 0.88 0.71 0.99 0.95 0.88 0.77
4 0.99 0.95 0.88 0.71 0.98 0.94 0.87 0.77
3 0.98 0.94 0.81 0.16 0.91 0.93 0.86 0.76
2 0.97 0.93 0.87 0.76 0.96 0.92 0.85 0.75
I 0.95 0.92 0.86 0.75 0.93 0.89 0.83 0.72
0 0.94 0.91 0.85 0.74 0.91 0.87 0.81 0.70



TABL1 3-6'J~ASSENGER.CAREQUIVALENTS FOR HEAVY TRUCKS (300 LD/HP)

GRADE LENGnl PASSENGER·CAR EQUIVALENT, E r
(%) (MI) 4-LANE FREEWAYS 6-8 LANE FREEWAYS

PERCENT TRUCKS 2 4 5 6 8 10 15 20 2 4 5 6 8 10 15 20

<1 AU 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

1 0-114 2 2 ' 2 2 2 2 2 2 2 2 2 2 2 2 2 2
114-112 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
112-3/4 4 4 • 4 4 3 3 3 3 4 4 4 3 3 3 3 3
3/4-1 5 4 4 4 3 3 3 3 ~ 4 4 4 3 3 3 3
l-IYt 6 5 5 S 4 4 4 3 6 S 5 4 4 4 3 3
>IYt 1 5 5 5 4 4 4 3 7 5 5 5 4 4 3 3

2 0-1/4 4 4 4 3 3 3 3 3 4 4 4 3 3 3 3 3
114-112 1 6 6 S 4 4 4 4 1 5 5 5 4 4 4 4
112-3/4 8 6 6 5 5 4 4 4 8 6 6 6 5 5 4 4
3/4-1 8 6 6 6 5 5 S 5 8 6 6 6 5 5 5 5
1-IYt 9 1 1 1 6 6 5 5 9 1 1 6 5 5 5 5
>IYt 10 1 1 1 6 6 5 5 10 7 7 6 5 5 5 5

3 0-1/4 6 5 · 5 5 4 4 4 3 6 5 5 5 4 4 4 3
1/4-1/2 9 7 7 6 5 5 5 5 8 7 7 6 5 5 5 5
1/2-3/4 12 8 : 8 7 6 6 6 6 10 8 7 6 5 5 5 5
3/4-1 13 9 · 9 8 7 7 7 7 11 8 8 7 6 6 6 6
> 1 14 10 10 9 8 8 7 7 12 9 9 8 7 7 7 7

4 0-1/4 1 5 · 5 5 4 4 4 4 7 5 5 5 4 4 3 3,
6114-1/2 12 8 · 8 1 6 6 6 10 8 7 6 5 5 5 5

112-3/4 13 9 9 8 1 1 1 1 It 9 9 8 7 6 6 6
3/4-1 IS 10 :10 . 9 8 8 8 8 12 10 10 9 8 7 7 7

'.
>1 17 12 :12 10' 9 9 9 9 13 10 10 9 8 8 8 8

S 0-114 8 6 6 6 5 S 5 5 8 6 6 6 5 5 5 5
1/4-112 13 9 9 8 7 1 7 7 It 8 8 7 6 6 6 6
1/2-3/4 20 15 IS 14 It 11 11 11 14 It 11 10 9 9 9 9
> 3/4 22 17 17 16 13 13 13 13 11 14 14 13 12 11 II 11

6 0-1/4 9 7 7 1 6 6 6 6 9 7 7 6 5 5 5 5
1/4-1/2 11 12 12 It 9 9 9 9 13 10 10 9 8 8 8 8

> 112 28 22 22 21 18 18 18 18 20 17 17 16 IS 14 14 H

NOTE If I Icnsth o( v-de (ails on I boundary condition, Ihe cquivalcnl (rom Ihe lonlet" v-de calelory is used. For Iny lrode Sl<epcr Ihon Ihe penxnl shown. W<: Ihe nexi IUsber
arode calclory.

<
I
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fABLE )-10. ADJUSTMENT FACTOR FOR THE CHARACfER OF

THE TRAFFIC--5TREAM
'.

TRAFFIC STREAM TYPE FACfORS, f, <
I
~

Weekda~ or Commuter 1.0 >oJ

Other 0.75-0.90·

• Engineering judgment and/or local data must be used in selecting an exact
value.
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Signalized Intersections

LOS Based on Delay

Delay Based on:

cycle length
green time
volume
capacity
platooning characteristics

Ideal Capacity (saturation flow =1,800 vph)

Source: HCM

S = So Nfw fHV f9 fp fbb fa fRT fLT
So = Ideal Saturation Flow = 1.800 vph

N = Number of Lanes

fw = Width Factor (Table 5.8)

fHV = Truck Factor (Table 5.9)

f
9

= Grade Factor (Table 5.10)

fp = Parking Factor (Table 5.11)

fbb = Bus Factor (Table 5.12)

fa = Area Factor (Table 5.13)

fRT and fLT = Right- and Left-Turn Factors

---~---~

SAMPLE PROBLEM:

Given: Signal Timing, Geometry. Location. Volumes

Determine: Capacity
Two 11' Lanes
10% Trucks
2% Downgrade
CBD Location
No Buses

Solution:

No Parking
Random Arrivals
No Turns
GO-Second Cycle
Green Ratio = .45

S = So N fw tHv f9 fp fbb fa fRT fLT

S = 1,800 X 2 X 0.97 X 0.95 X 1.01 X 0.90 (all others =1.0)

S = 3,015 vehicles/hour of green time

Capacity =3.015 X .45 =1,357 vph



TABLE 5-12
ADJUSTMENT FACTOR FOR BUS BLOCKAGE

SonU:E: Highu:ay Capacit.., Manual. Tr.lnsportation Research Board Special Report
~(). ~()9 (I!JH5).

<
I..

- -

<:-0-:>.

5.1 to 15.0
15.1 to 25.0
25.1 to 40.0
40.1 to 60.0

>60.0

Stopptd Delay pa \'rhicle (sa)

A
B
C
D
E
F

TABLE 5-14
LEVEL OF SERVICE CRITERIA FOR
SIGNAUZED INTERSECTIONS

0.90
1.00

Factor
fa

Number of La lies in
Number of Busts Stopping ptr Hour, Nn

LlUll' Group 0 10 20 30 40

1.00 0.96 0.92 0.88 0.83

2 1.00 0.98 0.96 0.94 0.92

3 1.00 0.99 0.97 0.96 0.9·1

SOl'RC[: Hightt'a.v Capacity Man ual. T fa ns­
porlation Research Board Special Re­
pon No. 209 (J 985).

T),pt of Arta

Central business district
All other areas

TABLE 5-13
ADJUSTMENT FACTOR FOR
AREA lYPE

~-_ .... _...' •. --->--"j----



TABLE 5-8
ADJaSTMENT FACTOR FOR LANE WlDTH

Lane Width, ft 8 9 10 11 12 13 14 15 >16

Lane \Vidth
Factor. f w 0.87 0.90 0.93 0.97 1.00 1.03 1.07 1.10 Use 2 lanes

SoURCE: Highwa] CapadlJ MantJl11. Transportation Research Board Special Report No. 209 (1985).

TABLE 5-9
. ADJaSTMENT FACTOR FOR HEAVY VEHIClES

<
Percent Heavy I

I\)
Vehicles, %HV 0 2 4 6 8 10 15 20 25 30 0

Heavy Vehicle
Factor fHV 1.00 0.99 0.98 0.97 0.96 0.95 0.93 0.91 0.89 0.87

SoURCE: Highway Capacity MantJl11. Transportation Research Board Special Report No. 209 (l985).

TABLE 5-10
ADJaSTMENT FACTOR FOR GRADE

Grade. %
Grade. Factor, f g

-6
1.03

Downhill

-4
1.02

-2
1.01

Level

o
1.00

+2
0.99

Uphill

+4
0.98

+6
0.97

SOURCE: Highway Capacity Manual. Transportation Research Board Special Report No. 209 (1985).



SoURCE: Highway Capacity A\tanual. Transportation Research Board Special Report No. 209
(1985).

TABLE 5-11
ADJUSTMENT FACTOR FOR PARKING

<
I

I\)
~

40

0.70
0.85
0.89

30

0.75
0.87
0.91

20

0.80
0.89
0.93

10

0.85
0.92
0.95

Number of Parking Maneuvers per Hour, N".

o
0190
0.95
0.97

1.00
1.00
1.00

No
Parking

1
2
3

Numb" ofLants in
Lam Group
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Sample Problem: Signalized Intersection
(Planning Method)

Problem:

Given:

Reference:

Determine Level of Service

Geometry, Volumes

HCM, Chapter 9

\ ----­
I l~
I
I

I

__J;ji
--- -- \
~-~-
---~

1
N

~----

-
700

\ 100
'--

900

Intersection Geometries

Solution:

Step 1: Assign Volumes to Lanes

175
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S~/TH

1M~
'lOO - 1//001
IDO ( WB lOTAL

N-S STREET

~~o~ -:::::~ ~ - ~

_.- --\:-;-~ 'I tt1 - - -~~SSOIl/
""I r( E·W STREET
,... 17£

I~ 1s-~I(-ll"

11.-'S I
NBlOTAL

-- Step 1: Assign Volumes to Lanes

.J 200

1""'-/-00-0-1 - 700

EBIDTAL , 1
00

SBlOTAL

13,s-1 L-

~-~-~l~--'oo ~:g
2S0 i 1"""-

1-----_---:.-_-_---"! \ ~-_--~-----;
4

I
I
I
I
I
I
I
I
I
I
I
I
I
I,
I
I
I
I
I
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Sample Problem: Signalized Intersection
(Planning Method)

Solution (Cont'd.):

Step 2: Sum Conflicting Volumes (through plus opposing left)

EBLT = J.OO NBlT = ,~

WBrn = 500 SBrn = "1S-

l,oolJ 135"0 IJ
WBlT = loa l SBlT = roo .l

>OR
~co

>OR
EBTH = ~oo NBTH =

Isao I 13001'

Step 3: Select Critical Conflicting _ F« 0 WI ~ + C. 0 A ~ , "'c..

700 + 3so
-E--W-C-R-IT...I....C....A-L-- N-S CRITI~C'-A-l---

Step 4: Determine Status Per Table

lOS'o

MAXIMUM
SUM OF CRmCAL

VOLUMES

0101,200

1.201 to l.4oo

> 1,400

CAPACITY
LEVEL

UNDER

NEAR

OVER



L = Lost Time (typically 3 to 5 seconds per phase)

Minimum Cycle Length = C = Lx XJ[X - (V/S)1 - (V/S)2 - (V/S)3 - ...J

Optimum Green Time = (C-L) x (V/S)/(V/S)1 + (V/S)2 + (V/S)3 + ...

x (103 - 8) = 57 seconds

x (103 - 8) = 38 seconds

.50

.33

.50 + .33

.50 + .33

HCM

Phasing, Volumes, Lost Time

Timing

G/CN_S =

V-25

Two Phase

N-S Volume =500 vph

N-S Capacity =1,500 vph

E-W Volume = 600 vph

E-W Capacity =1,200 vph

Lost TIme = 4 seconds/phase

Desired VIC Ratio =.90
V/SN_S =500/1,500 =.33

V/Se_w =600/1,200 = .50

Total VIS = .33 + .50 = .83
C =(4 + 4) .90/(.90 - .83)

=103 seconds

Source:

Determine:

x= desired overall VIC ratio

Given:

vis = volume/saturation

SAMPLE PROBLEM:

Signalized Intersections-Timing

I
I
I
I
I
I
I
I
I
J
I
I
I
I
I
I
I
I
I
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Vehicle Speeds

Use of Speed Data:

Law Enforcement

Design Criteria

Setting Speed Limits

Sight Distance Evaluation

Definitions:

Mean Speed = Average

Median Speed =50th Percentile

85th Percentile = Design Standard

Mode =Most Frequently Observed Speed

Pace =10 mph Speed Range Containing Most Observations

SAMPLE PROBLEM:

Given:

Determine:

Source:

Speed Frequencies

Mean, Median, 85th Percentile, Mode; Pace

T+TE Handbook

Speed Group (mph)
11-15
16-20
21-25
26-30
31-35
36-40
41-45
46-50

Freguency
1
3

21
41
38
10
10

2
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Vehicle Speeds

Solution:

Step 1: Calculate Mean Speed

Speed Group Assumed Total
(mph) Frequency Speed (mph)

11-15 1 13 13
16·20 3 18 48
21-25 21 23 483
26-30 41 28 1.148
31-35 38 33 1,254
36·40 10 38 380
41-45 4 43 172
46·50 2 ~

96
Total 120 3,594

Mean =3,594/120 =29.95 (say 30 mph)

Step 2: Calculate Median Speed.
Multiply 120 x .50 = 60. By inspection. median speed = 28 mph.

Step 3: Calculate 85th Percentile Speed.
Multiply 120 x .85 =102. By inspection, 85th percentile speed =
38 mph

Step 4: By inspection, mode =28 mph.

Step 5: By inspection. pace = 26 mph to 35 mph.
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Accident Data

Use of Accident Data:

Identify Hazardous Locations

Establish Safety Improvement Priorities

Cost-Benefit Analysis

Classifications:

Property Damage Only

Personal Injury

Fatality

SAMPLE PROBLEM:

Given:

Determine:

Source:

Number of Accidents, Volume

Improvement Priorities. Rate vs. Number of Methods, Why.

T+TE Handbook

Accidents/
Intersection ADT Year Number

A 820 4 4
8 1,200 5 5
C 1,070 7 7
0 1,400 6 6

Accidents/ Length
Link ADT Year (miles)

A 19,000 7 1.50
8 20,000 14 1.35
C 55,000 18 4.5
0 40,000 30 2.48

I

Rate

4/820 = .0049
5/1,200 = .0042
7/1,070= .0065

"/I'iCr: = .0043

Rate

7/(19 x 1.5) = .25
14/(20 x 1.35) = .52

18/(55 x 4.5) = .07
30/(40 x 2.48) = .30



Traffic Accident (Skidding)

S = 1.47 V T + V2/30 (f + g)
S = 0 + V2/30 (f + g)
S = V2/30 (f - .03)

Initial Speed

Length of Skid, Grade, Final Speed. Pavement Condition.

.40

.38

.35

.34

.32

.31

Wet Pavement
Coefficient
of Friction

(f)

+ Distance Traveled
During Deceleration

20
25
30
35
40
45

Initial
Speed
(mph)

Distance Traveled
During Reaction

T+TE Handbook. AASHTO (Table /11-1)

Given

V-29

3% downgrade
185-foot skid
Wet pavement

Final Speed = 20 mph

S = Distance (feet)
V = Velocity (mph)
f = Coefficient of friction (no units; varies with speed)
9 = Grade (percent)
T = Time (seconds)

Source:

Determine:

Given:

Stopping Distance Traveled =

SAMPLE PROBLEM:

I
I
I
I
I
I
r
I
I,
I
I
I
a
I
I
I
I
I
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Sample Problem: Traffic Accident (Skidding)

Distance Traveled During Reaction (does not apply; considering breaking distance

only)

Skid Length =Braking Distance for Initial Velocity--Braking Distance for Final

Velocity

185 Feet =SDj - SOt

185 SD j - SOt

SOt V2

30 (f -.03)

185 SD j - SDf =SDj - 36
SDj 185 + 36 =221

221 = v.2
1

30 (f - .03)

202 = 36 FT
30 (.40 -.03)

By trial and error

221 452/30 (.31 - .03) f 241

221 = 432/30 (.31 - .03) = 220

Initial Speed =43 mph

Check: Table 111-1

43 mph = 191
20 mph = 33

191 - 33 = 158 on level pavement

Problem statement = 185 on 3% downgrade



ASSUlIlcd Braking __SI(~I~ping S!g!!~pist~!!~~_____
ncsign Specd for Bral<c Hcaction Cocffident Bislancc Hounded------------
Spced CUlII! if ion Time Distance of Friel ion on Lcvcl Computcd for Design
(mph) (mph) (sec) (fl) f (fl) (ft) (fO

20 20-20 2.5 71.3-73.1 OAO 33.3-33.3 lOG. 7- lOG. 7 125-125
~.
~

25 2,125 2.5 88.0-91. 7 O.JR 50.5-54.8 IJ R.5-I '1 G. 5 150- 1SO ~
30 28-)0 2.5 102-7-110.0 0.35 74.7-85.7

....1
177 .3-1~)5 .7 200-200 ()

35 32-35 2.5 117.3-128.3 0.34 100.4-120. I 217.7-2'18.4 225-250 I
Cl'10 36-,10 2.5 132.0-1 '16.7 0.12 135.0-16G.7 2(l7.0-313.3 275-325 ft,
()l15 40-,15 2.5 1'16.7-165.0 0.31 172.0-217.7 318.7-382.7 325-'100 ::i
n,....50 4/1-50 2.5 l(d.3-183.3 0.30 215.1-277.8 376.4-461.1 400-'175 't
i=).

55 48-55 2.5 176.0-20 I. 7 0.30 25G.0-336.1 432.0-537.8 '150-550 tJ
n,GO 52-60 2.5 190.7-220.0 0.29 310.8-413.8 50 I .5-G13.8 52S-GSO v,

(10 <65 55-65 2.5 20 1.7-238.3 0.29 347.7-485.6 549.4-724.0 550-725 ;::

70 58-70 2.5 212.7-256.7 400.5 -583.3 613.1-840.0 ~ I0.28 625-850 ,
(,)::t:

~.

"'"(J<~

;::.-...
()

·OC
Tflhlc 11I-1. Stopping sight distance (wet pavements). v,

D
:::
D_

~
't
n,
n,
<;;
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Sample Problem: Trip Generation

Problem:

Given:

Solution:

Estimate ADT

Roadway is Sole Access to:

A. 350 Homes
B. 250 SF Retail

T = Trips
X = Size (# of Homes; # of KSF)

Ln ( ) = Natural Log

A. Ln (T) = 0.921 Ln (X) + 2.6
Ln (T) = 0.921 Ln (350) + 2.6
Ln (T) = 0.921 (5.85) + 2.6
LN (T) = 5.4 + 2.6 =8.0

T = 2.966

B. Ln (T) = 0.625 Ln (X) + 5.985
Ln m= 0.625 Ln (250) + 5.985
Ln (T) = (0.625) 5.52 + 5.985
Ln (T) = 3.45 + 5.985 =9.4359

T = 12,530
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Queuing

Il = Service Rate

Average Service Rate/Distribution

E(n) =

p(n) = pO P(O)
p(O) = 1 - P

E(m) = p2
1 • P

P

Arrival Rate. Service Rate, Distribution tor Parking L.:ot Entrance

Average and 95th Percentile Number in System

Given:

Determine:

3. Average Queue Length:

4. Average Number in System:

. .A = Arrival Rate ..... Queue .....

Average Arrival Rate/Distribution

Random = negative exponential distribution

Formulas (Source: T+TE Handbook):

1. Utilization Factor: p =~/Il

2. Number in System (n):

SAMPLE PROBLEM:

I
I
I
I
I
I
I
I
I
I
I
I
I
.1
I
I
I
I
I
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VI.

Soils

Instructor

Tapes

@@)



----~-----~----~---

SOIL MECHANICS

LECTURE 1

• SOIL CLASSIFICATION

• PHASE RELATIONSHIPS

• EFFECTIVE STRESS

• CONSOLIDATION

<-I
..4



GRADATION ANALYSIS

TEST NO lolATERIAL SOURCE REMARKS

912.1 Sallpl. No. 9-" Brown f-c SRAVEl end
Andov.r. M.••• 1-c 9ANl" tr-.:e gUt

IN. IN.IN IN. 4 jO 20 4 60 100 200

IR I II I I
1\ 1 II I I
I ~ I 1 I I I 1
1 1\ I I I I I 1 I
I 1\1. 1 I I I I I
I 11\ I I I I I I
1 I I I I I I I
I 1 II I I
I I ~ II I I
1 1 [\11 I 1 I
I I ~ I I

I I II '\ I I
I I II ~

I I II ~'h I I
I I II I I

I I II

'"
I I

I I I I
I I " I I

I I I I
I I

\"...

I I

I I I I
I

~
I

I I ~ I I

I I '" r-.....l

I I I l-
I I I 1

.....
0

°
1O
0

mlJ
om

:0
n

........ m
°z

-I

~T1
H
Z

Ulm
0:0

Am <
0-< I

~
I\)

wfll
OH

G1
:::r:::

1\)-1
0

~

0

10
53

SILTFINEMED UMCOARS
AND

100 10-1

GRAIN SIZE IN MILLIMETERS

U.S. STANDARD SIEVE SIZE
NO. NO. NO. NO. NO. NO. NO.

RAVE

j 3/.. 1/2

COARSE F NE

2

H
Z
n

~ :D-ICU)lD
'0 ml1ll1l~D

~ <O'OZ:D
... :1:-1"11'"

i§ ~. :I::;;~...
~)C

~ D

~
m

ElIl I G1 CJ
(/)

:DUJ-f»-f0
OoZ»zm
-1 m (/)
H:I::J:
o~o• "0
Z "0

ZH
-I~Z

TI cz-t
mUJ(j)

... ~Dm UJ(I)o
r -to II) . m
m 111 -t -I Z... ~",II) UJ -tlit IItm m6 .. :II. ... :D111

i.. CD III..
"II>

'"
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Atterberg limits and related indices.



PHASE RELATIONSHIPS

Volumes Weights

4

<-I
~



Vv
e

5

n wG--
I- n S

e

1 + e
V

v - Is

1 - Vs
V

Supplementary formulas relating measured and computed factors

Unsaturated
sample

(W s ' Ww , G, V
are known)

measured

measured

VOLUME AND WEIGHT RELATIONSHIPS

Saturated
sample

(W s ' Ww '
G, are
known)

volume of (l - S)Vezero V - (Vs + Vw ) Vv - Vw (1 - S)Vvair or gas (l + e)

volume of Ww SVe
-. Vv-V a SVv Iwater Yw ( + e)

porosity

void ratio

weight of
solids

weight of
water

volume of Ws V
I

Od a -- V -(Va + V w) V(1- n)
so I s Gyw (1 + e)

total
we ight of
sample

Property

e

V

n

V.V volume of Ww V_~ V _ V
s

Vs n Ve

t-_--:-=-v:-:0:-1idrs:":":lr--f-_-'y!-w=---._-t- G.::..Jy!-w~_ _t_-------+----=I=----n-_-+_--..:...:(1=-...:.+_e~):...-_+-_.,:.-V_s_e_-J S
totaT vol- I
umeof Vs +Vw measured V

s
+Va +Vw Vs Vs (1 + e) Vv(l +e) (J'I

1 - n e
sample

III...
c::
lU
c::
o
~

8
o
U

lU

§.....
o
>

---~-~-----~~------



VOLUME AND WEIGHT RELATIONSHIPS (continued)

Wt Gyw Gyw
V(1 + w) (1'+ e) I + wG/S

WT (G+Se)yw (l + w) Yw
V (I + e) w/S + l/G

W. ~ e )
(G + e)yw (1 + w)Yw

V + ne Yw (1 + e) w + f/G

W. ~ I) . ( G + e _ I) . (1-1/G) .
"-I+e Yw I + e Yw w + l/G Yw

Wt· Se S(Yw· _-1-] <T -1
G Yn G -• I

Ww wG
w m

B!._ -!
VvYw' - e

YD G
Se-w

YSAT-Yw·

1.00

VOID.iRATIO

I WEIGHTS FOR I
VOLtlME OF AIR OR GAS ~ UNIT VOLUME OF SOIL.

~---.... -------- po---r J
f tVa""'" AIR OR GAS ASSUMED WEIGHTLESS I--

VOLUME V .' VOL OF ~ WT OF .• "7
e OF VOIDS l,iv Vw H20 H20 H

2
0 Ww

L~~~=:r {TOTAL~ ~ ~
TOTAL } V {VOLUME ~"\~~ WEIGHTJ ~T W6WHT ~"YO ~"T ~ 1SAT

VOLUME OF I Vs OF ~" OF Wsl SAMPLE ""L ~"l ~L
• SAMPLE . ~ I SOLIDS ~ SOLlD~ s<x"IDS U ~ ~ ~

•.e--VOLUME COMPONENTS •h SOIL _I. WEIGHT COMPONENTS -----....
SAMPLEl

I

!

POROSITY

r
~

YD
dey unit.... weight0

tI wet unit- YTP..
tI weighta e

til ::s saturated
1/)-... 0

YSAT unit0 >....
weight...

I/) ....
... c:: submerged..c: ::s
C().... (buoyant)tI

YSUB~ unit
wei~ht

moisture
w

content
"'tt ..., a desree of.9 0 S satura-.c ";:I
S ..

tiOD
~] specificG

sravity
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I
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7

58 LB.

o

50 LB.

-r
8 LB.

AIR

G • 2.66

SOLID

...:: ••:>
W
· 1\:rE·.R·. .. .. . . .
:: . '." ': :: .: .: ::::::: ::: :: ........ _. _ , .

PROBLEM 11-1

I

,

,

Vs

10.5 CF

A SOIL SAMPLE WEIGHING 58 POUNDS WAS TAKEN FROM A HIGHWAY
EMBANKMENT UNDER CONSTRUCTION. THE VOLUME OF THE SAMPLE AS
DETERMINED BY FILLING THE HOLE WITH DRY SAND WAS 0.5 CUBIC FEET.
AFTER OVEN DRYING, THE SAMPLE WEIGHED 50 POUNDS. ASSUMING A
SPECIFIC GRAVITY OF THE SOIL PARTICLES OF 2.65:



PART A:

PROBLEM 11-1 (continued)

WHAT WAS THE ORIGINAL MOISTURE CONTENT AND VOIDS
RATIO OF THIS SOIL?

CAl = Moisture Content, % = (Wgt. Watery (100)
(Wgt. Solids)

CAl = 8 (100) = 16%
50

e = Void Ratio = Vol Voids = Vv

Vol Solids V"
W.

G. = 62.:·pcf :. (2.65 x 62.4) = 50 Ibs
Va

or V - 50 -0302 ,.... I.
a - 165.4 -. CUulC ,Nt

Vtotal ~ Va + Vv :•. 0.5 = 0.302 + Vv Vv = 0.198 c.l

e = --..! = 0.198 = 0.656
Vs 0.302

<-I
I»

!

L
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PROBLEM 11-1 (continued)

PART B: WHAT WOULD BE THE MAXIMUM MOISTURE CONTENT THIS SOIL
COULD ATTAIN WITHOUT SWELLING?

Ww

Vw
Gwatsr = 1.00 = 62.4

for Vy = Vw=0.198 cubic f86t, max moist. without swelling.

Ww

1.00 = 0.190
62.4

Ww = (1.00) (62.4) (0.198) = 12.35 pounds

(Ww) (100)
w=~~-

W"

w = (12.35) (100) = 24.7 % max without swelling
50.0

ALT: Vy = Vwater

Ww = Vw (62.4) = 12.35 pounds

<-I
CD



PROBLEM 11-3

SOIL FROM A BORROW PIT IS TO BE USED IN THE CONSTRUCTION OF A HIGHWAY FILL. THE
FOLLOWING DATA FOR THIS SOIL WERE OBTAINED FROM THE STANDARD PROCTOR
COMPACTION TEST IN WHICH A ONE-THIRTIETH (1/30) CUBIC FOOT SOIL SAMPLE CONTAINED
IN A STEEL MOLD IS COMPACTED BY A DROP HAMMER:

SPECIFICATIONS STATE THAT THE SOIL IS TO BE COMPACTED AT THE OPTIMUM MOISTURE
CONTENT AND TO AT LEAST 950/0 OF MAXIMUM DENSITY AS DETERMINED FROM THE STANDARD
PROCTOR COMPACTION TEST.

50/0
90/0

140/0
22%

3.10 pounds
3.42 pounds
3.78 pounds
3.85 pounds <-I..

o

(A) IN TERMS OF DRY UNIT WEIGHT, WHAT IS THE MINIMUM DENSITY WHICH MUST BE
OBTAINED IN THE EMBANKMENT TO MEET SPECIFICATIONS?

(B) IF THE INITIAL WATER CONTENT OF THE SOIL IS 90/0, HOW MANY GALLONS OF WATER PER
CUBIC YARD SHOULD BE ADDED TO THE FILL MATERIAL TO REACH 100% MAXIMUM
DENSITY AND OPTIMUM MOISTURE CONTENT (DRY WEIGHT BASIS)?

11



------------------­
PROBLEM 11-3 (continued)

I.-
"'"

<-86L-_L-_.l--.l---.L-~
o 6 10 16 20 26

MOISTURE CONTENT (Ok)

100,-------r--------o---.-

-u..
~ 96 ~-t----Jl------+---+---"c~->­
to-
mz
w
Q 90~-!r---J--+--t---t--~
>­
0:
Q

88.6
94.1
99.5
94.7

A Ww = 0.05 (99.5) = 5.0 pet

ft3
5.0 pet x 27 = 135 pounds/c.y.

c.y.

_ 135 pounds x 7.48 gallons = 16.2 gallons/c.y.
62.4 ft3

Illlliolllllllilllilllllllilllllilllllil\\I:iilrl,l\lli

5 93.0 pcf
9 102.6
14 113.4
22 115.5

(A) 0.95 (99.5) = 94.5 pcf

(B) ADD 14-9 = 5% WATER



PROBLEM V-3 (continued)

• BEARING CAPACITY:

ep = 30° Y = 120 pet

NET qULT =yO (Nq - 1) + ~ ByNy = (0.120) (4) (20 - 1) + ; (10) (0.120) (17) = 19.31 ksf

19.31F.S. = = 6.16 > 3.0 (O.K.)
3.14

<

• SLIDING: (F.S. > 1.5}

SHEAR RESISTANCE AVAILABLE ALONG BASE

S =E V1anep = 18.12 tan3CF = 10.45K

PASSIVE FORCE @ TOE: Pp = -! (0.120) (3.0) (4)2 = 2.88K

2

MIN. F.S. = 10.45+6.48 = 1.61> 1.5 (O.K)

MAX. F.S. = (10.45 + 2.88)+6.48 = 2.06 (O.K)

-I..
N



-------------------

• LOCATION OF RESULTANT: (MIDDLE THIRDl

PROBLEM V-3 (continued)

I
..I

<-E MA _ 68.5 = 3.78 ft
E V 18.12

qmin = 1.812 (1 - 0.732) = 0.49kSf

18.12(1 + 6 x 1.22J = 1.812 (1+ 0.732) = 3.14kSf

qmax = 10 10

AT HEEL

AT TOE

FROM POINT "A"

10 10'THEN e = - - 3.78 = 1.22' < - (O.K.)
2 6

• SOIL PRESSURE AT BASE:

= E V(1±6eJ
q B B

• FACTOR OF SAFETY AGAINST OVERTURNING: (F.S. 5" 2}

F.B. = RESISTING MOMENT = 107.3 = 2.77 > 2.0 (O.K)
OVERTURNING MOMENT 38.8



PROBLEM 11-4

BORROW MATERIAL TO BE USED TO CONSTRUCT A HIGHWAY
EMBANKMENT HAS A MOIST UNIT WEIGHT OF 96.0 pet, A WATER CONTENT
OF 8.00/0, AND THE SPECIFIC GRAVITY OF THE SOIL SOLIDS IS 2.66. THE
SOIL IS TO BE PLACED AS FILL WITH A DRY UNIT WEIGHT OF 112.0 pet AND
WATER CONTENT OF 13.00/0.

ALSO W. + Ww = Wr = 96 pounds

<-I..
SUBSTITUTING: W. + 0.08 W. = 96 pounds or W. == 88.89 Ibs
:. Ww = 96 pounds - 88.89 pounds =7.11 Ibs

FILL

AIR 0

1 CF
WATER

SOLIDS
w s - 112.0 LB

G -2.66

w == 13% = 0.13 == Ww == Ww
W" 112.0

Ww = 14.56 pounds

18



-------------------
PROBLEM 11-4 (continued)

(A) HOW MANY CUBIC YARDS OF BORROW ARE REQUIRED TO
CONSTRUCT A 250,000-CUBIC-YARD EMBANKMENT?

FOR 1 C.F. OF EMBANKMENT FILL, YOU NEED 112.0 POUNDS SOLID.
THEREFORE, YOU NEED MORE THAN 1 C.F. OF BORROW TO MAKE 1 C.F.
OF FILL:

112 pounds required = 88.89 pounds or x = 1.26 c.l borrow required for 1 c.t. fill
X c.t. 1 c.l

FOR 250,000 C.Y. BORROW:

1 c.l fill = 250,000 c.y. fill
1.26 c.l borrow X c.y. borrow

x =315,000 C.Y. BORROW REQUIRED

<-I..



PROBLEM 11-4 (continued)

(B) HOW MANY GALLONS OF WATER MUST BE ADDED PER CUBIC YARD
OF BORROW ASSUMING NO LOSS BY EVAPORATION?

FOR EACH 1 C.F. OF BORROW, WE WANT TO RAISE co FROM 80/0 TO 13%.

.05 = Ww = Ww

W. 88.89 pounds

Ww =4.44 POUNDS WATER TO BE ADDED PER C.F. BORROW

(4.44 pounds) (27) = 14.4 gallons
8.33 pounds/gallon c.~

20

<-I..



-------------------
PROBLEM 11-4 (continued)

(C) IF THE COMPACTED FILL BECOMES SATURATED AT CONSTANT
VOLUME, WHAT WILL BE THE WATER CONTENT AND MOIST UNIT
WEIGHT OF THE SOIL?

G
s

= 2.66 = Ws I Vs = 112.0 I Vs

62.4 pounds/ft3 62.4

Vs = 0.6747 c.t.

Vv = 1.000 - 0.6747 = 0.3253 c.t.

G = 1.00 = Ww _ Ww
w (Vw) (62.4) (0.3253) (62.4)

0) = Ww = 20.29 pounds =0.181 = 18.10/0
Ws 112.0 pounds

Y: = 112.0 + 20.29 = 132.3 pounds/ft3 .

1 c.t.

or Ww = 20.29 pounds

21

<-I..



<-I..
co

I + 0.".:-



------------------­SINGLE FRICTION PILE IN COHESIVE SOIL

MINIMUM
METHOD SOIL TYPES SAFETY FACTOR

ex METHOD SOFT TO MEDIUM CLAYS 3
(TOTAL STRESS) <-I.-
~ METHOD SOFT TO STIFF CLAYS 3 co

(EFFECTIVE STRESS)



PROBLEM VII-4 (continued)

PART A: (a METHODl

SURFACE AREA:

LAYER

1

2

3

PILE SURFACE AREA (A)

12'1t (1 FT) = 37.7 FT2

18 1t (1 FT) = 56.5 FT2

10 1t (1 FT) = 31.4 FT2

LA = 125.6 FT2

<-I
I\)

o

REDUCED STRENGTH VALUES:

LAYER C (pst) qu (fst) a a·c·A
1 800 0.8 0.88 26.5k
2 1,600 1.6 0.65 58.8K
3 2,000 2.0 0.56 35.2K

0 8=120.5 Klpile



-------------------

<-I
I\)..

PROBLEM VII-4 (continued)

B=6FT W=8FT
C1 = WEIGHTED C
C2 = 2,000 pst

Os = 2~~0~;) x [(12 · 800) + (18 · 1.600) + (10 · 2,000)1 = 1,402 K

o = 9 (2,000) (5) (7) = 630 K
p 1,000

Or = 1,402 + 630 = 2,032 k Q
ALL

= 2,032 = 677 K
3

0ALL FOR SINGLE PILE = 677 = 56.4 K
12 -

.. SINGLE PILE CAPACITY GOVERNS.

PART B: GROUP CAPACITY



CONCEPT:

EFFECTIVE STRESS

FOR GEOSTATIC CONDITION (vertical):

TOTAL
STRESS

EFFECTIVE
STRESS

-(J

+

+

PORE
PRESS.

Jl

<-

I
L

(for water at G.S.)

(water below G.S.)

I
N
N

"",,71 ,... 116 W L. ~ t II~ '~'

1 !Q:_v
'go -t. 6WL 1

h
-.-----t
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2000

(1680)

1500

(1181)

1000

(499)

,

,

12 -

500
0----------------- -----

VERTICAL STRESS (PSF)

4-

2

J:
t-
o. 8

~ 10 - \
\

~\

,SANP
~T· 120 PCF

SIMPLE EXAMPLE

II " ..., 1IJ".'17fl
BEDROCK

@ 6' -> (Jy =6 x 120 =720 pst
~=O
:. (Jy =720 - 0 =720 pst

@ 14' -> (Jy =14 x 120 =1,680 pst
~ =8 x 62.4 =4.99 pst
:. (Jy =1,680 - 499 = 1,181 psf

CALCULATIONS:

-------------------



NOT SO SIMPLE EXAMPLE

PLOT (ly, cry, and 11 FOR:

DEPTH (FT) TOTAL UNIT WT.

I 0
'tT

_I L

WATER 62.4 PCF I

4
PEAT 70 PCF <-

8
I I
f\) .1

I

SAND 120 PCF ~

10

CLAY 115 PCF

20

TILL 140 PCF

24



NOT SO SIMPLE (continued)

I
N
(]I

<-

-
Depth H 'YT Aoy Oy Jlw °v
(feet) (feet) (pcf) (psf) (psf) (psf) (psf)

0 0 0 0
(water) 4 62.4 249

4 249 249 0 '"

(peat) 4 70 280
8 529 499 30

(sand) 2 120 240
'"

10 769 624 145
(clay) 10 115 1,150

20 1,919 1,248 671
(till) 4 140 560
24 2,479 1,497 982

CALCULATIONS:

-------------------



STRESS (PSF)

o
2

4

6

j::' 8
!:!:; 10

:I: 12

~ 14

~ 16

18

20

22

24
o

.....~ .....

500 1000 1500 2000 2500 3000

<-I
N
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- EFFECTIVE STRESS -+- PORE PRESSURE 4- TOTAL STRESS
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Water
pressure
relieved

- - - --

No flow
of water

Applied
lorce

(e)

",

Water
pressure

decreases

(b)

Piston
moves

Water
;rescaping

- - - --

(d)

Porous
piston

CONSOLIDATION

Water
under

pressure

(0)

Inilial
water surface

(c)

-------- -



SETTLEMENT
(COMPRESSION)

MAGNITUDE TIME

• PERMEABILITY

• COMPRESSIBILITY <-I
I\)
co
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to
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OVERCONSOLIDATED

C.

VB.

MAX. PAST

~E<iSuRE-
~""

LOG ~ ..

Cr ~
o~ ,

RR

CONSOLIDATION PARAMETERS

t

COMPRESSION INDEX

RECOMPRESSION INDEX

NORMALLY

C~

E CR = COMPRESSION RATIO
VB.
LOG (J RR = RECOMPRESSION RATIO

e
VB.

LOG 0'

-------------------
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SOIL DESCRIPTION: GREy SILTY CLAy
SAMPLE LlOUID PLASTIC SPECIFIC
DIAM. .2-5..Q.IN. LIMIT~0l. LIMIT -Z.Z..0/.. GRAVITY -

WATER DRY UNI VOID SATURA- SAMPLE
!cONTENT, WEIGHT, RATIO TION, HEIGHT,.

°/0 pe' °/0 INCH

INITIAL 39.9 82.4 - - 0.800
FINAL 30.2 101.4 - - 0.650

GOLDBERG·ZOINO & ASSOCIATES, INC.
Geotechnlell·G.ohydrologlcll Conaullantl

FREEPORT, MAINE

CONSOLIDATION TEST

BORING NO. G 3U TEST SERIES
SAMPLE VI NO.~
DEPTH 16.4' - 16 6' DATE JAN 1981
TECH. _
REVIEWER _

F\<; u. ~E- @. - \
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SETTLEMENT CALCULATIONS

<-

H

- ---I

s=

S - SETTLEMENT

de - CHANGE IN VOID RATIO

e - INITIAL VOID RATIO
0

H - THICKNESS OF COMPRESSIBLE SOIL

- INITIAL VERTICAL EFFECTIVE STRESSavo -
dO = CHANGE VERTICAL EFFECTIVE STRESSv

-------------------



GENERAL EQUATION

C, - Cc
(jas= H log _vm + H log _ vf

1 + e avo 1 + e a vm I0 0

\.. L

~ ./ \....
~

./

OVERCONSOLIDATED

Cc - 0.009 (LL-10)

Cr - 1/5 TO 1/10 Cc

EMPIRICAL

NORMALLY CONS. <-I
(.,)

~

I



-------------------
PROBLEM IV-1

A SOIL PROFILE EXISTING OVER A LARGE AREA CONSISTS OF A DENSE
SAND, 40 FEET IN THICKNESS, UNDERLAIN BY A 10-FOOT-THICK LAYER OF
NORMALLY CONSOLIDATED CLAY WHICH RESTS ON RELATIVELY
INCOMPRESSIBLE BEDROCK. THE PRESENT WATER TABLE IS AT THE
GROUND SURFACE, THE TOP OF THE SAND LAYER. IT IS PROPOSED TO
PLACE AN EMBANKMENT OF LARGE AREAL EXTENT AND 10 FEET IN
THICKNESS ON THE SURFACE OF THE EXISTING GROUND. AT THE SAME
TIME, THE EXISTING WATER TABLE IS TO BE LOWERED 20 FEET. THE FILL
MATERIAL HAS A MOIST UNIT WEIGHT OF 125 pet

THE SAND HAS A VOID RATIO OF 0.45 AND THE SPECIFIC GRAVITY OF THE
SOLIDS IS 2.67. THE SAND IS SATURATED BELOW THE WATER TABLE AND
HAS AN AVERAGE WATER CONTENT OF 5°A, ABOVE THE WATER TABLE.

THE CLAY IS SATURATED, HAS A SPECIFIC GRAVITY OF SOLIDS OF 2.70,
AND AN AVERAGE WATER CONTENT OF 35%. THE COMPRESSION INDEX
OF THE CLAY HAS BEEN DETERMINED TO BE 0.22.

<-I
V)
(J1



PROBLEM IV-1 (continued)

ESTIMATE THE TOTAL SETTLEMENT IN INCHES OF THE CLAY LAYER DUE
TO THE COMBINED EFFECT OF THE IMPOSED FILL AND THE LOWERED
GROUNDWATER LEVEL.

10 FTCLAY Gs• 2.70 W • 36% C c· 0.22

I

BEDROCK

10 FT

(ORIG)
i· 125 PCF <10 FT FILL -- I- W

MOIST 0)
SATURATED

20 FT W· 5%

DENSE SAND
SAND

40 FT
-

e • 0.46 -

Gt;: 2.67
20 FT



SATURATED SAND

WT = 166.61 Ibs. + 28.08 Ibs. = 194.69 Ibs.

PROBLEM IV·1 (continued)

Vv W. W.
B=- G. = 2.67 = (V,J 62.4 =

V. (1.00) (62.4)

W

0.45 =~
<-

1.00 W. = 166.61 pounds I
W
-.J

S W WwVv =0.45 G = 1.00 = w =
w (VJ (62.4) (0.45 x 62.4)

Ww = 28.08 pounds

•
0.45 WATER W

i

ME SOLIDS
1.00 W

Gs• 2.67

= 194.69 Ibs. = 134.3 Ibs./ft3 saturated
YTOT 1.45 ft3

ASSU

V •S

COMPUTE UNIT WEIGHTS OF EACH SOIL LAYER

-------------------



PROBLEM IV-1 (continued)

I
t.J
co

<-

Ww
CA) = 0.5 = ­

W.

Ww = (0.5) (166.61)

Ww = 8.33 pounds

WT = 166.61 pounds + 8.33

W S • 166.61 LB

MOIST SAND

~ AIR 0

WATER

CF ~

SOLIDS

"
,

1.45

WT = 174.94 pounds

Y = 174.94 pounds = 120 6
moist 1.45 ft3 . pet



-------------------

<-
or V = 3.50 pounds

w (1.00) (62.4)

VT =0.0594 ft3 + 0.0561 ft3

V. = 0.0594 1t3

Ww
Gw = 1.00 = (VJ (62.4)

Vw = 0.0561 1t3

Wit' = (0.35) (10 pounds) = 3.50 pounds

W. = 10 pounds
G. = 2.70 = (VJ (62.4) (VJ (62.4)

Ww
(a) = 0.35 = -

W.

VT = 0.1155 ft3

't tot = WT = 13.5 pounds = 1169 pet
VT 0.1155 c.l .

ALSO B = VKIi1t = 0.0561 = 0 944
dlIy V... 0.0594 .

ASSUME

S • 10 LB

PROBLEM IV-1 (continued)

WT = 10 pounds +3.5 pounds = 13.5 pounds

SATURATED CLAY

WATER
W

SOLIDS

Vs W
G.s- 2.70

Ir

v • vv
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PROBLEM IV-1 (continued)

COMPUTE avo AT MID HEIGHT OF CLAY LAYER

· (40') (134.3 - 62.4) = 2,876 pst

. (5') (116.9 - 62.4) = 273 pst

Ovo = 3,149 pst

COMPUTE Aav AT MID HEIGHT OF CLAY LAYER

. (10' FiII)(125 poundslft3)
+ increase due to lowering groundwater
20 (120.6) + 20 (134.3) + 5 (116.9) - 25 (62.4) - 3,149

=1,250 pst

=974 pst

Acrv =2,224 psf

<-I
~

o
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PROBLEM IV-1 (continued)

COMPUTE SETTLEMENT OF CLAY LAYER

- -
s= Cc H

avo + ~av
log _

1 + eo avo

<
0.22 (10') (12) I 3,149 + 2,224 -

s= I

og 3,149 ~

1 + 0.945 ..&

s = 0.22 (120) log 1.70
1.945

S = (13.57) (0.23)

S = 3.12 inches



t TIME

RATE OF SETTLEMENT

Cv - COEFFICIENT OF CONSOLIDATION

Hd - DRAINAGE PATH

T _. TIME FACTOR

.. J . ~A~D. , , • ,
, , • • , .. • i. •

"~ 41'

'-'et & ~
~c1::X2 •

f0.197 ~ tso
0.848 -+- t90

<-I
~
I\)
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Final
effective

stress

0 •••• ',: ". ",

"..: :.. :: .. ' ." <.

Excess
pore pressure

Additional
effective

stress

Stress

Initial
effective

stress

TIME-DEPENDENT PORE PRESSURE DISSIPATION RESULTS IN
INCREASED EFFECTIVE STRESS



I-

Uz

U. shaded area
total area

TIME FACTOR VS. DEGREE OF CONSOLIDATION

o::=:=-=_-=--=--=_-r-_l--,-__----.--,---,..----,-----.----.--.--.---r----..-----r--.----.-,--r----,

20~ .~~ j-- ~.- _. T
:::> r\. f---- --t-- --- ---

140 ~/~~~~~~~=--~ ~~~- ---
1: 60 1---1------ ---- --- '------- ~- ----- -- - - -

~ ---- --- ~~ -

~ ---- ---- -- I'-
--------- -------- ~t-- --

80 I-- -- -------- --------- -- ---- ---- r---!--=-'--..
------- -------- I---t---

:--+---+--1--1
----

100 L--L---l_....L---L_..l---L_L-.......L---l_---l.-----L_...L-.--L_l.--l------L=--.L-~~____:_'

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Time factor T

16
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100- 0.848

EXAMPLE

!go = (1 (2) (O.848) = 848 days
0.10

Hd = 10 feet (assume rock impBrvious)

Iso = .(1 (2) (0.197) = 197 days
0.10

A. FOR PREVIOUS EXAMPLE, ESTIMATE TIME REQUIRED FOR 50% AND
90% CONSOLIDATION IF Cv = 0.1 fe/day

----~-~-~------~-~~



EXAMPLE (continued)

B. WHAT EFFECT ON TIME FOR 90% CONSOL IF CLAY UNDERLAIN BY
SAND VS. ROCK? (ASSUME Jl IN SAND DECREASED BY 20' ALSO)

Hd = 5 feet

teo = (52) (0.848) = 212 days
0.10

<-

l
I



I
I
I
I
I
I
I'
I
I:
,I
a
I
I
I
,­
I
I
I
I

VI-47

EXAMPLE RETAINING WALL PROBLEM
USING COULOMB EQUATION

Given. Retaining wall and backfill as shown in Fig. EI3.10-1.

Fig. E13.10-1

Find. Moment of active thrust about point A.
Solution Using Eq. 13.12.

. sin SO'
ese 110' Sin SO· =-- = 1 049sin 70· .

~sin 140· = 0.S03

}sin60'si~t8- /0.S66 x ~o.30q
'Ii sin 9S' = V 0.990 =~ 0.520

q[ 1.049 J2 (38'35
Pa = !(l1Ol(20j- 0.S03 + 0,.6otf = 22,OOO(0..,52!J = lJ.Ml6 Ib/ft

0.S20 O~~
Normal component of Pa:

Pacos30' = ~Ib/ft

\lq84-

Fig. EI3.10-:

IlqB4- P:1SD87

Pa acts! of way up wall. or at S!,L;"d'istance of 7.1 ~bove base (see Fig. EI3.1O·:),
Moment of Po a~~ut point A =~ x 7.1 =~ Ib-ft/ft. -



SOIL MECHANICS

LECTURE 2

• STRENGTH-BEARING CAPACITY

• RETAINING WALLS

• PILES

• FLOW NETS

<-I
~
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qULT
A110wableBearingCapacity = 3

D

.. I
B

o

4' q ~ .\ u·

I~

GENERAL BEARING CAPACITY EQUATIONS

where Nc' Nq, Ny ARE BEARING CAPACITY FACTORS

CONTINUOUS
FOOTING:

SQUARE OR
RECTANGULAR
FOOTING:

CIRCULAR
FOOTING:
(RB/2)

--~-~--~-~-~~--~~--



BEARING CAPACITY FACTORS
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o

<

5 '0 15 20 25 30 35 40 45

ANGLE OF INTERNAL FRICTkJN, ep. DEGREES
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qULT = 1.3cNc + yO

FOR COHESIVE
FOUNDATION SOILS

(<1>=0)

FOR COHESIONLESS
FOUNDATION SOILS

(c=O)

BEARING CAPACITY EQUATIONS

CIRCULAR FOOTING:

SQUARE OR
RECTANGULAR
FOOTING:

CONTINUOUS
FOOTING:

-_ _ ' _-



ALLOWABLE SOIL PRESSURE FOR FOOTINGS ON SAND

CHART REPRESENTS EMPIRICAL
RELATIONSHIP FOR SETTLEMENT
NOT EXCEEDING 1 INCH

ALLOWABLE SOIL PRESSURE
ASSUMES DEPTH TO WATER
TABLE BELOW FOOTING. WHEN
WATER TABLE IS AT OR ABOVE
FOOTING USE 500k OF CHART
VALUE

GENERAL RULE OF THUMB:

N
qALL (tsf) = ­

10

-I
U1
I\)

<

20

Dense

Very dense

--------- N == 30 ---

Loose

5 10 15
Footing width (tt)

Medium

~~~---L--- IN= 10-

0'-----
o

c:0. 4 t-----+----
.-.

6---'H-------------- ------

....ii 5 ------------ -------. ----- ----------- ------
E N==50--
eu
Eeu
VI

eu
VI
::s
III
u
a
:. 3 ---------+----

'".t­c:
{!.
'-'
~ 2 r--.--+--.- ---- --------._.----

<3

N = STANDARD
PENETRATION
RESISTANCE (SPT) IN
BLOWS/FT

WHERE:
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D· 5 FT

.<-0

B • 10 FT

.:1 •

SAND

Y = 130 pet

PROBLEM V-1

GIVEN: CONTINUOUS ROUGH FOOTING

= 0 + ( 130 ) (5) (50) + 0.5 ( 130 ) (10) (60)
2,000 2,000

= 0 + 16.2 + 19.5 = 35.7 tst

FOR th = 37°· N = 50 N = 60'I' , q , "(

COHESIONLESS :. C = 0

(A) COMPUTE APPROXIMATE ULTIMATE
BEARING CAPACITY FOR DRY SAND



PROBLEM V-1 (continued)

(B) COMPUTE BEARING CAPACITY IF BOTTOM OF FOOTING IS 10 FEET
BELOW GROUND SURFACE (Le., D =10 FT)

= 0 + ( 130 ) (10) (50) + 0.5 ( 130 ) (10) (60)
2,000 2,000

= 0 + 32.5 +19.5 = 52.0 tsf

<-



PROBLEM V-1 (continued)

(C) WHAT IS EFFECT ON BEARING CAPACITY IN PART A IF
GROUNDWATER IS AT GROUND SURFACE?

'YEFF = 'YSAT - 'Yw ASSUME'Y = 'YSAT = 130 pet

= 130 - 62.4 = 67.5 pet

= 0 + ( 67.5 J(5) (50) + 0.5 ( 67.5 J(1 0) (60) = 18.6 tst
2,000 2,000

<-I
01
01



-
,

PROBLEM V-2

DETERMINE THE MAXIMUM HEIGHT OF FILL FOR A FACTOR OF SAFETY OF
1, THAT CAN BE PLACED AT A SITE WHERE THE SUBSOIL PROFILE
CONSISTS OF 150 FEET OF CLAY (qu =0.6 tst, w =30%, LL =200/0, PI =120/0)
UNDERLAIN BY A DENSE SAND TO CONSIDERABLE DEPTH. ASSUME THE
WATER LEVEL IS AT THE GROUND SURFACE AND THAT THE FILL IS
RECTANGULAR IN SHAPE, 50 FEET BY 100 FEET.

<I> = 0 FOR CLAY

B
qULT = eNc (1 + 0.3 -) + 'YO

L

= c (5.53)[1 + 0.3 (1~0)] + 0 = 6.35 c

assume 'YFILL = 125 pet

e = qu = 0.3 tst = 600 pst
2

<-

MAXIMUM HEIGHT OF FILL = qULT"_ 6.35 (600) = 30.5 ft
'YFILL 125
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Ko = 0.35 to 0.60

Ko = 0.45 to 0.75

CLAY & SILT

AT REST Ko

NO WALL MOVEMENT

PASSIVE K = 1 + sinq>
p 1 - sinq>

ACTIVE K = 1 - sinq>
A 1 + sinq>

(Jh = KA(JV - 2ctan(45 - q>/2)

LATERAL EARTH PRESSURE

SAND & GRA VEL

LATERAL EARTH PRESSURE IS A PRODUCT OF THE VERTICAL STRESS
AND A COEFFICIENT OF LATERAL EARTH PRESSURE K. THREE GENERAL
CASES EXIST:

THE ABOVE IS BASED UPON RANKINE EARTH PRESSURE THEORY FOR
LEVEL BACKFILL.

ACTIVE

PASSIVE

WALL MVMT.

WALL MVMT.



RETAINING WALL:

PROBLEM V-3

1= 120 pef

~= 30°

18

2 G)

2 CD
\

6

p Ii 1/2(0.72)(18)

= 6.48 k

<

STABILITY CALCULATIONS: Sum moments about point "A"

-I
01
to

AREA FORCE (kips) ARM (ft)

1 16 x 6 • 80 x 0.120 • 9.60 7.6

2 16 x 2 • 32 x 0.160 • 4.80 4.0

3 10 x 2 • 20 x 0.160 • 3.00 5.0

4 2 x 3 • 6 x 0.120 • 0.7'2 1.5

MOMENT (ft-k)

72.0

19.2

15.0

1.1

P h x 6 • 38.8 ft-k -

E v • 18.12 107.3

-38.8

~ M .. 6P 1=



AT 1-11=1=1 n = 1 812 (1 - 0 7::\?\ = 04qksf

• LOCATION OF RESULTANT: (MIDDLE THIRDl

I
01
(0

<-L MA 68.5 = 3.78 ft
L V 18.12

18.12(1 + 6 x 1.22) = 1.812 (1 + 0.732) = 3.14ksf
qmax = 10 10 .AT TOE

PROBLEM V-3 (continued)

FROM POINT IIAII

THEN e = ~ - 3.78 = 1.22' < 10' (O.K)
2 6

• SOIL PRESSURE AT BASE:

=L V(1±6e)
q B B

• FACTOR OF SAFETY AGAINST OVERTURNING: (F.S. 5" 21
F.S. = RESISTING MOMENT = 107.3 = 2.77 > 2.0 (O.K.)

OVERTURNING MOMENT 38.8



PROBLEM V-3 (continued)

• BEARING CAPACITY:

<p = 30° 'Y = 120 pcf

NET qULT = yD (Nq - 1) + ~ByNy = (0.120) (4) (20 - 1) + ~ (10) (0.120) (17) = 19.31 ksf

F.S. = 19.31 = 6.16 > 3.0· (O.K)
3.14

<-
• SLIDING: (F.S.:; 1.5).

SHEAR RESISTANCE AVAILABLE ALONG BASE

S = E vtan<p = 18.12 tan3a" = 10.45K

PASSIVE FORCE @ TOE: Pp = .! (0.120) (3.0) (4)2 = 2.88K

2

MIN. F.B. = 10.45+6.48 = 1.61 (O.K)

MAX. F.S. = (10.45 + 2.88)+6.48 = 2.06 (O.K)., .

I
0)

o



<-Concentrated load Q
a ~--'----r---,----.

(c)

1.0~"--L_--L-_J--.J
o 0.5 1.0 1.5 2.0

2
Values of Z..,0

0.2 ~.-+~:-+--~d--~
c:,
() 04 t----\---+-J~~~
\I) m=o.7
~

~ 0.6 t---il'-H-+--~~
~

0.1J t---I+--f---+----I

(b)

0.21-----+

I. a L....--L.L-L---I..-_J-_L----J

o 0.2 04 0.6 0.8 1.0

Values of ;, . fJ

L/ne load q'
o ~!IiiE:;:::::c--r-~--,

t::
'() 0.4 t--+--+-- ~~~

II)

"~ 0. 6 t---+--+-::."qc.-+--.J.-----f
~ m ~ 0.4

0. 8 t---+~~-4---I-----f

q '( line load) or
Q (concentrated load)

mH(a)

'H

--~-~~~~~~-~~-~---­
LATERAL WALL PRESSURES DUE TO

LINE LOADS AND POINT LOADS
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COULOMB EQUATION

H

Coulomb equation for sloping backfill and wall friction:

<-I
0)
!\)

csc Psin (P - ef»

J sin ({J + ef>w) +JSin (~ :- ~w) sin.(1) - i)
sIn (P - I)

, \: . '

2
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I
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I
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VI-53

EXAMPLE RETAINING WALL PROBLEM
USING COULOMB EQUATION

Given. Retaining wall and backfill as shown in Fig. EI3.IO-1.

· 12"

'Y. 110 pet
q,.30·

tPlI/c 30·

Fig. EI3.10-1

Find. Moment of active thrust about point A.
Solution Using Eq. 13.12.

. sin SO'
esc 110· Sin SO· =-- = 1049

sin 70° .

.j~ =0.S03

J

Sin 60' sin 2S' _ JO.S66 x 0.470 _
sin 9So - 0.990 - 0.641

[
1.049 J2

P,. =to 10)(20)2 0.S03 + 0.641 = 22,ooo(0.52S) = 11.600 Ib/ft

Normal component of p.:

P,. cos 30' = 10.050 Iblft

Fig. EI3.1O·2

p. acts! of way up wall, or at slant distance of 7.1 ft above base (see Fig. E13.10-2l.
Moment ~f P,. a~~ut point A = 10.050 x 7.1 = 71.400Ib.ft/ft.



SINGLE FRICTION PILE IN COHESIVE SOIL

I
I

,

MINIMUM I,
-

'I!

METHOD SOIL TYPES SAFETY FACTOR

a METHOD SOFT TO MEDIUM CLAYS 3 <-
(TOTAL STRESS) I

0)

~

~ METHOD SOFT TO STIFF CLAYS 3
(EFFECTIVE STRESS)



3I 2
qUI fonspersq ft

lower known
//mil (varved
d~posit.sJ sll!e/pIles)

O-:---_-l- --.JL-. --.J
o

0.9 ~--~~-t---~--+---~--J

Usual0.8 t---lr---~_
range

0.7 r---~-+--~-_--l..-__. ~

0.5r------+~---_+_~ -___I S
I
0)

a4 r---~---1r_-~~~I__---___J (J1

0.6r----~---~+_---____J

0.3 r----t--+-~~--___+_~~-____J

0.2 r---t---.L.----___+_---____J

C = UNDRAINED SHEAR STRENGTH 0./
d = PILE DIAMETER

L = LENGTHOFEMBEDMENT

ex = REDUCTION COEFFICIENT

A~ = AREA OF PILE TIP

Qs = a C 1t d L

Q = QULT

ALLOWABLE FS = 3

SIDE FRICTION:

END BEARING:

----~~--------~---­SINGLE FRICTION PILE IN COHESIVE SOIL
(a METHOD)

I. 00 "'-::::~---";::::--1r------r-------.



SINGLE FRICTION PILE IN COHESIVE SOIL
(~ METHOD)

SIDE FRICTION:

-I
0)
0)

<

I
I

I
I

!
T
I

I
I

f
I,
:

25

o

175

200
o 0.1 0.2 0.3 0.4 0.5 0.6

i 50
u.
>.
«I

(3 75
.5
1
1 100
.c
E
w
~ 125
c
G
-'
Git 150

~ = SKIN FRICTION FACTOR

av = AVERAGE EFFECTIVE VERTICAL STRESS
AVG

IN BEARING STRATA ALONG PILE SHAFT

END BEARING:

QALLOWABLE =
QULT

FS = 3

Skin Friction Factor, (J

VALUES OF fJ FOR DRIVEN PILES IN SOFT AND
MEDIUM CLA YS fCu < 2,000 PSFJ (AFTER MEYERHOF, 7',lJ
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aUIT
pooq
tlnnD

~ ~ ~t

Per/meter, P

Load

-~

1
1
1

L 1
1
1 k-Shearon surroce

t penmeter ofgroup

1 ~
1 ~
ttttttttttttt

'-8' -eanng capactfy
afpIle fips

Q
ULT

= Qs + Qp
3

GROUP CAPACITY IN COHESIVE SOIL

C1 = AVERAGE UNDRAINED SHEAR STRENGTH ALONG L

C2 = UNDRAINED SHEAR STRENGTH AT TIP OF PILES

L = LENGTH OF EMBEDMENT

B = WIDTH OF GROUP

W = LENGTH OF GROUP

------------~---~--



PROBLEM VII-1

END BEARING PILES:

A PILE WAS DRIVEN WITH A 3,000-POUND HAMMER WITH A FREE FALL OF
20 FEET. IF THE PILE SANK 6 INCHES UNDER THE LAST FIVE BLOWS,
WHAT IS ITS SAFE BEARING VALUE?

2WH
Q ALL = S + 1

6S = - = 1.2 INCHES
5

Q = 2 x 3,000 x20 = 54500 LBS.
ALL 1.2 + 1 '

QALL = 27 TONS

WHERE:

QALL = SAFELOAD (POUNDS)

W = WEIGHT OF HAMMER (POUNDS)

H = HEIGHT OF FALL (FEET)

S = PENETRATION OF PILE UNDER LAST
BLOWS OF RAM (INCHES)

C = 1 FOR DROP HAMMER

<-I
0)
0)
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ASSUMPTIONS

ASSUME CLAY IS
SATURATED.
SOIL BENEATH
LAYER (3) HAS
SAME COHESION
AND NO ROCK IN
VICINITY.

PROBLEM VII-4

C = 1,600 pst

C =800 pst

C =2,000 pst

sz

GIVEN A GROUP OF FRICTION PILES AND A SOIL PROFILE AS SHOWN BELOW:

A. CALCULATE THE ALLOWABLE LOAD OF THE PILE GROUP TREATING EACH PILE
INDIVIDUALLY

B. CALCULATE THE ALLOWABLE LOAD OF THE PILE GROUP TREATING THE PILES
AS A COMPOSITE GROUP USING A REASONABLE FACTOR OF SAFETY

SOIL PROFILE

ELEV.O

LAYER (1)

ELEV. -12

LAYER (2)

ELEV. -30

LAYER (3)

ELEV. -40



PROBLEM VII-4 (continued)

PART A: (a METHODl

SURFACE AREA:

LAYER

1

2

3

PILE SOURCE AREA (A)

12'1t (1 FT) = 37.7 FT2

18 1t (1 FT) = 56.5 FT2

10 1t (1 FT) =31.4 FT2

}2A =125.6 FT2

<-I
o-J
o

REDUCED STRENGTH VALUES:

LAYER C (pst) qu (tst) a a·c·A
1 800 0.8 0.88 26.5k
2 1,600 1.6 0.65 58.8K
3 2,000 2.0 0.56 35.2K

Os=120.5 Klpile



PROBLEM VII-4 (continued)

----------~--~-----

<-I
~..

41.8 K/PILE
=----

A
p

= 1t(1 )2 = 0.79 (t2

4

125.5
3

=Q = Or
ALL (FS = 3)

Qr = Qs + Q p = 120.5 + 5.0 = 125.5 K

Q = 9(2,000 pst) (0.79 FT2
) = 5.0 K

p 1,000



PROBLEM VII-4 (continued)

PART A: ill METHOD}

ASSUME 'YT = 120 pet

av = 20 (120 - 62.4) = 1,152 pst
AVG

Q = ~a EA = 0.3 (1,152 pst) (125.6 FT
2

) = 44.4 K/pile
S VAVG 1,000

Q p = 5.0 QT = 44.4 + 5.0 = 49.4 K/pile

Q = 49.5 = 16.5 K/pile
ALL 3

<-
I
--.I
I\)
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° = 2,032 = 677 K
ALL 3

PROBLEM VII-4 (continued)

0ALL FOR SINGLE PILE = 677 = 56.4 K
12

SINGLE PILE CAPACITY GOVERNS

Or = 1,402 + 630 = 2,032 k

...------------

B=6FT W=8FT
C1 = WEIGHTED C
C2 = 2,000 psf

Os = 2(5 + 7) x [(12 ·800) + (18 . 1,600) + 10 ·2,000)] = 1,402 K
1,000

° = 9 (2,000) (5) (7) = 630 K
p 1,000

PART B: GROUP CAPACITY

-------------~-----



IMPORTANT NOTE:

PILE CAPACITIES DO NOT
CONSIDER SETILEMENT

WHICH MAY LIMIT CAPACITY

<-

l



~3L CLAY

L
<-

\~O
I

n Call ~

/ 01•/ (8) (V\Il \
/ .\

\

I PRESSURE
\
\

I H
DISTRIBUTION

'\I \
I \

/ \

SETTLEMENT OF FRICTION PILES IN CLAY

n a all

PLAN AREA 10 OUTSIDE OF PILE GROUP=BxVV
SETTLEMENT OF PILE GROUP-COMPRESSION
OF LAYER H UNDER PRESSURE DISTRIBUTION
SHOWN.

-------------~-----



SETTLEMENT OF FRICTION PILES IN SAND
UNDERLAIN BY CLAY

n QolI

• •
• . - . •

• • • • • •• • • • • •. • • ••• • ... .
L SAND I

L
I

L

<0 00
-, n Qall I
~,

(B) (VV) , 0), \

• .\

",'HI CLAY \,

'$110 , t ""'(,/1
CLAY

" ~ 2 '\

SETTLEMENT OF PILE GROUPaCOMPRESSION OF
LAYERS HI AND H2 UNDER PRESSURE DISTRIBUTION
SHOWN. n Qall IS LIMITED BY BEARING CAPACITY OF
'CL I\V LI\vc:p ~.~
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1= -

L

PERMEABILITY

......... ............. - ......... .. ' .. ,..... . .... , .......... ,. ...... - _.. .

SOIL..

Q = FLOW QUANTITY

k = SOIL PERMEABILITY

A = AREA

i = HYDRAULIC GRADIENT

t = TIME

I Q = k+A·t I

-------------------



SIMPLE FLOW PROBLEM

DURING A CONSTANT HEAD PERMEABILITY TEST ON A SAMPLE OF SAND,
150 ee OF WATER WAS COLLECTED IN 2 MIN. THE SAMPLE HAD A LENGTH
OF 10 em AND A DIAMETER OF 5 em. THE HEAD WAS MAINTAINED AT
20 em. COMPUTE COEFFICIENT OF PERMEABILITY IN cm2/sec.

<-
f ····~-r· ~. . - ..

.. .. " ' ..· .. ".' ~.

L = 10 em S~f1Ipie h = 20 em

L
:r)reaA··
.........

· ..~.~:.:.~ ..<:' ~
k= Q

j·A·t

k = 150 cc
(2.0) (19.63 cm 2

) (2 min) (60 sec/min)

AREA· A= 1tD
2

= 1t(5)2 = 19.63 cm2
, 4 4

j = dh = 20 = 2.0
L 10

Q = k·j·A·t

= 3.2 X 10-2 cm 2/sec



-------------------

<-

a:
w
I­
W
~
o
N
W-a.

15

SOIL A

k = 2 FT/MIN

YT = 125 PCF

SOIL B

k = 1 FT/MIN

YT = 120 PCF

10 ---------

25 ---------

DEPTH
(FT)
o ------y--

EXAMPLE PROBLEM: FLOW AND EFFECTIVE STRESS

IN THE PROFILE SHOWN, STEADY-STATE VERTICAL SEEPAGE IS
OCCURRING. COMPUTE EFFECTIVE STRESSES AT DEPTHS OF 0,10 AND
25 FEET.



_!

EXAMPLE PROBLEM (continued)

COMPUTE TOTAL STRESSES:

crv @ 10 FT = 125 (10) = 1,250 pst

crv @ 25 FT = 1,250 + 15 (120) = 3,050 pst <-I
co
o



-------------------

<-I
Q)..

= ~hB (~)
15 2

~hA = 15 - 11.3 = 3.7 FT...~hB = 11.3 FT

. ~ hA •. ~hB
I = I =
A 10) B -1-5

~h
SUBSTITUTING FOR ~hA; B + ~hB = 15

3

~hB
~h =­

A 3

EXAMPLE PROBLEM (continued)

DETERMINE PORE PRESSURES:

HYDROSTATIC CONDITIONS DO NOT EXIST

QA = QB = k i A

FOR 1 FT2 AREA; (kl)A = (kl)B



EXAMPLE PROBLEM (continued)

PIEZOMETRIC LEVEL @ 10' = 3.7 FT

PIEZOMETRIC LEVEL @ 25' = 15 FT

COMPUTE EFFECTIVE STRESSES:

hp =(10 - 3.7)yw =393 pst

hp =(25 - 15)yw =624 pst

<-
DEPTH 0v (pst) Jl(pst) -

O'v =O'v-Jl
(FEET) (pst)

0 0 0 0

10 1,250 393 857

25 3,050 624 2,426
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(0
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z

8
.. '. : .. : ... ',.: . '. ',' :

Q = koho!J!.
ll d h

I-----_--P

£h
8

. .. ....... ..
. . . . . . . . . . .

-- -- ---_._" -. ......- -

E

~Sheet piles

Q = SEEPAGE RATE

k = COEFFICIENT OF PERMEABILITY

llf = NUMBER OF FLOW CHANNELS

lld = NUMBER OF EQUIPOTENTIAL DROPS

2

A'
. ...: .....':' ::...:"....... :.: .:.: .:. ~'.' : " :

Water level

I

A

'1"~1i'l,;
Yh "!iT!;

t"YrI II/~ _ _ (-.
~, I
//j/ 2 7

/ / '\
/ I \

I /3 I 1,6 \ \
I I 4 I 5 \ -- --l-. -

I I 'I c\ '
I I \ \ \, '4' I I \ \
'~I M \
~~

N,=4

------------------­Sk:cPAuE nA-. c Fnurv. rLlIvV .~r::f~
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SAMPLE FLOW NET

.. '... ",..... '. ',.. ': '. '.' ..

Free water surface

~all LJh

<-I
Q)
~



-------------------
SAMPLE FLOW NET

<
I
())

U1

Impervious



SAMPLE FLOW NET

Impervious

t!!z=40/9

ilh=40/9

<-I
CO
0)

L
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.....
'+-

LO
(Y)

H = 20 ft

0.8
AH---

60 ft
-----------

IMPERVIOUS

EXAMPLE PROBLEM: FLOW NETS

CONSTRUCT

FLOW NET

- ---

FOR THE FOLLOWING CONDITION, DETERMINE:

(A) SEEPAGE RATE BELOW DAM

(B) UPLIFT PRESSURE AT POINT "A"

(C) IF "QUICK CONDITION" EXISTS AT TOE OF DAM

-------------------

k = 10-4 ft2/min

'YSAT = 122 pet



FROM FLOW NET: 11, = 4, 11d = 12

PART A:

PART B:

EXAMPLE PROBLEM: FLOW NETS (continued)

H 11,
Q = k" "-

11d

Q = (10-4) (20) (1~) = 6.7 X 10-3 cfmlfoot

11d = 10.5

TOTAL HEAD @ IIA" = 20 - 10.5 (20) = 2.5 tt
12

TOTAL HEAD = ELEVATION HEAD + PRESSURE HEAD

:. 2.5 = -5.0 + hp

hp = 7.5 tt

UPLIFT PRESSURE = 7.5 (62.4) = 437 pst
I I I I

<-I
co
co

I

L



-------------------
EXAMPLE PROBLEM: FLOW NETS (continued)

PART C:

IIQUICK CONDITIQNII WILL OCCUR IF O'v = 0

• CHECK POINT AGAINST VERTICAL FACE OF TOE OF DAM

hr =20 - (~~) (20) = 1.7 ft @ 2.5 ft BELOW TAILWATER

hp = 1.7 + 2.5 = 4.2 ft = 262 pst

O'v = 2.5 (122) = 305 pst

O'v = 305 - 262 = 43 pst> 0

:. NO QUICK CONDITION EXISTS

<-



ANISOTROPIC FLOW

,-
TRANSFORMED SECTION

. IfREDUCE HORIZONTAL DISTANCE BY ~
kh

FOR FLOW ONLY

<-I
(D
o
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Instructor: Harry Parker

VII.
Surveying
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VII-l

Massachusetts General Laws, Chapter 112: Registration of
Certain Professions and Occupations

Section 60A: Definitions

Section 60C: Submission of evidence of education and
experience; examinations; exemption from written examination;
rules and regulations. (see 250C~ 6.00)

Section 60E: Display of certificate of registration, etc.

Section 61: Suspension, revocation or cancellation of certificate,
registration, etc.

8ID: Definitions, e.g.
Board
Professional engineer
Practice of engineering
Land surveyor

. Practice of land surveying

***

--
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VII-2

Relationship of engineering to surveying, from Ch. 112, S. 8ID

Practice of engineering: "... nor shall it include the practice of
land surveying, except that a registered professional engineer
qualified in the branch ofcivil engineering may perfonn land
surveying incidental to his engineering work for the locating or
relocating of any of the fixed works embraced within the practice
of civil engineering excluding property line determination."
(Emphasis added).
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VII-3

Parabolic Vertical Curves

d = ..Ax 'Z.

2L

- AL , or
8

Equations

Definitions

Point of intersection of tangents
Point of vertical curvature, beginning of curve
Point of vertical tangency, end of curve
rate of grade expressed in %, with proper sign
(g, - ~) algebraic difference of rates of grade
expressed in %
Length of curve in stations (L is measured on
horizontal plane)
Middle ordinate, expressed in feet
Corrections (offsets) from grade line to curve,
expressed in feet
Distance in stations from PVC or PVT to point
on curve

e =1/2 (Elev. Point I - Eley. at PVC + Eley,' at EYI)
2

e = Leg, -g-4)
8

e -
d -

x -

g, ' gz =
A=

PYI =
PVC =
PVT =

L=

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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VII-4

Parabolic Vertical Curves

---------- D

L I in slations)

--I



When S is less than L,

MINIMUM SIGHT DISTANCES

When S is greater than L,

1200
1400
1600

Pas'sing Sight Distance

1300
1700
2000
2300

2 Lane Highway I 3 Lane Highway
275

"350
475
600

VII-5

Equations

Sight Distance Computations

Definitions

Non-Passing
Sight Distance

L = lOG( J2ii f + /2h::.).-z.
A

S = Non-passing sight distance, feet
h, = Height of eye above roadway, feet
ht. =Height of object above roadway, feet

40
50
60
70

Design Speed
mph

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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VII-6

Parabolic Vertical Curves

Question 1.
Compute the length of vertical curve required for a highway between the two
profile grade shown on the diagram. Assume that elevation 648.0 is desired
at the summit.

Given: g I = +4.0%, g-z. = -2.0%

A = g - g = +4 - (-2) = 6
I '-

The high point (summit) or the low point (sag) is always on the the lesser
gradient side of the PVI.

x = g L = 2 L =.L stations
1.A 6 3

"l. 'to

d = Ax = 6.(LL3.) = L feet
2L 2L 3

~ = g't.' or y = gz.x = 2L
x 3

Elevation at PVT = 652.6 - g L = 652.6 - L
%.2

Then, high point on summit minus elevation at PVT + d = y
c_

64~ - (652.6 - L) + L = 2L
3 3

L - 6.9 stations, say 700 feet

- I



l (in stalions J

L
( d52. d - 9 or /2)

2

x

PVl

VII-7

Parabolic Vertical Curves

PVI £1. =652.6

( 9,) ~~~

:::-----*(-~ :~: %

EI. =648. 0 on·
vertical curve

---

Figure 1.

Question 1.

Figure 2.

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I



VII-S

Parabolic Vertical Curves

Question 2.

On a thruway highway what would your recommendation be for
length of vertical curve, non-passing over a summit with a 2.8%
ascending grade and a 3.5% descending grade. Grades intersect at
station 25 + 50 at elevation 130. feet.

HEIGHT Of 08JECT

NON-PASSING SIGHT DISTANCE

/SAFE STOPPING DIST~NCE)

PASSING SIGHT DISTANCE

HEIGHT Of EYE

Assume 70 :MPH design speed. Solve for condition where sight
distance is less than curve length, therefor:

S = 600 (from table)

A

L

c_

2.8 - (..3.5) = 6.3

AS 1.

100Q/2h I +V2hJ-z...

_-=~6.~3 ~(6.u.LOO)'2. _
100(V2 x 4.5 +V2 x 0.333)~

1557 feet



VII-9

Parabolic Vertical Curves

Compute elevation of curve at each station:

Question 2a.

'2.
= 6,3(2,5) = 1.31 feet

2(15)
d = Ax:

2L

Sta. 20+50 El. = (130.) - (y) = (130) - (g l 500) =
100

(130.) - 2.8(5) = 116.00

El. of-eurve at station 20+50 = 116.00 - 1.31 = 114,69

Tangent offset, d, at horizontal distance x, measured from
PVC to station 20+50:

El. at PVC = (130.) - (g. xL) = (130.) -(2.8 ill) = 109.00
2 2

El. at PVT = (130.) - (g~xL) = (130.) - (3.5 x15) = 103.75
2 2

El. at points to left of PYI (on tangent):

PYI at elevation 130.
g I =+2.8%, g£ =-3.5%
PVC at station 18+00
L = 1500'

Refering to figure 2 (Question 1)

I
I
I
I
I
I
I
I
I
I
I
I
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Parabolic Vertical Curves

Question 1.

Figure 1.
PVI EI. = 652.6

l 9,t (~/---*"-- .. ,;>:.-- t .0,:

\ I'VT

EI.=648.0 on·
vertical curve

Figure 2.

/:/. /03.75-_....._---

x

PV.l

--- .---- ---- .

£1.

I. I in s!a!ion$ J

\s-\-C'
I

/5
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Parabolic Vertical Curves

Question 3.

Solve:
A. Required grade of tangent from PYI to PVT
B. Station and elevation of PVI
C. Will profile shown satisfy conditions?

3 = g.,(8)
4+g..,.

g = +2.4Answer A.
"t.

x= ~
4 + g'%.,--

Low point of sag curve to right of PYI (by inspection), therefore g
will be lower magnitude than g, . -z..

From PVT, x = 3 stations, L = 8 stations.
Formula to find sag or highpoint: x = (lesseI:..gradc = g3:.L

A A
A = g - g = -4 - g = -(4 + g) Used as positive integer

r ~ ~

Given:
Secondary road to pass under bridge
Length of vertical curve = 800 feet
Approach grade (g.) = -4.0%
Station of PVC = 11+00
Lowest point of bridge overpass = 100.0 feet
Lowest point of bridge overpass is at station 16+0
Clearance under overpass to be 14 feet
Permissable passing sight distance = 1200 feet

I
I
I
I,

I
I
I
,I
I
I
I
I
I
I
i
I
I
I
I
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Parabolic Vertical Curves

Question 3.

Figure 1.

/L~OW POINT OF EXPRESSWAY
.1..-t.1. : 100.0 Fr

,
(LOW PO/NT OF cuRVE

S TA. /6 +00 .

PVT

----~------

14' CLEARANCE

PVC
STA 1/+00

PVI

x

!~c;W POINT OF EXPRESSWAYi!!:. : /00.0 FT.

f
-LOW POINT OF CU~VE

STA./6 .,. 00

PVT
---~~-----~

/4' CLEAIlANCE

PVC
STA.I/+OO

I

11-
+

/2-
+

/3-
+"'-

PVI
+ +/s- /1$.

+
/7- +/8- /9-

I. : 8 STATIONS

+
20 - 21-

SIGHr _

~OO.O

S = /2 STATIONS

U~ CUAIiANCF

L= e STATIONS

*-
---------

]:=102.9

+
10-9-
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Parabolic Vertical Curves

Question 3. (2)

By inspection (Figure 1.) PVI is at station 15+00 Answer B.
Elevation at low point of sag curve = 100 - 14 = 86.0 Answer B

Offset from tangent to low point:
'1. -t.-

d = Ax = 6.4(3) = 3.6
2L 2(8)

El. on tangent at same station = 86.0 - 3.6 = 82.4
EI. at PVI = 82.4 - (g xl) = 82.4 - 2.4 = 80.0 Answer B.

El. ofPVT = 80.0 + g'7.(400) = 80 + (2.4 x 4) = 89.6
El. of PVC = 80.0 + g l (400) =80 + (4 x 4) = 96.0

Check 1200 foot sight distance, from 200 feet prior to PVC (point
M) to 200 feet beyond PVT (point N).

91 (z ,,,-,)

El. at point M = 96.0 + 4(2) = 104.0
El. at point N = 89.6 + 2.4(2} = 94.4

q~L.z. ~i-a.")

El. at eye level at point M 104.0 + 4.5 = 108.5
El. of object at point N = 94.4 + 4.5 = 98.9'

El. ofline1)f sight at station 16+0 (overpass):
(: ""-a O(..j..'W ~a \l,~)

y = 100 (108.5 - 98.9) = 5.6
1200

El. = 108.5 - 5.6 = 102.9 Not a clear line of sight.

C
/'l Answer C.

I ~'ty1
.d {} /0 / L ~v-Ud0~ v t7

<7

~



QUESTION 4. A GRADE SEPARATION STRUCTURE FOR ROAD A IS TO BE BUILT OVER
AN EXPRESSWAY AS SHOvVN BELOW. THE EXPRESSWAY IS ON A -5%
GRADE AND THE ELEVATION OF THE EXPRESSWAY AT THE INTERSECTION
STATION 100+00 IS 193.5. THE TRANSVERSE SLOPE OF BOTH ROADS
IS ! INCH PER FOOT. ROAD A IS ON A VERTICAL CURVE HAVING THE
FOLLOWING DATA: PVI STATION: 40+00, PVI ELEVATION: 220 FEET,
GRADES: +4% to -4%, LENGTH OF CURVE: 400 FEET. FIND THE
CLEAftANCE AT THE CRITICAL POINT P •

I-

EDGE OF PAVEMENT

f FACIA BEAM

,
'()

.....-+-__ \ f /lOAO I'A_"IOVE/l} /

<--I
-'

36"W

EXPRESSWAY

a..:
H...

~ -C'-f
~ C')... H-- "-- .
....: Q;)

~ <9It

~

'"-
/2"

t

ROA 0 "A N 5 TA. 39 "00 =
EXPRESSWAY 5TA. 100"00

/-'().....
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/
/

I

ROAD "A"----

.
'().....

1 (24)
195.12- 4 12 =194.62

,fJ

'T'Annp.nt Elevation: 220 - (.04 x 137) = 214.52

A x 2 8 (.632
)

Tangent Offset=zr = 2l4J = .4

Elevation on Vertical Curve of Road A at Station 38 + 63 (center line):

By trigonometry: PX = 37 1 and, MY = 32.3
1

'l'hen: P Station on Road A = 38 + 63, P Station on Expressway == 99' + 67.7
elevation of Expressway at Station 99 + 67.7: 193.5 + (.05 x 32.3) = 195.12

Then: Elevation at P



-----.7'---- - "-----,--

, X ROAD '~'"

Elevation on Vertical Curve of Road A at Station 38 + 63 (center line):

,Ir A x 2 8 (.63')
Tangent Offset =2L = 2 (4) =.4

Tangent Elevation: 220 - (.04 x 137) = 214.52

Elevation of Vertical Curve: 214.52 - .4 = 214.12

---'3~ ?l;;;b

ElevationatP: 214.12 _ fix 16) ~/t+ 12 =209.79

Then: Clearance at critical point P = 209.79 - 194.62 = 15. 17 feet. ....Answer
<
-I
""

e = 0.4

£/.=2/2

1......
1

.__l.t-/-=-.2_=-:.2:..- -1 PVC
40iOO 42~00

PVI EI.=220

x

VERTICAL CURVE
EI.= 2/4./2

.18+00 16.1
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Parabolic Vertical Curves

Question 5.

The summit of a four-lane highway has an ascending grade of
3.7% and a descending grade of 2.9%, intersecting at station
42+00 at a PYI elevation of 170.0.

A. For 60 1v1PH design speed what is recommended stopping
sight distance?

B. Determine minimum length of vertical curve to provide the
recommended sight distance.

C. Compute elevations on vertical curve at PVC, PVT, Midpoint
and quarter-point stations.

&-
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Parabolic Vertical Curves

Question 5. (cont.)

A. From "Minimum Sight Distance" table, minimum stopping
distance is 475 feet.

B. Design speed =60 ~H, hI = 4.5 feet, h;z. = 0.333 feet.
"-Use formulaL = AS

1OO(-nJi.. +V2hz ) 'Z.

A = g, - g-z. = 3.7 - (-2.9) = 6.6

L = 6a.6!A15L - 1020, say 1000 feet.
1000'2x4.5 +V2x.333 )t.

c. L = 1000 feet, or 10 stations
El. at Pvc = 170.00 - g, L = 170. - 3,7 (10) = 151.5

2 2

El. at PVT = 170.00 - g L = 170. - 22..(lQ). = 155.5
~ 2

Etc.

--
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cmCULAR CURVES

Definitions

Note: 5729.578 = 1 radian = central angle of curve equal to R

Equations

exact for arc definition
exact for chord definition

R = 5,729.578/D
=501 sinD/2

T = R tan 1/2
M = R(l 4-COS 1/2)
C = 2R sin 1/2
L = 100I/D
E=R~

cos 1/2

* Degree of curve: Central angle subtended by arc of 100 feet,
arc definition. Central angle subtended by 100 foot chord, chord
definition.

PC = Point of curvature, beginning of curve
PI = Point of intersection of tangents
PT = Point of tangency, end of curve
R = Ramus of curve
D = Degree of curve *
I = Deflection angle between tangents at PI; also central

angle
T = Tangent distance, from PC to ,PI, PI to PT
L = Length of curve from PC to PT (measured on 1DO-foot

chords for chord definition, on arc for arc definition)
C = Length of chord, from PC to PT
E = External distance, from PI to mid-point on curve
M = Mid-ordinate, mstance from mid-point of curve to mid­

point of long chord

I
I
I
I
I
I
I
I
I
I
I
I
I
I
j

I
I
I
I
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cmCULAR CURVE
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Question 1.

T = R tan 1/2 = 750.00 x .37073 = 278.05 ~

= 533,38 feetl.QQ.x..4Q.15.
7.64

_ 50 x .93741.. = 749.09, or 750.00
1 - .93743

~

- 7.64, or 7 38'

L = 1001
D

PI: 354 + 50
PC = 35450 - 278.05 = 35171.95, or 1S.1....±....1L
PT = 35171.95 + 533.38 = 35705.33, or 357 + 5.33

D = 5729,578
750.00

R = E.-casJL2..
1 - cos 1/2

Two tangents for the centerline of a highway project intersect at
station 354+50, with a deflection angle of 40

Cl
45'. Design a

horizontal curve for this intersection, locating the external secant
of the centerline of the highway at 50 feet from the point of
intersection of the tangents, using a degree of curve to the nearest
one-half degree.

Given: E = 50.00, I = 40
D

45'

I
I
I
I
I
I
I
I
I
I,
I
I
I
I,
I
I
I
I
I
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Question 1.

Miscellaneous Highway Design

SIN £)

100 FEET

9
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Question 1.

Miscellaneous Highway Design

W(g) = 181.35
100

Rg =W(sine) =

g = Rg(1om =.1&.1,35(100) = 7.25%
W 2500

Rg = 270 - Rr -Ra = 270 - 56.25 -32.4 = 181.35Ibs. Ccrr.aJe.. ~esl"S+ance.",

(Rg is grade resistance; positive on up-grade)

Tractive force = 270 = Rr + Ra ± Rg

Q. What grade can car climb in still air, maintaining 30 NlPH
speed.?

~ ~ \
Ra = KAV = 0.0018(20)(30) = 32.4lbs. ( 2 ~ r rc:::So\-;'+c:z'nCe..)

Rr = 45 x 2500 = 56.25 lbs. (\,0 1(I n~ re::s,s42t'tC':)

2000

Vehicle weight, W = 2500 pounds
Frontal area, A = 20 square feet
Max. tractive force of 270 pounds at 30 NlPH
Gravel road, rolling resistance = 45 pounds per ton vehicle
weight
K = 0.0018

I
I
I
I
I
I
I
I
I
I
I
I
I
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I
I
I
I
I
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Question 7: Spiral Curve

Ts = 1040.87

I •

( p. C.)
I

I
I
/
I "

~tD ~
! ~c_ I ""It!--

300' S.c.
T.S.

.xo~ 150.38 !
I - I

c

Given: spiral curve with an intersection of tangents angle =86 ;
length of sRiral = 300 feet; station of p.r. = 68 + 50; degree of
curve = 6°. Determine stations ofT.S., S.C., C.S., and S.T.

Tc =890.49

T
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Question 7: Spiral Curve (2)

Definitions
T.S. Tangent to spiral
S.C. Spiral to curve
C.S. Curve to spiral
S.T. Spiral to tangent
I Total central angle; angle of tangents
Is Spiral angle
Ie Angle of circular curve
Dc Degree of curve (circular curve)
Rc Radius of circular curve
Lc Length of circular curve
Yc Offset from tangent to S.C.
Xc Spiral chord
Xo tangent distance from T.S. to beginning of L.C.
L.C. Long curve, from T.S. to point of curvature of circular

curve of central angle equal to Sc (spiral angle)
Tc Tangent of circular curve
Ts Tangent of spiral
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Question 7: Spiral Curve (3)

Is = LsDc = 300(6) = 9
200 200

Ie = I - 2Is = 86 - 18 =68

Re =

Lc=

5729.578 =
Dc

Ic(IOO) =
Dc

5729.578 = 954.93
6

68(100) =1133.33
6

Ye =

Xc =

to
(Ls).=
DcRc

~

cot ic

(300)~

6(954.9~)

(ic = 1/3 Is)

15.71

Xo =

1D.l. = 299.76
cot 3

Xc - Rc(sinIs)
299.76 - 954.93(sin 9) = 150.38

Tc = Rc(tanI/2) = 954.93 (tan 43) =' 890.49
Ts = Xo + ~ = 150.38 + 890.49 = 1040.87
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Question 7: Spiral Curve (4)

P.I. = 68 + 50.00
~

T.S. = 58 + 09.13
+ 300.00

S.C. = 61 + 09.13
+1133.33

C.S. = 72 + 42.46
+300.00

S.T. = 75 + 42.46

--
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VIII.
Economics

Instructor: Richard Pike
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VIII-l

ENGINEERING ECONOMIC DECISION ANALYSIS

The following material is a review of the economic analysis
of engineering projects taking the time value of money into ac­
count.

Ways of moving money around in time, or accounting for the
time value of money are presented. Means of handling single sums
as well as various types of uniform series are reviewed.

The present worth, future worth, annual worth, internal rate
of return, and benefit/cost ratio methods of analysis are examin­
ed. These methods are presented as ways to determine the finan­
cial viability of an individual engineering project and also as
a way to choose the best of several alternative engineering pro­
jects.

The incremental approach to the internal rate of return
and benefit/cost ratio methods af analysis is stressed when
using these methods ta chaose the best of several alternative
projects.

The annual warth methad af analysis is demonstrated as a
means af analyzing projects with different lives assuming that
using the least common multiple of lives is an acceptable way
of arriving at a common life.

The capitalized cost and capital recovery cost methods of
analysis are reviewed as they pertain to the determination of
the financial viability af projects with perpetual or infinitely
long lives.

Various methods of financing projects are explored and the
determination of the principal and interest portions af a direct
reduction loan payment are reviewed.

Methods of determining an effective annual interest rate
are presented and means of adjusting interest rates to ace om­
odate cash flows occuring more often than annually are explored.

A short set of interest tables are provided which will
allow the salu!ion af most engineering economic decision analysis
problems.
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TIME VALUE OF MONEY

To illustrate the concept of the time value of money we will
assume that $100 is deposited into an account that pays in­
terest at a rate of 10~ per year. The growth of the original
investment is shown for a three year period below.

EOY
-0-

1
2
3

ACCOUNT BALANCE +
$100

100 +
110 +
121 +

INTEREST

$10 :
11 =
12.10 =

$110
121
133.10

You can see that the original deposit of $100 grows to $133.10
over the three year period.

The formula for finding the future vvalue of a present sum is
shown below where F equals the future value, P equals the
present value, i equals the interest rate~per int~rest period,
and n equals the number of interest periods.

3F = $100(1+0.10) = $133.10

The formula for finding the present value of a future sum is
shown below.
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VIII-3

A uniform series of cash flows is defined as a series of equal
cash flows which occur over consecutive time periods. A cash
flow diagram and a cash flow profile of a $100 uniform series
for three years are shown below.

A A A
100 100 100

1 ! i
0 1 2 3

EOY CF
-0- -0-

1 100
2 100
3 100

The present value at time zero of the cash flow shown above
could be determined by treating each value individually and
using the formula P = F(1+i)-n.

( ) -1 -2 -3Po = 100 1+i + 100(1+i) + 100(1+i)

The formulae for finding the present value of a uniform series
and an,equivalent uniform series for a present value are shown
below.

A= fi<1+i)
nl

PG1+i)n_~
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The present value at time zero of the cash flow shown above
could also be determined by treating each value as part of a
uniform sereis and using the formula shown above.

~
(1+i)3_~

P = $100 3
o i(1+i)

For any given interest rate, the present value will be the same.

Interest tables are provided which show the calculations for
various combinations of interest rates (i) and interest periods
( n) . The column designations are shown below.

(F/Pi,n) reads find F given P at · 0' for n periods.1,0

(P/Fi,n) reads find P given F at · 0' for n periods.1'0

(P/Ai,n) reads find P given A at · 0' over n periods.1'0

(A/Pi,n) reads find A given P at · 0' over n periods.1'0

(F/Ai,n) reads find F given A at · 0' over n periods.1'0

(A/Fi,n) reads find A given F at · 0' over n periods.1'0

To find the present value of the cash flow diagramed on the
previous page you could use either of the procedures shown
below.

P 1I 100(P/Fi,1) + 100(P/Fi,2) + 100(P/Fi,3)a

or

P = 100(P/Ai,3)a

If you a!ftJume i equals 10% per year, then:

p. = 100(P/A10,3) = 100(2.487) = 248.70a
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VIII-5

It is important to bote that the formulae dealing with a
uniform series were developed based on the fact that the
beginning point of a uniform ser~es occurs one time period
prior to the first instance of the series and that the ending
point of a uniform series occurs at the final instance of the
series.

In the illustration shown below note that the factor 100(P/Ai,n)
gives a single value at the beginning of the series, or at t=1.
This value must then be multiplied by (P/Fi,1) to move the value
from t=1 to t:O.

100 100 100

o 1 t 1 1years
P : 100(P/Ai,3)(P/Fi,1)

a

The formulae for finding the future value of a uniform series
and the equivalent uniform series of some future value are
shown below.

LOAN CALCULATIONS

There are three common types of loans which we must be aware
of when engineering projects are being financed. In addition
to the amount of the loan repayment, we should be interested in
the amount of the interest portion of each payment as the
interest portion is tax deductible.
In an "Intere~- Only 8alloon Note", only interest payments are
made on a periodic basis until the loan is due. When the loan
is due a balloon payment consisting of the full principal amount
plus the interest due for the final payment period is made.
A second type of loan requires equal principal payments to be
made each payment period plus the interest due on the unpaid
principal balance at the beginning of the payment period.
A third common type of loan is known as a Direct Reduction Loan.
By using the uniform series formulae we are able to determine
the payments and the associated principal and interest amounts
for a direct reduction loan.
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To find the periodic payment for a direct reduction loan the
following formula is used.

A = P(A/Pi,n)

If you were to borrow $1,000 for a period of thirty years
with annual payments and an interest rate of 8% per year, the
annual payment would be found as shown below.

A =1000(A/P8,30) = 1000(0.0888) = $88.80 per year

It is important to remember that the interest portion of the
loan payment is a tax deductimle expense. To find the amount
of the interest, we would first find the principal portion by
multiplying the periodic payment by the factor (P/Fi,n) where
n equals the number of payments left in the life of the loan at
the beginning of the payment period in question. For the loan
discussed above the calculations for the principal portions
of the first and last payments are shown below.

For the first payment: Principal = 88.80(P/F8,30) = $8.83

For the second payment: Principal = 88.80(P/F9,1) = $82.22

You can see from the preceeding calculations that the principal
portion of a direct reduction loan decreases over time.
The interest portion of the loan payment is equal to the total
periodic payment less the principal portion

For the loan in question, the interest portion of the first
payment is $88.80 - $8.83 = $79.97.
The interest portion of the final payment is $88.80 - $82.22
= $6.58.

Tb further illustrate the effect that time can have on the
value of money ~t us determine how much the cost of tuition
might be for a college education beginning twenty years from now.
We will assume the cost of college tuition will increase by
10% per year over the next twenty years.
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PROJECT ANALYSIS

Bear in mind these values are for the first year cost only.

s . V•

7years65

3000 3000 3000
I to 41\ J,.

,~

5000

ASSUME 1:10%

2

3000
11\

1

4000
j

10000

TYPICAL CASH rLOW DIAGRAM

The cost per $1000 of todays tuition cost will be 1000(F/P10,20)
= $6,728.00

Interest rate = 10% per year: A = $6728(A/F10,ZO) = $117.74
per year per thousand dollars of today's tuition cost.

Interest rate = 4% per year: A = $6728(A/F4,20) = $226.06
per year per thousand dollars of today's tuition cost.

Interest rate = 30% per year: A = $6728(A!~30,20) = $10.70
per year per thousand dollars of today's tuition cost.

The annual payment necessary to accumulate the required funds
twenty years from now is shown below for various interest rates.

An engineering project with a cash flow profile which may be
considered typical will now be analyzed taking the time value
of money into account. The time value of money will be consid­
ered to be the minimum attractive rate of return to the company.
Five methods of analysis will be discussed.

I
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PRESENT WORTH

PW = -10000+4000(P/F10,1)+3000(P/F10,Z)+ZOOO(P/F10,3)
-5000(P/F10,4)+3000(P/A10,3)(P/F10,4)+SOOO(P/F10,7)

= 1865

i
rUTURE WORTH

FW = -10000(F/P10,7)+4000(F/P10,6)+3000(F/P10,S)+2000(P/F10,4)
-SOOO(F/P10,3)+3000(F/A10,3)+SOOO = 3628 i

i
I

ANNUAL WORTH

AW = p(A/P10,7) = 186S(A/P10,7) = 384

or

AW = F(A/F10,7) = 3628(A/F10,7) = 384

INTERNAL RATE OF RETURN (IRR or ROR)

PW = 0 = -10000+4000(P/Fi,1)+JOOO(P/Fi,2)+2000(P/Fi,3)
-SOOO(P/Fi,4)+JOOO(P/Ai,J)(P/Fi,4)+5000(P/Fi,7)

at i=10~; PW = 1865
at i=12~~ PW = 1049
at i=15~; PW = -3
therefore 12~ <. I RR ~ 15~o

IRR = 14.99~ by interpolation.

BENEFIT COST RATIO (B/C)

[4000(P/F10,1)+JOOO(P/F10,2)+2000(P/F10,3)
B/C = +JOOO(P/A10,J)(P/F10,4)+5000(P/F10,7)

10000+~OO(P/F10,4)

B/C = 1.14

-------1- -
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VIII-9

~ present worth, future worth, or annual worth which IS equal
to zero or is positive indicates a desirable project. A neg-
ative present worth, future worth, or annual worth indicates
the project is not desirable. An internal rate of return which
is equal to or greater than the minimum attractive rate of re­
turn (MARR) indicates a desirable project while an internal rate
of return which is less than the minimum attractive rate of re­
turn indicates the project is not desirable. ~ benefit cost ratio
which is equal to or greater than (1) indicates a desirable pro­
ject while a benefit cost ratio which is less than (1) indicates
the project is not desirable.

INTEREST COMPOUNDED MORE OFTEN THAN ANNUALLY

= effective annual interest rate

r = nominal annual interest rate
m = number of compounding periods per year
i = interest rate per interest period.

Find the present worth of the cash flow shown in the diagram
below. The interest rate is 12racompounded quarterly

100 100 100 100

_t t t_1
a 1 2 3 4 semi-annual periods

PW = 100(P/Ai,4)
Note that i must be the
per semi-annual period.

i = 6.09ra per semi-annual period
I

I PW = 100(P/A6.09,4)

I, «~1+0.0609)4_1 J
PW = 100

I O.0609(1.0.0609}4

I PW = 346

~---------
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CHOOSING AMONG ALTERNATIVE INVESTMENTS

When there is more than one project to be concerned with and
we are being asked tochoo~e the best among several alternative
projects some adjustments must be made for the internal rate of
return and benefit cost ratio analysis.

RANKING ALTERNATIVE INVESTMENT OPPORTUNITIES

PRESENT WORTH, OR ANNUAL WORTH, OR FUTURE WORTH

vs
I

1--__1N_T_E_R_N_A_L_R_A_T_E_O_F_R_E_T_U_R_N_O_R_B_E_N_E_F_I_T/_C_O_S_T_R_A_T_I_O J
To illustrate the analysis we will consider the two projects
with the cash flows profiled below.

INTERNAL RATE OF RETURN

= a = -50000+6000(P/Ai,20)
i = 10.35'0

EOY CFCA) CFCB)
() -50000 -15000
1-20 6000 1850

MARR = 1O~o

PRESENT WORTH

PW(A) = -50000+6000(P/A10,20) = 1082

PW CB ) = -15000+1850(P/A10,20) = 750
I

I
L-------------------------------i
I
I
I
I

PW(B) = 0 = -15000+1850(P/Ai,20)
~ = 10.78~o

PW IRR

PROJECT A 1082 10.35%

PROJECT B 750 10.78?o

WHICH IS BEST?
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INCREMENTAL APPROACH TO IRR

In this case the order becomes B,A

The second step is to determine the incremental cash flow
between the two lowest cost alternatives.

CF(A-B)
-35000

4150

CF(B)
-15000

1850

CF(A)
-50000

6000

then PW = 331

EOY
cr
1 -20

PW(A_B) = 0 = -35000+4150(P/Ai,20)

assume i = MARR = 1Q~

The first step is to order the projects by initial cost, from
lowest initial cost to highest initial cost.

A positive PW indicates the IRR>MARR.
Therefore the incremental investment should be made.
Therefore we will eliminate the project with the lower cost
or CF(B).
There are no other projects under consideration therefore
we will choose the project that is left, or CF(A).

If there had been more than the two alternatives we would have
then analyzed the incremental cash flow between CF(A) and the
next higher c~t alternative in the same manner. A negative
PW would indicate the IRR<:MARR which would mean the incremen­
tal investment should not be made and the project with the
higher cost would be eliminated.

As can be seen from the previous example, the present worth
analysis shows project A to be the best and the internal rate
of return analysis shows project B to be the best. Because
project A is actually the best we must make adjustments to the
internal rate of return analysis to ensure we will make the
right choice when choosing among alternatives. The same would
hold true for the benefit/cost ratio analysis. We will adjust
the analysis to use an incremental approach.

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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DEALING WITH CHOOSING AMONG ALTERNATIVES WITH UNEQUAL LIVES

Ideally we should be analyzing projects with equal lives, but
occasionally that is not possible. When projects have different
lives a common method of analysis is the Annual Worth. The
basic assumption under this condition is that there is a common
life equal to the least common multiple of the lives involved,
and that the cash flows of the projects repeat themselves until
the least common multiple is reached.
The example shown below deals with two projects, one havlng a
ten year life and the other having a five year life.

EOY
-0-

1-10

CF(A)
-10000

2000

EOY
-0-

1-5

CF(B)
-5000

1500

AW(A) = -10000(A/P10,10)+2000 = 3627

AW(B) = -5000(A/P10,5)+1500 = 2819

The above example shows the annual worths using the
original lives of the alternatives.

The least common multiple of a five year life and a ten year
life is ten years. The cash flow profile for project B over
a ten year life with cash flows repeating is shown below.
You can see that the annual worth of project B is the same
using the five year life as above or the ten year life as
below.

EOY
cr
1-5

5
6-10

CF(B)
-5000

1500
-5000

1500

= -sOOO(A/P10,10)+1s00-1s000(P/F10,5)(A/P10,10)
4&

2819
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VIII-13

PROJECTS WITH PERPETUAL LIVES

CAPITALIZED COST P A
= = i

CAPITAL RECOVERY COST = A = Pi

o 1 10 11 Cd

-~ 2000

~ J4000

4000P = 5000+0:T0-2000(P/A10,10)=32710

A- 5000(0.10)+4000-2000(P/A10,10)(0.10)=3271

P is a present value at time zero.

A is a uniform series over an infinitely long time.

c_
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MULTIPLY
THIS BY THIS TO CONVERT THIS TO THIS

P F

P x (F/Pi,n) 1 t
(1+i)n

.
0 n 0 n

n

F x (P/Fi,n)

(1+i)-n

." .a

F

1•
n

P

1~
a

A x (P/Ai,n)

(1+i)n_ 1

i(1+U
n A A A A

oillJ
P

n

A (F/Ai,n) Fx

(1+U n _1 A A A A

i JJjJ
a n a n

P x (A/Pi,n) P

i(1+i)n A A A A

(1+i)n- 1 J1jJ
-- a n a n

F x (A/Fi,n)

~
i A A A A

( 1+U
n

-1 ~
a n a n



SINGLf PAYMENT i UNIFORM PAYMENT SERIES I GRADIENT SERIES 1
Comoound Presll1l i Sinking c.OIlIl Coml)OUllCl Present

I
Gtaclitnt Gl'lIdill1l

I
Amount WOI1Il I FullCl R~ Amount WorlIl Uniform Present
F3Ctor Fldll( FIClllr FICUlf FICUlr Factor SerieS Worth
FillCl F FillCl P , Find A FiIlClA FindF

FiIlCl P I Find A Find P IGiven P GIVll'l F GNen F GivlllP G~A Gi'ttn A Given G Given G
11 FIP PIFAIF AlP FIA PIA AIG PIG

1 1.010 .9901 ooסס.1 1.0100 1.000 .990 0 0
% 1.020 .9803 .4975 .5075 2.010 1.970 .498 .980
3 1.030 .9706 .3300 .3400 3.030 2.941 .993 2.921
4 1.041 .9610 .2463 .2563 4.060 3.902 1.488 5.804
S 1.051 .9515 .1960 .2060 5.101 4.8S3 1.980 9.610

6 1.062 .9420 .1625 .1725 6.152 5.79J %.471 14.321
1 1.072 .9327 .1386 .1486 7.214 6.728 2.960 19.917
8 1.083 .9235 .1207 .1307 8.286 7.652 3.448 26.381
9 1.094 .9143 .1067 .1167 9.369 8.566 3.934 33.696

10 1.105 .9053 .0956 .1056 10."62 9.471 4.418 41.843

11 1.116 .8963 .0865 .0965 11.567 10.J68 4.901 50.807
U 1.127 .8874 .0788 .0811 12.683 11.2.55 S.381 60.569
13 1.138 .8717 .0724 .0824 IJ.809 12.134 5.861 71.113
14 1.149 .8700 .0669 .0769 14.947 13.004 6.338 82.422
15 1.161 .8613 .0621 .0721 16.097 13.865 6.814 94.481

16 1.173 .8521 .0579 .0679 17.258 14.718 7.289 107.273
17 1.184 .8444 .0543 .0643 18.430 1S.562 7.761 120.783
18 1.196 .8360 .0510 .0610 19.61S 16.J98 8.232 134.996
19 1.208 .8277 .0411 .0581 20.811 17.226 8.102 149.895
%0 1.220 .8195 .0454 .0554 22.019 18.046 9.169 165.466

%1 1.232 .8114 .0430 .0530 23.239 18.857 9.635 181.695
%2 1.245 .8034 .0409 .0509 24.472 19.660 10.100 198..566
23 1.2S7 .7954 .0389 .0489 2.5.716 20.456 10.563 216.066
%4 1.270 .7876 .0371 .0471 26.973 21.243 11.024 234.180
15 1.282 .7798 .0354 .0454 28.243 22.023 11.483 252.894

%6 1.295 .7720 .0339 .0439 29.526 22.795 11.941 272.196
27 1.308 .7644 .0324 .0424 30.821 23.560 12.397 291.070
28 1.321 .7568 .0311 .0411 32.129 24.J16 12.852 312•.50.5
%9 I.J35 .7493 .0299 .0399 3J.450 2.5.066 13.J04 333.486
30 1.348 .7419 .0287 .0387 34.785 2.5.808 13.756 m.002

36 1.431 .6. .0232 .0332 43.077 30.108 16.428 494.621
40 1.419 .6717 .02Qj .0305 4.886 32.835 18.178 596.856
4 1.612 .6203 .0163 .0263 61.223 37.974 21.598 820.146
50 1.645 .6010 .0155 .02.55 64.463 39.196 22.436 879.418
51 1.678 ..5961 .0148 .0248 67.769 40.394 23.269 939.918

60 • 1.817 .5504 .0122 .0221 81.670 44.955 26.533 1192.806
70 2.007 .4913 .0099 .0199 100.676 50.169 30.470 1528.647
72 2.047 .4885 .0096 .0196 104.710 51.150 31.239 1597.867
80 2.217 .4'11 .0082 .0182 121.672 54.• 34.249 1879.877
84 2.307 .4335 .0077 .0177 130.672 56.648 35.717 2023.315

90 2.449 .4084 .0069 .0169 144.863 59.161 37.172 2240•.567
96 2.599 .3847 .0063 .0163 1'9.927 61.528 39.973 2459.430

100 2.70' .3697 .0059 .0159 170.481 63.029 41.343 2605.776
104 2.8" .3553 .0055 .0155 181.464 64.471 42.681 2752.182
1%0 3.300 .3030 .0043 .0143 230.039 69.701 47.835 3334. I IS

240 10.893 .0918 .0010 .0110 989.25' 90.819 75.739 6878.602
360 35.950 .om .0003 .0103 3494.694 97.218 89.699 8720.432
410 118.648 .0084 .0001 .0101 11764.773 99.157 95.920 9511.158

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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Compound Interest Factors 1%
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1V2% Compound Interest Factors

~RAOIENT So;; ESSINGLE PAYMENT UNIFORM PAYMENT SERIESI
,

\J C I

I
Comoouncl Present I Sinluno c.llItal Comoouno Present

I
Grllllent Gradlerl

Amount WOM Fund RIClIVtfY Amount WOl1ll Uniform Presen
Factor Factor FaCtor Faeter Factor FaCtor s_s Wortn

FIIldF Find I' I Find A Find A FIIlCIF Find I'

I
Fin4 A Fino P

Give" Gi"," F Given F GMIlP GiwnA Given A GiYell G Given (
n FIP PIF AIF All' FIA PIA A/G PIG

1 1.015 .9852 1.0000 1.0150 1.000 .985 0 0
2 1.030 .97ff1 .4963 .5113 2.015 1.956 .496 .971
3 1.046 .9563 .3284 .3434 3.045 2.912 .990 2.883
4 1.061 .9422 .2444 .2594 4.091 3.854 1.481 5.710
5 1.077 .9283 .1941 .2091 5.152 4.783 1.970 9.423

6 1.093 .9145 .1605 .1755 6.230 5.697 2.457 13.996
7 1.110 .9010 .1366 .1516 7.323 6.598 2.940 19.402
8 1.126 .8877 .1186 .1336 8.433 7.486 3.422 25.616
9 1.143 .8746 .1046 .1196 9.559 8.361 3.901 32.612

10 1.161 .8617 .0934 .1084 \0.703 9.222 4.377 40.;167

11 1.178 .8489 .0843 .0993 11.863 10.071 4.851 48.1157
12 1.196 .8364 .0767 .0917 13.041 10.908 5.323 S8.!)57
13 1.214 .8240 .0702 .0852 14.237 11.732 5.792 67.94.5
14 1.232 .8118 .0647 .0797 15.450 12.543 6.258 78...99
15 1.250 .7999 .0599 .0749 16.682 13.343 6.722 89.697

16 1.269 .7110 .0558 .0708 17.932 14.131 7.184 101..5 18
17 \.. .7764 .0521 .0671 19.201 14.908 7.643 113.940

l' 1.307 .7649 .0411 .0631 20.489 15.673 8.100 12U43
19 1.327 ."36 .0459 .0609 21.797 16.426 8."4 140..508
20 1.347 .7425 .0432 .0512 23.124 11.169 9.006 1.54.1515

21 1.367 .7315 .0409 .0559 24.471 \1.900 9.455 169.245
n 1.388 .71.ffI .0387 .0537 25.'31 11.621 9.902 184.380
13 1.408 .7100 .0361 .0517 27.225 19.331 10.346 200.001
24 1.430 .6995 .0349 .0499 28.634 20.030 10.788 216.090
25 1.451 .6892 .0333 .0413 30.063 20.720 11.228 232.631

26 1.473 .6790 .0317 .0467 31.514 21.399 11.665 249.607
%7 1.495 .6690 .0303 .0453 32.981 22.068 12.099 267.000
21 1.517 .6.591 .0290 .0440 34.481 22.727 12.531 284.796
29 1.540 .6494 .0278 .0428 35.999 23.376 12.961 302.978
30 1.563 .6398 .0266 .0416 37.539 24.016 13.388 321.531

36 1.709 .5151 .0212 .0362 47.276 27.661 15.901 439.830
40 1.114 .5513 .0184 .0334 54.268 29.916 \1•.528 .524.3.57
41 2.043 .4IM .0144 .0294 69.56.5 34.043 20.667 703 ..546
50 2.105 .4750 .0136 .0286 73.683 35.000 21.428 749.964
52 2.169 .4611 .0128 .0271 77.925 35.929 22.179 796.817

.- -i.443 •..093 .0104 .02$4 96.215 39.310 25.093 988.167
10 .135 .3527 .0082 .0232 122.364 43.155 28.529 1231.166
72 2.921 .3423 .0071 .0221 12'.017 43.845 29.189 1279.794
10 3.291 .3039 .0065 .0215 152.711 46.407 31.742 1473.074
14 3.493 .2163 .0060 .0210 166.173 47.579 32.967 1568.S!4

90 3.819 .2619 .0053 .0203 187.930 49.210 34.740 1709.544
96 4.176 .2395 .0047 .0197 211.720 50.702 36.438 1847.473

100 4.432 .22.56 .0044 .0194 228.103 51.625 37.530 1937.4.51
104 4.704 .2126 .0040 .0190 246.934 .52.494 38..589 202.5.70.5
120 5.969 .167.5 .0030 .0180 331.288 55.498 42.519 23.59.711

240 35.633 .0281 .0004 .0154 2308.854 64.796 .59.737 3870.691
3'1 212.704 .0047 .0001 .01.51 14113.586 66.353 64.966 4310.716
410 1269.698 .0008 .0150 84579.837 66.614 66.288 441.5.741

r--- -



SINGL! PAYMENT I UNIFORM PAYMENT SERIES I GRADIENT SERI ES

Comoound Presll'lt ISiniill9 ~taI ComoounCl PrlSlll\ I Grldill'l\ GraCllent
Amount WOtlIl Fund RecovtIY Amount WOrl!l Unllonn Present
FaClDt Factor Factor Factor Factor Factor SerieS WOrl!l

, Find F Find P IFind A Find A Find F Find PI FIIllIA Find P
GiWnP Glvtn F Given F Given P GMtIA Given A GivII'I G Given G

n FIP PIF AIF AlP FIA PIA AIG PIG

I
I
I
I
I

2%

VIII-17

Compound Interest Factors 2%

I
I
I
I
I
I
I
I
I
I
I
I
I
I

1 1.020 .9804 1.0000 1.0200 1.000 .980 0 0
2 1.040 .9612 .49$0 .5150 2.020 1.942 .495 .961
3 1.061 .9423 .3268 .3468 3.060 2.884 .987 1.846
4 1.082 .9238 .2426 .2626 4.122 3.808 1.475 5.617
5 1.104 .9057 .1922 .2122 5.204 4.713 1.960 9.240

6 1.126 .8880 .15.5 .1785 6.308 5.601 2.442 13.680
7 1.149 .8706 .1345 .1~5 7.434 6.472 U21 18.903
S 1.172 .8535 .Jl6S .1365 8.583 7.325 3.396 24.878
9 1.195 .8368 .1025 .1225 9."5 8.162 3.868 3J.572

10 1.219 .8203 .0913 .1113 10.9$0 8.983 4.337 38.955

11 1.243 .8043 .0822 .1022 12.169 9.787 4.802 46.998
1% 1.268 .7sa.s .0746 .0946 13.412 10.575 5.264 55.671
13 1.294 .7730 .0611 .0811 14.680 11.348 5.7".3 64.948
14 1.319 .7519 .0626 .0826 15.974 12.106 6.179 74.800
15 1.346 .7430 .0578 .om 17.293 12.849 6.631 85.202

16 1.373 .m. .0537 .0737 11.639 13.571 7.010 96.129
17 1...00 .7142 .0500 .0700 20.012 14.292 7.526 107.555
11 1.421 .7002 .0467 .0667 21.412 14.992 7.968 119.45.
l' 1.457 .6164 .0431 .0638 22.841 15.671 8.407 131.814
20 1.416 .6730 .00lZ .0612 24.297 16.351 8.843 144.600

21 1.516 .6591 .0311 .0.- 25.713 17.011 9.276 157.796
22 1.546 .6461 .0366 .05'6 27.299 17.658 9.705 171.379
23 1.577 .6342 .0347 .0547 21.845 11.292 10.132 185.331
~ 1.601 .6211 .0329 .0529 30.422 18.914 10.555 199.630
2.S 1.641 .6095 .0312 .0511 32.030 19.523 10.974 214.259

26 1.673 .5976 .om .0497 33.671 20.121 11.391 229.199
rt 1.707 .5159 .0213 .0413 35.344 20.707 11.104 244.431
21 1.741 .5744 .0%70 .0470 37.051 21.211 12.214 159.939
%9 1.776 .5631 .0258 .0451 38.792 21.844 12.621 275.706
JO 1.111 .5521 .0146 .0446 40.568 22.396 13.025 191.716

J6 2.040 .4902 .0192 .0392 51.994 25.489 15.311 392.040
40 2.101 .4529 .0166 .0366 60.402 27.355 16.189 461.993
41 2.517 .316S .0126 .0326 79.3~ 30.673 19.756 605.966
50 2.692 .3715 .Olll .0311 84.579 31.424 20.442 642.361
51 2.1CIO .3571 .0111 .0311 90.016 n.145 11.116 678.785

60 3.211 .3041 .001I .0211 114.052 34.761 23.696 823.698
10 4.000 .2500 .0061 .0267 149.971 37.499 26.663 999.834
71 ., 4.161 .2403 .0063 .0263 151.057 37.984 17.m 1034.056
10 4.175 .2051 .oon .0252 193.772 39.745 29.357 1166.787
N 5.177 .1895 .0047 .0241 213.867 40.526 30.362 11~0.419

90 5.943 .1683 .0001O .0240 247.157 41.587 31.793 m2.170
96 6.693 .14" .0035 .0235 284.647 42.529 33.137 1409.197

100 7.245 .1310 .0032 .0232 312.232 43.098 33.986 1464.753
lIN 7.142 .1275 .0029 .0229 342.092 43.624 34.799 1518.087
120 10.765 .0929 .0020 .0220 418.258 45.355 37.711 1710.416

%40 115.819 .0086 .0002 .0201 5144.437 49.569 47.911 2~74.880

360 1147.561 .0008 .O~ 62328.0$6 49.960 49.711 248~.~68

480 1~430.199 .0001 .0200 671459.945 49.996 49.964 2498.017
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50/0 Compound Interest Factors 50/0
S;NGLE PAYMENT UNIFORM PAYMENT SERIES GRAOIENT SERIES

Comoound Present I Sintung ~OIW Camoound Present Gradient Gridlern
!\mounr Wortn I Fund Recowry !\mounr Wonn Uniform Pr!$ent
Factor Factor Factor Factor Factor Faetor Senes Wortn
Find F Find P IFino A Find A Find F Find P Find A Fino P

Given P Given F Given F Gillen P GiWnA GIVen A GiYen G Given G,
" P:P PIF AIF AlP FIA PIA AIG PiG

1 1.050 .9524 1.0000 1.0500 1.000 .952 0 0
2 1.102 .9070 .4878 .5378 2.050 1.859 .488 907
J 1.158 .8638 .31n .3672 3.152 2.723 .967 2.6:l5
4 1.216 .8227 .2320 .2820 4.310 3.546 1.439 5.103
S 1.276 .7835 .1810 .2310 5.526 4.329 1.903 8.237

6 1.340 .7462 .1470 .1970 6.802 5.076 2.358 11.968
7 1.407 .7107 .1228 .1728 8.142 5.786 2.805 16.2:12
8 1.477 .6768 .1047 .1547 9.549 6.463 3.245 20.9'70
9 U51 .6446 .0907 .1407 11.021 7.108 3.676 26.127

10 1.629 .6139 .0195 .1295 12.578 7.122 4.099 31.6.52

11 1.710 .5847 .0704 .1204 14.207 8.306 4.514 37.499
12 1.796 .5568 .0628 .1128 15.917 8.863 4.922 43.624
13 1.886 .5303 .0565 .1065 17.713 9.394 5.322 49.988
14 1.980 .5051 .0510 .1010 19.599 9.899 5.713 56.554
15 2.079 .4110 .00«13 .0963 21.579 10.380 6.097 63.288

16 2.183 .4581 .om .0923 23.651 10.838 6.474 70.160
17 2.292 .4363 .0317 .0887 2j.140 11.274 6.842 77.140
11 2.407 .4155 .0355 .01" 28.132 11.690 7.203 84.2'04
19 2.527 .39" .0321 .0121 30.539 12.085 7.5" 91.328
%0 2.653 .3169 .0302 .0102 33.066 12.462 7.903 98.488

%1 2.186 .3519 .0210 .0710 35.719 12.821 8.242 105.667
%1 2.925 .3418 .0260 .0760 31.S05 13.163 8.573 112.8-46
%J 3.072 .3256 .0241 .0741 41.430 13.419 8.197 120.009
%4 3.225 .3101 .0225 .0725 44.502 13.799 9.214 127.140
15 3.386 .2953 .0210 .0710 47.727 14.094 9.524 134.2:28

%6 3.556 .2812 .0196 .0696 51.113 14.375 9.827 14\.259
%7 3.733 .2678 .0113 .0683 54.669 14.643 10.122 148.2:23
28 3.920 .2551 .0111 .0671 58.403 14.191 10.411 155.110
%9 4.116 .2429 .0160 .0660 62.323 15.141 10.694 161.913
JO 4.322 .23t4 .0151 .0651 66.439 15.372 10.969 168.623

31 4.538 .2204 .Ot41 .0641 70.761 15.593 ll.238 175.2:33
32 4.765 .2099 .0133 .0633 75.299 15.803 11.501 18\.739
33 5.003 .1999 .0125 .Q62j 80.064 16.003 11.757 188.135
34 5.253 .1904 .Oltl .0611 85.067 16.193 12.006 194.417
35 5.516 .llt3 .0111 .0611 90.320 16.314 12.2j0 200..m

40 7.040 .1420 .0013 .0583 120.100 17.159 13.377 229.545
45 8.5115 .1113 .0063 .0563 159.700 17.774 14.364 255.315
50 11.467 .0172 .0048 .0,... 209.341 18.256 15.223 277.915
55 i 636 .0683 .0037 .OD7 212.713 18.633 15.966 297.510
60 ;679 .0"3" .0028 .0"28 353."84 11.929 16.606 314.343

65 23.140 .G419 .0022 .0521 456.798 19.161 17.154 328.691
70 30.426 .0329 .0017 .0517 588."29 19.343 17.621 340.&41
75 31.833 .0251 .0013 .0"13 756.654 19.485 11.018 351.072
10 49.561 .0202 .0010 .0510 971.229 19.596 18.353 359.646
15 63.254 .0158 .0001 .0508 1245.087 19.614 18.635 366.801

90 80.730 .0124 .0006 .0506 1594.607 19.752 18.871 3'72.749
95 103.035 .0097 .0005 .OS05 2040.694 19.806 19.069 377.677

100 131.501 .0076 .0004 .0504 2610.02j 19.148 19.234 381.749



Slnlle 'ayment Unlfonn 'a_t series Arithmetic Cradient
CoIIIpouDd Praaa SQI r:;:.:, COCIIpouDd Praal OtadiCllt Oradlac

Amaua& Warda A-. WCII1b Uaif_ Praaa
FIClIlr FIClIIlI' FIlClIlIr FIlClIlIr FIClIIlI' FIClIlr Series Wonb
F'1IId F FIDd' FlDdA FlDdA FladF FIDd' FladA FIad,

OiW P O~F Olv:- F O1rna' OI~A OI;aA OlwaO Olwa 0

" F' PF A FA' FA PI. AlO 1'/0 ".
I 1.100 .9Ot1 I.CXlOO 1.1000 1.000 0.9Ot 0 0 I% 1.210 .1264 .4162 .5162 2.100 1.'736 0.416 0.126 %
3 1.331 .7513 .3021 ••1 3.310 20411 0.931 2.329 34 1.464 .6130 .21S5 .31SS 4.641 3.110 1.311 4.371 4
5 1.611 .68 .1631 .2631 6.105 3.791 1.110 6.162 5

6 I.m .-*' .Iat .22M 7.716 4.355 2.224 9.6... 6
7 1.949 .-'1'2 .1054 .2054 9.417 4.161 ~.6U 12.763 7
I 2.144 .~ .0114 .1114 11.436 ~.33S 3.004 16.029 I
9 2.351 .4241 .0736 .1'736 13.579 ~.759 3.312 19.421 9

10 2"'94 .31SS .0621 .1621 15.931 6.145 3.725 21.191 10

II 2.1S3 .3S0S .QS40 .1540 11.531 6,495 4.064 26.396 111% '.131 .3116 .00C6I .1461 21.'''' 6.114 4.3U 29.901 12
13 3.452 .2197 .0401 .1_ 24.523 7.103 4.699 33.377 1314 3.797 .2633 .03S7 .1351 r7.975 7.367 4.996 36.101 14
15 4.171 .2394 .0315 .1315 31.m 7.606 5.279 40.152 15

16 4"'" .2116 .0271 .1271 35.950 7.124 5.-'49 43.416 16
11 5.054 .lm .0241 .1247 40.545 1.022 5.107 46.512 17
II 5-'60 .1799 .0219 .121t 45.599 1.201 6.053 4U4O IIl' 6.116 .IW .01" .1195 5UB 1.365 6.2M 52.513 I'20 6.121 .1_ .0115 .1115 51.r7S 1..514 6.so1 55.40'7 20

%1 7.400 .1351 .0156 .1156 64.003 1.649 6.119 51.110 %1
22 1.140 .1221 ~014O .1140 71.403 I.m MI9 60.619 22
23 1.954 .1111 .0126 .1126 79.543 1.113 7.101 63.146 23
24 9.150 .1015 .0113 .1113 IU97 I.9IS 1.211 650411 24%5 10.135 .0923 .0102 .1102 91.341 9.077 7.4" 61.696 %5

26 lUll .0139 ."1' .Ion 10U12 9.161 7.619 69.794 26%1 13.110 .0763 .00126 .Ioa 121.100 90237 7.110 71.777 %1%I 14.421 .083 .00M5 .um 134.210 9.307 7.914 13.650 %I%9 15.163 .0630 .006'73 .1067 141.631 9.310 1.049 75.415 %930 11.449 .0573 .0010I .1061 1640494 904%1 1.116 77.077 30
31 19.1M .0521 .00S50 •lOSS 111.944 90479 1.2M 71.640 31
'2 21.114 .0414 .00491 .1050 201.131 9.526 1.409 10.101 3233 23.225 .0431 .0lMS0 •lOIS m.m 9•• 1..515 IUI6 3334 25.-'41 .-1 .CIOf07 .1011 2o&SA17 U09 1.615 12.777 3435 21.102 .CDS6 ... .1037 r71.02S "'44 1.109 13.911 35
40 45.259 .0221 .CI0226 .1023 442.593 9.779 9.096 11.953 40cs 72.191 .0131 .00139 .1014 111.905 9.163 9.314 92.454 cs50 111.391 .00IS2 .0CICII6 .1" 116U UI5 9.570 94.119 5055 IIt.ast .0QS2t .0llCI53 •lOllS 1".6 9.941 9.70S 96.562 5560 304.412 .oems .00033 .1003 3034.1 9.961 9.102 97.101 60•65 490.311 .002iM .0002D .1002 4m.7 UIO 9.161 91.471 6570 719.141 .001r7 .00013 .1001 7111.5 9.911 9.911 91.911 7075 I r71.9 .00lm .0000I .1001 1% 709.0 9.992 9.941 99.332 7510 2041.4 .00049 .00005 .1000 20474.0 U95 9.961 99.561 1015 3299.0 .0llQ30 .00003 .1000 329'79.7 9.997 9.97. 99.712 15
90 5313.0 .00019 .00002 .1000 . 53120.3 U9I 9.913 99.112 90
t~

1556.7 .00012 .CXlOOI .1000 ISSSU 9.999 9.919 99.171 9513710.6 .00007 .CXlOOI .1000 131796.3 9.999 9.993 99.920 100

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

10%

VIII-19

Compound Interest Factors 10%



VIII-20

12% Compound Interest Factors 12%.
Sinlle Payment Uniform Pamlent series Arithmetic Cracllent

Compaulld PreIcDl SilWal Capital ~ Praelll Ondiat 0rIdieDt
Amowll Wonh FuDd Reco¥ery AmIlaaC Wonb Ulliform PraerIt
FICIOr Factor FICUlI' FIdDr FIdDr FICtGr Seria WonIl

F"UId F F"UId P F"1Dd A F"UId A FiDdF FiDdP FiDdA F"IDdP
CIVIlll P OiYaF OlwnF OI_P OI_A OiwnA 01_0 01~0

n FIP PIF AlF AlP FIA PIA A./O PO n

1 1.120 .Im ooסס.1 1.1200 1.000 0.193 0 0 1
: 1.254 .7972 .4717 .5917 2.120 1.690 0.472 0.797 :
3 1.405 .7111 .2963 .4163 3.374 2.~ 0.925 2.221 3
4 1.574 .6355 .2092 .3292 4.779 3.037 1.359 4.127 4
5 1.762 .5674 .1574 .27'74 6.3.53 3.60.5 1.77.5 6.397 5

6 1.974 •.5066 .1232 .2432 1.115 4.111 2.172 1.930 6
7 2.211 .4523 .0991 .2191 10.019 4..564 2•.5.51 11.644 7
8 2.476 .4039 .0113 .2013 12.300 4.961 2.913 14.471 8
9 2.773 .3606 .0677 .1877 14.776 5.328 3.2.57 17.356 9

10 3.106 .3220 .0570 .1770 17•.549 5.650 3•.51.5 20.254 10

11 3.479 .2175 .lMIo4 .1614 20.6.5.5 5.931 3.195 23.129 11
U 3.196 .2567 .0414 .161" 24.133 6.194 4.190 2.5.952 U
13 ".363 .2292 .0357 .1.557 21.029 6."24 4.461 21.702 13
14 4.117 .2046 .0309 .1.509 31.393 6.621 4.732 31.362 14
1.5 5.474 .1127 .0261 .1461 37•• 6.111 4.910 33.920 1.5

16 6.130 .1631 .0234 .1434 42.153 6.974 .5.21.5 36.367 16
17 6.166 .14.56 .020S .1«)5 ....114 7.120 .5.43' 31.697 17
11 7.690 .1300 .0179 .1379 ".1.50 7.2.50 5.6'3 40.901 II
19 1.613 .1161 .01.51 .13.51 .63.440 7.366 .5.131 41.991 19
20 9.646 .1037 .0139 .1339 71.052 7.469 6.020 44.961 20

21 10.104 .0926 .0122 .1322 II.• 7•.562 6.191 46.119 21
22 11.100 .0126 .0101 .ID 92..503 7.'" 6.3.51 41..5.54 22
23 13..5.52 .0731 .00956 .1296 1040603 7.711 6..501 50.178 23
U 1.5.179 .06.59 .00146 .1215 111.1.5.5 7.7'" 6.6'1 51.693 24
25 17.000 .0511 .007.50 .121.5 133.334 7....3 6.771 53.105 25

26 19.040 .052.5 .0066.5 .1267 1.50.334 7.196 6.m 54.411 26
21 21.32-' .0469 .00590 .12.59 169.314 7.943 1.005 5.5.637 21
21 23.114 .0419 .00524 .1252 190•• 1.914 1.110 56.767 21
29 26.7.50 .031" .00466 .1%41 21....513 1.022 7.107 57.114 29
30 29.960 .0334 .0041" .IUl 241.333 1.05.5 1.297 51.712 30

31 33..5.5.5 .0291 .CI0369 .1237 211.293 1.015 1.311 59.676 31
32 31..512 .0266 .00321 .1233 30...... 1.112 1.459 60..501 32
33 41.on .0231 .00292 .lm 34U29 1.13.5 7.S30 61.261 33
34 47.1"3 .0212 .002d0 .1226 31-..521 1.157 7•.596 61.961 34
35 .51.100 .011t .00Z32 .1223 431.663 1.116 7.651 61.60.5 35

40 93.051 .0107 .00130 .1213 16'7.0'1 102M 7.199 65.116 40
45 163.911 .00610 .0007" .1207 13S1.2 1.213 I.QS'I 66.134 4S
50 =:If .00346 .00042 .1204 2 ••0 1.304 1.160 61.162 50
55 .00196 .00024 .1202 "236.0 1.317 1.22.5 61.a 55

" 197"" .00111 .00013 .1201 7411.6 1.3214 1.266 61.110 "
65 1 511.9 .00063 .0000I .1201 13 113,9 1.321 1.292 69.051 65
70 2717.1 .lIOO36 .00004 .1200 23 223.3 1.330 1.301 69.210 70
75 4913.1 .00020 .llOlI02 .1200 40933.1 1.332 1.311 69.303 75
SO 8651.5 .00012 oo1סס. .1200 72 J4.5.7 1.332 1.32" 69.359 SO
&5 152.59.2 .r:nm oo1סס. .1200 121l.51.7 1.333 1.321 69.393 &5

90 26191.9 .00004 .1200 224 091.1 1.333 1.330 69.414 90
95 47392.1 .00002 .1200 394 931.4 8.333 8.331 69.426 95

100 13 522.3 oo1סס. .1200 696 010.5 1.333 1.332 69.434 100



VIII-22

180/0 Compound Interest Factors 18%
SiNGLE PAYMENT UNIFORM PAYMENT SERIES GRADIENT SERIES

Comoouno Present IS,nlUng C~Oltai C4moouno Present Graolent GraOlent
Amount WOrtl\ Funo Reeowry Amount WOrtl\ Uniform PrllSen,
Factor Factor I ~aclor Factor Factor FactOr Serll$ Won" ,
FinO I' Fino P I FinO A FinO A Fincll' Find P FtnO A F~ld P

Given P Given I' IGiven I' Given P Given A GNenA Given G Given G in I'IP PIF All' AlP I'IA PIA AIG p~

1 1.180 .8475 ooסס.1 1.1800 1.000 .847 0 0
2 1.392 .7182 .4587 .6387 2.180 U66 .459 .718
.3 1.643 .6086 .2799 .4599 3.572 2.174 .890 1.935
~ 1.939 .5158 .1917 .3717 5.215 2.690 1.295 3.483
5 2.288 .4371 .1398 .3198 7.154 3.127 1.673 5.231

6 2.700 .3704 .1059 .2859 9.442 3.498 2.025 7.083
7 3.185 .3139 .0824 .2624 12.142 3.812 2.353 8.967
8 3.759 .2660 .0652 .2452 15.327 4.078 2.656 10.829
9 4.435 .2255 .0524 .2324 19.086 4.303 2.936 12.633

10 5.234 .1911 .0425 .2225 23.521 4.494 3.194 14.352

11 6.176 .1619 .0348 .2148 28.755 4.656 3.430 15.972
12 7.288 .1372 .0286 .2086 34.931 4.793 3.647 17.481
13 8.599 .1163 .0237 .2037 42.219 4.910 3.845 18.877
14 10.147 .0985 .0197 .1997 50.118 5.008 4.025 20.158
15 11.974 .0835 .0164 .1964 6G.965 5.092 4.189 21.327

16 14.129 .0708 .0137 .1937 72.939 5.162 4.337 22.389
17 16.672 .0600 .01lS .191S 87.068 5.222 4.471 23.348
18 19.673 .0508 .0096 .1896 103.740 5.273 4.592 24.212
19 23.214 .0431 .0081 .1111 123.414 5.316 4.700 24.988
10 27.393 .0365 .0068 .1168 146.628 5.353 4.798 7.5.681

11 32.324 .0309 .0057 .1157 174.021 5.384 4.115 26.300
1% 38.142 .0262 .0048 .1148 206.345 5.410 4.963 26.851
23 45.008 .om .0041 .1841 244.487 5.432 5.033 27.339
14 53.109 .0111 .0035 .1135 289.494 5.451 5.095 27.m
15 62.669 .0160 .0029 .1129 342.603 5.467 5.150 :~8.155

16 73.949 .0135 .0025 .1825 405.272 5.480 5.199 28.494
17 87.260 .0115 .0021 .1121 479.221 5.492 5.243 28.791
18 102.967 .0097 .0018 .1111 566.481 5.502 5.211 29.054
19 121.501 .0082 .0015 .111S 669.447 5.510 5.315 29.284
30 143.371 .0070 .0013 .1113 790.948 5.517 5.345 29.486

31 169.177 .0059 .0011 .1111 934.319 5-'23 5.371 29.664
32 199.629 .0050 .0009 .1809 1103.496 5.528 5.394 29.819
33 235.563 .0042 .0001 .1108 1303.125 5.532 5.415 29.955
34 277.964 .0036 .0006 .1806 1531.611 5.536 5.433 30.074
3S « 327.997 .0030 .0006 .1806 1116.652 5.539 5.449 30.177

40 750.378 .0013 .0002 .1802 4163.213 5.m 5.502 30.527
45 1716.684 .0006 .0001 .1101 9531.577 5.552 5.529 30.701
50 3927.357 .0003 .1100 21113.094 5.554 5.543 30.786
5S 8984.841 .0001 .1100 49910.221 5.555 5.549 30.127
60 20555.140 .1100 114189.666 5.555 5.553 30.846

6S 47025.181 .1100 261245.449 5.555 5.554 30.856
70 107582.222 .1100 597673.458 5.556 5.SS5 30.860
75 246122.064 .1800 1367339.243 5.556 5.555 30.862
80 563067.660 .1100 3128148.114 5.556 5.SS5 30.163
85 1288162.408 .1800 7156452.266 5.556 S.555 30.864



____~_l _
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250/0 Compound Interest Factors 2.5%
SINGLE PAYMENT UNIFORM PAYMENT SERIES GRADIENT SERIES

Comooun~ Present I S,nllJnQ Caollal Comooun~ Present Gradient Grlldlent
Amount Wortn ,

Fun~ Reeovery Amount W~nn Uniform Pmunt
FacTor Facl~r FaCTor Fac:1or Fac:1or Fac:1or Senes Wonn

I Fincl F Find P I Find A Find A Fincl F Find P Fincl A Find P
Given P Given F i Given I' Given P Given A Given A Given G G,"," G

I n I'IP PI!'
,

AII' AlP FIA PIA AIG F'rG

1.250 .8000 ooסס.1 1.2500 1.000 .800 0 0
: 1.563 .~O .4444 .6944 2.250 1.440 .444 .640
3 1.953 .5120 .2623 .5123 3.813 1.952 .852 1.664
4 2.441 .4096 .1734 .4234 5.766 2.362 1.225 :t893
5 3.052 .3277 .1218 .3718 8.207 2.689 1.563 4.204,

6 3.815 .2621 .0888 .3388 11.259 2.951 1.868 5.514
7 4.768 .2097 .0663 .3163 15.073 3.161 2.142 6.773
8 5.960 .1678 .0504 .3004 19.842 3.329 2.387 7.947
9 7.451 .1342 .0388 .2888 25.802 3.463 2.605 9.021

10 9.313 .1074 .0301 .2801 33.253 3.571 2.797 9.987

11 11.642 .0859 .0235 .2735 42.566 3.656 2.966 10.864

12 14.552 .0687 .0184 .2684 54.208 3.725 3.115 11.602

13 18.190 .0550 .0145 .2645 68.760 3.780 3.244 12.262

14 22.737 .0440 .0115 .2615 86.949 3.824 3.356 12.833

IS 28.422 .0352 .0091 .2591 109.687 3.859 3.453 13.326

16 35.527 .0281 .0072 .2572 138.109 3.887 3.537 13.748

17 44.409 .0225 .0058 .2558 173.636 3.910 3.608 14.108

18 55.511 .0180 .0046 .2546 218.045 3.928 3.670 14.415

19 69.389 .0144 .0037 .2537 273.556 3.942 3.722 14.674

20 86.736 .0115 .0029 .2529 342.945 3.954 3.767 14.893

21 108.420 .0092 .0023 .2523 429.681 3.963 3.805 15.078

22 135.525 .0074 :0019 .2519 538.101 3.970 3.836 15.233

23 169.407 .0059 .0015 .2515 673.626 3.976 3.863 15.362

U 211.758 .0047 .0012 .2512 843.033 3.981 3.886 15.471

25 264.698 .0038 .0009 .2509 1054.791 3.985 3.905 15.562

26 330.872 .0030 .0008 .2508 1319.489 3.988 3.921 15.637

27 413.590 .0024 .0006 .2506 1650.361 3.990 3.935 1.5.700

211 516.988 .0019 .0005 .2505 2063.952 3.m 3.946 1:5.752

29 646.235 .0015 .0004 .2504 2580.939 3.994 3.955 15.796

30 807.794 .0012 .0003 .2503 3227.174 3.995 3.963 15.832

31 1009.742 .0010 .0002 .2502 4034.968 3.996 3.969 1.5.861

32 1262.177 .0008 .0002 .2502 SOtU.710 3.997 3.975 1.5.886

33 1577.722 .0006 .0002 .2502 6306.187 3.997 3.979 15.906

34 1972.152 .0005 .0001 .2501 7834.609 3.998 3.983 15.923

35 ~46.S.19O .0004 .0001 .2501 9856.761 3.998 3.986 1:5.937

40 7523.164 .0001 .2500 30081.655 3.999 3.995 15.977

45 22958.874 .2500 91831.496 4.000 3.998 15.991

SO 70064.923 .2500 280255.693 4.000 3.999 15.997

55 21382\.177 .2500 855280.707 4.000 4.000 15.999

60 652530.447 .2500 2610117.787 4.000 4.000 16.000


