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SUBDIVISION FROLJDE Nt.::-'~BER

By O..vid H. Srho~11h ..m~r" A. ~l. ASCE. john C. Peters.'
.lind Bn:r~ E. luock.' :-.t~mb~rs. ASCE

INTROOUCTION

The st;1nJ..Jrd step method c.lkul.ll.:s on.:-·dimenslonJI st ...Jdy stolle water
surface p:ofilcs by IteratlOb upon the equdthJn5 for energy conservation
and ".('ad loss b{·t\q~t"n ad,ac"nl o.:ro~s ""ctions (3). The~,· c.llculations fr I
bc!)1n at .1nJ p"....·"••d aw.l~· Inlm the C('lntrolllO~ b.>unJ.JrY (ross Se(tiull.
If tn ... :low r...~ime is suocntic.ll :he c.lkul.ltlons pro(l'l'd lIpstr...am from
the do\'\.-nstream boundary. Jnd If the tlow r"gime is SlIpl'r(ntlc,11 the
calculations proc,:-,·d downstn'olm from the upsirclm l"loulldJry. But this
procedure must III some ~nse be 1ll\·:.liJ for compound S('C!lons in which
both flow r,'gim,'s may occur 10 different portions of a cross Sl'ctlOn.
Usually wht:'n this occurs. the fluw In the mam channel is in the super'
crillcal regIme and the flow in the ov~rbanks 15 in thl' subcriti,al r.:-gime
(6).

The development and testing of ol subdIvision fraude numl">...r witll
whIch the t10w re~lme In e.lCh of th ... thrt~e majM cross·sectional sub­
di\'lslOns (the two o':erbanks .llld th.:- m.lin ,hann... !) C.ln be id,'ntitied is
de'scnbed This Froude numb"r IS cllmp.ollble With HEC::!. a wlddv used
modI'! th.ll emplo\'s thc stJndHd step method (3.~). Th.' Jt'tt'rm;nJti011
of a Froud... numbl'r fvr e.lCn flow subdlvisi.)n (an enhance tht' enbl'
n ...er"s abdi!~' to e\'alu<llt' tne \',.tidlly vf ol one·dlmenslOn..:1 analysis.

FROUOE NUMBERS

The Fr,'ud ... number m.1I(.II\·S the flow rq~inw A valuc less than one
indlCJtes su!,.:ntlcal !low. and oJ v,llu.> oi ~rl',lter than Olll' IIldICJ!l'S SUo

percrlllcal fl"w Th,'. simpi"st definitIon of the Froude number assullws
a uniform \"e1C1city dlstnbul10n so that

v
F=r==;= .. , (1)

\.gD

in \\'hlch F " Froude number; V = me.lll \"\'k.city; g =0 gravit,ltionJI ac·
( ... Ieration: and D =0 h\'drauhc .kpth (.lrea dl\',ded by top WIdth) (5). A
Froud... numb<'r tholt consid ...rs a n(lllUllliorm velocity distribution is

F= v(s~) I.) .....•.........•..........••.....•................ (2)

'Rrs~arch CI" En~. (; 5 G.."i"~lCaI5ur\'~\". Gull CNSt Hydro,;c,.:nce C"nter.
Buildtng 2101. \;~Tl St.Hllln. ~h)s 39)~9_ iormerl\" Gr..d. Stud..nl. (;nl\'. of Cal·
Ifomla. Oa\'ls. (aid

'H\"dr. Enb' , nit' H~'dr('log1C E'IS'1;; C... rMr. D.. \1s, Calif 9~616
'Prof. Ci\' Engrg DtTt. L:m\' oi C.. :ifomla. D.w:s. C.. ld 9:-616
l'ote.-Discusslon open until D..c,-rnbe, I. t4SS. To .."tend th" d"stng date

0(': month, a W/ltlen requ,"t must ~ ill"d wllh the ASCE ~tdn ..~e, oi ),'urll"ls.
Th.. manuscnpt for th,s pat'.. r "a; sut-mltt.-,1 for r,'\',e'" ~nd po'Slble: publICa"""
on Ft'bruar\' ~7. 191:\4 Thl; f'ar"r IS parr uf th.' fourn .. 1 of Hydraulic [".~i"urr"g.

Vol. Ill. \;0 i. July. 1995. CA.-CE. 15S;\; O;'JJ·9~~Q/8S/0007·1m/SOI 00 Paper
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in whirh Cl = CO~loiis cOt'ificient. Petn·k and Grant (6) devell'l-,c'd ,) Frpulk
number that .~ the dischaq;... ·welgh!t·d averJge of tht' simple Froude
number of Eq. i wdll~ t'vt'rv 5\1bsl'llion. B!,llu.:k and Stun:; (I) ,krived
a composite Froud", number that accounts fur th~ v<HlallOn c,f the Cor­
iolis coeffiCient as a functlor. of the W;ller suria(e c1evaliun.

Froudt' number 15 rl"l;Jk,1 tQ the sl0F'l' o( the specific energy cuneo
Both Hendl'rson (5) and BI,)lock ;Jnd Sturm (2) show for their Fwude
numbers tha.

dE ,
- = 1 - F- (3)
Jy

in which E = the spec:fic energy

V1

E =Y + n _ _ , , , , . , " (-1)
2.~

and y = depth. ThereforI'. when the sll'p" of the sFecif;c energy cun'c
is positive, the flow is subcntIC.l1. and wht.n the slope is nt'g;Jtivt', thl!
flow is supcr.:ntical.

Su8OtVISIOfoI FqOUOE NUM8ER

A probll.'m In den:'!0ping a subJivisi;:m Froud.. number is that the dis­
charge in J suhdivision is d,'pendl'nt on the ",'ater ~uriace dt'l',ltion.
Therefore th~' Iw" Simple rroucie numbers that ;Jre df.'fint'd by Eis, 1
and 2 are nOI Jrpropn.1te flU suhdi\'isiC'lls of a cross st:ction. Cl'nsid·
ering subdl\'ision discharge to be a function of th .... watl'! 5urf.Jce eil:·
valion .11<;(, IIW.lh,iil!eS thc' Froucle num~r of Petryk and GrJnl (6). wh,.:h
Blalock and Sturm (I) Srh)'H'J 'vas inacc\lr,lt". Bl,lIock Jnd Sturm's (1)

compOSite FrlJuJe numher IS .1rn:r.1Ie fN <In enlire cross section, hut it
is net acc\,;r,lte ior subdl\'lslons ix'cause it also fJils to consider th,- t'h,lnge
01 sutldiVislon dlsch.H~e \\'Ith water surfac" dC\'atlc1n

A subdi\'IS10n Froude number whICh allows tht' dlsch;Jrge to "MY with
the water surface elr.\'atlun COin he derived fwm the dt'iinitJOf1 ,)1 sF~'Cliic

energy, The dent'Jli\'c of spcClilc energy in a subdivision WIth rt's~~ect

to depth IS t,l;"l'rl, and both Ihe Coriuhs codti.:ient and the subdivisiun
velocity are assunlt'J to \'ary with depth. Tnt' derivative is sub5tltult'd
into Eq. 3 to am\'t' al tht' exprt'ssion for tiw sundiyislon Froude numnt'r

{
u\'w[QI dK dK"'1 ] \':'dQ}l;~

F= -- ----;If.. ... ~-K--- "V,JT" --- ,
SA.t g. \ ~~ Jy ! 2g dy

in which V.., = subdlVbi0n vdoClt\,; A", "- subdivisi0n area; Q = cross
section dis.:harge, K = cross secllO~ con\'l'YJllct'; r...t = subdi\'lSlOn Cl>n­
veyance, and ToJ = subdiVision top width. The derivatives of sdbdl':lsion
ccnveyance and Conolls coefftcient art' !;Iven ds·~where (1,7). The c,1m·
plete dem'atlon of Eq. :; IS glven by xhoellham~. (7),

Blalock and Stun:) used tht' same arproa.:h to derivt' their c'omp,)unJ
Froude numt>cr and shOWEd ihat it \,'JS in a>jrt'~ment with e'penmen!;J1
results (1). Thev 1;J:er "t.1tc·d Ih.l1 use oi a n:fl>ritv th;Jt is derived from
the method of ~h<1raclt.>n'tl':sprodv.:es th~ identIcal Froud", numbt'r (2).
Because the .:ompound Jnd s-.JDd;vlslon Fmudc numb,:rs arc' n:!')' sim-
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Har. the mdh"d "f d'aractcristics would also be ,"xpecll'd to shol\' that
the subdivision Froude number is correct. In addition. tt'sling shol\'s
that the subdivision Froude numt-er is compatible with both the velocity
and the specific energ}' that one ilnds in a subdi\·ision.

TESTING SUBDIVISION FRO!JOE NUMBER
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The sample trape~oidaI cro5S sc(lion of Fig. 1 was initially used to tf:st
the subdivision Froud", number (7). Five flow ra~es wen: tested-IOO.
1,000.5.000. 10.000. and 50.000 ds (1 ds = O.O~B m)/s). These flow rates
represent extremely 101\' flow. criticJI depth in the main ch.mnel, ml'.'
tiple critical depths. critical depth above the main channel. and "x'
tremely high flow, respectively. Each tlow rate was tested over a wide
range of dE:pths. Two subdivision Froude numbers were calculated. one
(or the main chan.,el and one ior the hvo identical overb.H1ks. In ad·
dition. both the specific energ" (Eq. 4) and the deri\'ative of the specific
energy were calculated in botn subdivisions.

The results of a?plying the subdl\'ision Froude number to the main
channel arc ve;-y good. For the th~ee Iar~est 110w rates, the subdivision
Froude number correctly indlcJtes the depth at which the specific energy
in the mair. channel is a minimum. as shown in Table 1. The subdivision
Froude number is also compatlble ""jth the calculated specific energy fur
aU depth~. thus demonstra~tng the \'dlidlty of the energy approach used
to derive the subdivision froudI.' number.

The results of dpplying tht> SUN1\'I,ion Froude number to the ove.'
bank are quite intert·sting. As sh"wn in Table 2. when the jepth in the
overbank is ver.... sh-'\lIow. less th.ln 1.3 ft (0.40 ml for this cross st>ction.
the derivative of specifIC ene~g>' \"ith respect to d('pth is greater than
one. This occurs b('cduse the vl'lu<'I!'\' hNd in the overbank increa"es
with depth up to 1..3 it (0.40 ml "rod 'decreases f(\f grl.'ater depths. And
because tI.e velocit\ olstnbullOn in the overbank is ntearlY uniform, the
velocity behaves ltke the velcKltv head. The innea"e in'veloClt)' he.ld
over shall0w depths In the overbank is intuiti\'ch' reasonable.

Because th ... derivative oi spellnc energy IS greater th.Jn "ne. Eg. :;
shows that the Fr"ude number S<.Juued is equal to a negatl\'e number.
For this conditIon Eq. 5 shows thdt

K..(r "oJ dK A~ dQ) < A.. dK"' , (6)
K dy 20 dy Jy

"-0.08 n-0.03

· .· .

..· ... ..

.· .. ' .
... -

· "...... '.
~"\.":'Oo..... '.

~-_.

82 FEET

e FEET;. .,
~~,--_-/
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FIG. 1.-Trllpezoldal Test Section (1 ft 0.3 m)
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TABLE I.-SubdivIsion Froude Number, Main Channel Results'
... = - . - -I I

Flow rate (cIs) I Deoth (It) I 5UOO,vlsion F I £ (11) I Jf/dy
(11

I
(2) I . (3_)--1 (4) I (5)

5.000

I
6.5 7.8)7 -0.14t>
nil66 1049 7 !l25 -0.100

6.7 I 101'/ I 7.818 -O.oJ8. I 6.tl i.IlIS OO:l4

I
I 091U

1 I6.9 (1'l+; 7.825 o lOS
70 I 0'lO4 ! 7.(i~9 I O.l Q)r- .

/ 10.000 7.9 1 114 9.555 -0.24ll
80 1.062 9.536 -0.12:<
8.\ 1013 '1.52~ -0.0:!7

82 I () 968 9530 O.OM
8.3 I 0.924 9.5-11 0143
84 Ll.884 9559 C 219

.'
50.000 13.1

I
105; 16.686

I

-0.116
.' 13.2 1.034 16.676 -0.On9

\33

I
1.012 16672 -OO~5

134 0991 16671 0.018

I
135 I 0.971 16675 0.058
13.6 ! 0951 \0.68) 0096

'I cis = (1028 m'/•. I It = 0 ~ m..

TABLE 2.-Subdivision Froude Number, Overbank Results' ..

Flow (cIS) I De;:>lh (h) i VelOCity (IpS) I SUOdIVI~ 'on F

I
E IfI) I d£/oi~

~ (11 I (2) (31 ! (4) (5) I (61

5.000 !
.. I.G I t) ~27

I ,

I
1.011

,
1.00:

I I
11 o S~6 i • 1111 I 1 l'O2

I 1 2 I 0 ..'340 I
,

1.211 1.001
I 13 01'41 0.010 I :.311 I 1.000

I 14 I 0&40

I
0027

I
\.411 0.999

! I 15 o83t> 0035 1 511 I o9<N
/t

I. I

!\., 10.000 : 10 I 1.655 I ,
rl04)

I
1011

I'
,

I
11 1.672 • :

1007I I 1.143:\ I i

I
\ 2 1.681 • J.1H ; 003
1 3 1.683 0.019 , 1.)44 I 1000

" ,
I

I

\ I 4 I 6!lO 0.0:>4 1.444 I 0.997
I

I

1.5 1 t>i2 0070 I.~~
I 0.995, I ,

50.000 10 i 5.273

I
• I

I, 2.063 i 1.271;
I

11 8 )5'l • 2 lS~ 1Ib4I

I
!I 1 2 , 840) • 2.29b 1.Qt.,9, 1 ) ! I' 414

I
00'15 2 )'19 i 0.991

1 4 I ~ NS I o 261l I 2495 o9~~
iI 15 I ~ 3tiO 03..9 I ~ 585 I a 87S

I ,
'I cis ~ 0 02S m', s. 1 irs = C'1 01:'1, 1ft = 0.3 nO.
to)mc1blnJ~ nun1b\,c

:\'Ok Tht, dJ.t.J:T: fC'f ~~~fHh .lnt! 'rl'nt:c enl~r...:\ I~ th_~ h0ttonl ~.lf tht' \)\·t"·r~.H,k '"
1-----' - -

/

e 4..



Eq, 6 shows that the ranse uf dq,ths uver which th.:- subdivision Froude
number is imaginary is independent of the cross sechun discharge, This
independencE' has already been implicitly assumed anJ is confirmed by
the resulls,

When the two sides of Eq. (, are equaL the subdi\'isiun FroudI' number
equals zero and the den\'Jti\'(' of specific ene':~y equal~ one, The depth
at which the derivative in the overbank exactly equals onl' is the dt'pth
at which the derivati\'t' of the velOCIty head in Eq. 5 equals zero. This
is the depth of ma:\.lmum O\'erbJnk velocity head, wh1.:h for all practical
purposes is the depth of maximum overbank velocity. as veriiied by Ta­
ble 2,

Thus an imaginJry subdi\'ision Fr;,ude numner indicates that the ve­
locity head is incrt'asing with depth, and therefore the depth in the
floodpldin is relatively 5h,,1I0\-:. For this condit!on it on bt' concluded
that the tlow in the overD"n;"'s IS sUDcritical l">ec.luse the derivative of
"pecific energ" is positi\"E~ . .-\ -llmdginary subdi\'ision Frou~e number may
indicate that the uverbank llow is too shallow to be modeled properly
by the standard step method.

Five tto'st problems cont.linin/; 193 cross sections were run with d mod,
ified version of HEC2 which calrulall'd sul">dl\'isil>n Froude numbers. The
first test problem \,'as tne RI'J Fox ~ivt'r. which is J pwblem used t>y
the H}'Jroklgic' Engint:t'f1ng Cc'nt,'r in tr.1ining courses tln HEC2. four
ot.her test ca~l'S we~t' chv~t'n trom th.: test ddt.l that i~ provided tv lI~.:rs

with Nch copy of the program (-t). Th,'se tests (numb... rs 1. 5. 1-t, and
15) provided d wide varid:-' ni h)th n.ltural and artificial cross scctit.ns.
Of the crllSS sectIons t..~kIL elcven had a mixed tlow regime and 36 h,ld
at least one imdginolfv ~u~ldic'i;lvn Fwudt' numbc'r.

CoNCLUSION

A subdivisll)n Frullde numbt'r hJS been c\cvcltlpt'd and It'sted. A
I.nvwlt'dbe of t'lt' m,l~nitudt.' of t'll' subdi\'i~ilm Fruude numbt.'rs im­
proves the engint't'r's ability to Identify ;ni:\.cd flow r<'pmes and shallow
floodpl.sir, flow, both Ili which im'illid<ltt' the assumpti'"1~ of the ~tan·

dard sit';:, mdhod. A tWIl-Jimen,iun.l1 analysis is prub,lb:.\· mort' appro­
priate in lhcs!? circumst.lnccs.
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ApPENDIX n.-NOTATION

Tile !ollou:lIIS symbols are 1I5cd ill II:is p':l'er:

A cross section area;
Atd subdivision area;

D hydraulic depth (area divided by top width);
E specific energy;
F Froude number;
g acceleration of gravity;

Kw subdivision conveyance;
K cross section conv'eyance (sum of K's);

Qoi subdivision discharge;
Q cross section discharge;

Ttd subdi\'ision top width;
V mean cross section velocity;

Vtd mean subdivision velocity;
y ...·ater depth; and
Q Coriolis coefficient.
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.J invalidate assumptions associated with the standard step method can be
recognized with the subdivision Froude number. A total of 193 cross
section-discharge combinations were tested with a modified version of HEC2;
11 had a mixed flow regime and 36 had at least 1 imaginary Froude number.
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